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Consistency, Stability, and
error analysis

... from TED-Ed of video lesson 8, some 1.9

confusion remains about the difference

between consistency and convergence. 10
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» DEF— Consistency

A condition on the numerical scheme, namely that the scheme
must tend to the differential equation when the steps in time and
space tend to zero.

» DEF— Convergence

A condition on the numerical solution, that it should tend to the
exact solution of the mathematical model, when time and space
steps tend to zero (i.e., when the mesh is refined).




» A consistent scheme is one in which .
) lim er=0
the truncation error goes to zero ... At,Az—0

»eg, for ug +cu, =0
» the scheme forward-time/centered space is consistent, but unstable
» solutions do not converge
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» Convergence: ér = ul' — U’ lim ér=0
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» Another example: U = VUgy
discretized with central difference in time:
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» This scheme is called Richardson’s method. It is unstable.
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» make a stable scheme using u]' =
what happens?
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» using Taylor expansions, we can show that the errors are:
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» It tends to: Ut + V—=U = VU
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» Itis inconsistent!




» TED-Ed student question:

» One of the notes for stability said that the stability condition is a requirement on
the numerical "scheme" only - it does not require any condition on the differential
equation. Are numerical "scheme" and "solution" being used interchangeably here?
Earlier we said that stability is a condition on the numerical solution, whereas
consistency is a condition on the numerical scheme.
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Equivalence theorem of Lax | ‘“(

For a well-posed LV.P. and a consistent
discretization scheme, stability is the
necessary and sufficient condition for
convergence.

Discretized Differential Numerical Exact solution
equation equation solution of the scheme
. Consistency - Stability

- Convergence

Numerical Exact solution
solution of the Diff. Eq.




» Physical interpretation of the CFL condition
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von Neumann
stability analysis

Recall “Lax equivalence theorem”

verify consistency

convergence
establish stability
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Error distribution
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