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Discrete Math

Lecture 5

Last week: Functions

f:A—B

Definition: A function, f, from set A to set B associates
an element f(a) c Bwith anelementa cA.

We require that for every a < A there exists asingleb< B
so that f(a)=b

Thatis: Va € A, Vb,b’ € B,
(f(a)zb)A(f(a)zb')—)b:b'

Last week: Summary

We say a function f: A—Bis
Total if every a € A is assigned to some b € B (and partial otherwise).
Surjective if every b € B is mapped to at /east once.

Injective if every b € B is mapped to at most once.

Bijective iff it is all of the above:
1. Total
2. Onto (w)
3. 11 (n>w T TN)




Formally

Definition: The domain of definition of f: A - BisthesetA’CA
definedas A’:={acA|JbcB: [b=f(a)]}.

Definition: A function f: A — B is said to be partial if A’ C A.

Definition: A function f: A — B is said to be total if A’=A.

Definition: A function f: A — B is onto iff for every b € B, there
exists a € A such that b= f(a) (vb € B,3a € A : [b=f{(a)]).

Definition: A function f: A — Bis 1-1iff for all x,y € A, f(x) =f(y)
implies x =y (Vx,y € A : [f(x) = f(y) — x=y]).

The Mapping Rule

Lemma:
« If f: A— Bis onto, then |A|>|B|.

« If f: A Bistotal and 1-1, then |A|<|B|.

« If f: A= Bisabijection, then |A| = B].

Partial vs. Total
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Total - exactly one arrow out of every elementin A!
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1-1 but not onto

1Onto vs. 1-1

Onto but not 1-

A B A B
A — 1 A — 1
b 2 b 2
c 3 c 3
d 4 d 4
e 5
FiR SR U@ f(x)=x2 FiINON  fx)=2x

Bijection (total, onto and 1-1)

A Bijection B A A
A —— 1 Q ——
b 2 b =—p |
c 3 C m— C
d 4 O m—
Identity functionon A: it A— A in(x)=x
The Graph of a Function

Everything about a function f is captured by 3 sets:
1. The domain A,
2. the codomain B,

3. the araphof f
{(a,b) | f(a)=b}

To tell if a function is
1. total we also need to know the domain
2. surjective we also need to know the codomain
3. 1-1 we need to know the graph




The Graph of a Function

Domain

The Graph corresponds to the arrows

Formal Definition of a Function

Definition: A function f from a set A to asetB is a set

fcAxB

so that Va c A, Vb,b’ € B,
if (a,b) € f AND (a,b’) € f then b=b’

(For every a € A, there exists a unique b c B so that (a,b) Ef.)

(Recall: AxB={(a,b) |acA,bcB})

Functions: Composition
Definition: The composition of functions

g:A—B and f:B—C
is anew functionfogt A — Cdefined as:
(f-9)x) = flgx))
Can be thought of as:
aHb b c
Note:
1. Defined only if Image(g) C Domain of definition(f)

2. Very often, fog is defined, but g0f is not
Composition NN




Function Composition

A 9 B B f C
A —— 1 11— A

b 2 2 B
c 3 3 C
d 4 4 D
e E

Function Composition

A 9 B [ ©

a —p 1 > A
b 2 B
c 3 C
d 4 D
e E

Function Composition

A fog c
a > A
b, B
c (o]
d D




Function Composition: Example 1
g: N — N defined as g(x) =x +1
f: N — N defined as f(x) = x2

fog:N = N is defined as (fog)(x) = f(g(x))
= fix+1)

= (x+1)?

gof:N — N is defined as (g f)(x) = g(f(x))
= g(x?)

= x2+1

Function Composition: Example 2
g: Evens — N defined as g(x) = x/2
Y/ defined as f(x) = x+1

feg:Evens — Z is defined as (fog)(x) = f(g(x))
= fixi2)
= x/2+1
gof:7Z —Evens is not defined! (gof)(x) = g(f(x))

= g(x+1)
= (x+1)/2
Vel

x+1 is not necessarily even! I

Function Composition: Properties

Let fc—D, g:B—~C, h:A—B

Associativity: fo(goh) = (fog)oh (so we can write fogoh)

Commutativity: Not always true that fog = go f




Some Special Cases

Associativity: when f: A— A,
e fofo.of=fn
. f0= iA

Commutativity:
1. Let f: A — A, then for n,meN*

fnofm o fmofn
i ol Sdiaiieie o
2.Let f: A B, then foiy= fand igof = f

Soif f:A A, then foiy=iypof=f

Function Composition: Properties

Proposition: There exist two functions f: B — C, g: A — B such

that fog = go f.
Proof: Take g:N - N defined as g(x) =x+1 and f: N N defined as
f(x) =x2. Then fog(1) = 4 is not equal to go f(1) = 2. QED

Proposition: For every three functions f: C—D, g:B—C,and
h: A - B, it holds that fo(goh) = (fog)oh.
Proof: On the board.

Exercise: Let f: A - B and g: B — C and suppose that go f is onto.

Then, g is also onto.

Proof: On the board.

Inverse function
A S B B 9=/ C
A — 1 11— Q

(2]
o

b 2 2 b
%3 3&
d 4 4 d

Informally: An inverse for f:A—B is a function g:B—A such that if
y = f(x) then x = g (y). Itis denoted by g = f-1

Inverse function N2I9NN N'¥AON




Inverse Function: Example

f:N — Evens fix)=2x

g:Evens —» N g(x) =x/2
Jog = izyens
gof=iy

Note: An inverse function does not always exist.

R =R flx)=x2

Does not have an inverse.

Left Inverse and Right Inverse
Let f: A — B be a function

e Aleftinverse for fis a function g: B — A such that
gof =ia
That is, if f(x) =y then g(y) = x.

e Arightinverse for fis afunction h: B — A such that
f°h= ig
That is, if h(y) = x then f(x) =y.

Left inverse "7XNY 9IN
Right inverse n' 91N

Left Inverse and Right Inverse 2

Claim 1: A function f: A — B has a left inverse iff itis 1-1.

Claim 2: A function f: A — B has aright inverse iff it is onto.

Proofs: On the board.

To show that a function is 1-1: show that it has a left inverse.

To show that a function is onto: show that it has a right inverse.




Bijection and Inverse
Theorem: A functionf: A — Bis a bijection if and only if there
exists a function g: B — A such that

fog=is
gof=ia

moreover, if such a function exists, it is unique.

Definition: If f: A — B is a bijection, then the unique function from
above is called the inverse function of f. Itis denoted by f-1.

To show that a function is a bijection: show that it has an inverse

Bijection and Inverse 2

f
Facts lff A — Bis a bijection then ./\ .
IffiA—
"

1. fhB-A. I
2. fofl=igand fl1of=i,
3. VxecA,VyceB, y=f(x) if and only if x=f"(y)

Claim: If f: A — Bis a bijection then

1.  f1:B— Ais also a bijection

2 (f)'= 1.

Bijection and Inverse 3

Claim: If f: A — Band g: B — C are bijections, then
1. gofisabijection
2. (gofy'= frogt.

. - . - '

Corollary: If f: A — A is a bijection, then (f-1)"= (fn)1.




Counting
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90 numbers - A = {a,,a,,...,ag}
25 digits each - g, < {0,...,9}%°
Q: Are there two subsets of the numbers that have the same sum?

For example, is sum of numbers in 15t column equal to sum of
numbers in 2" column?

The Subset Sum Problem

Q: Are there two subsets that have the same sum?
That is, are there S,,S, c {1,...,90} so that
Ya=Yq
€S, €S,

Why is the problem interesting?
1. Optimization - packing boxes in shipping containers.
2. Cryptography - decoding secret messages.
3. and much more...

Finding two such subsets seems to be very hard.*
Counting helps us decide if there /s such a pair.

*Note: # subsets of A =2%
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Why Count?

Very useful in computer science:
1. How much time/storage is required to solve a problem.
2. Counting is the basis for probability theory.
3. Useful proof techniques (e.g., pigeonhole principle).

Examples:
How many comparisons are needed to sort n numbers?
How many multiplications to compute d"?

How many configurations to Rubik’s cube?
How many different chess positions after n moves?

How many ways to select 12 balls w/ 5 different colors?
How many 16-bit numbers with exactly 4 ones?
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