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@ (3.4)Limits Involving Infinity
@ Infinite Limits
@ Limits at Infinity; Horizontal Asymptotes
@ Infinite Limits at Infinity
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(8.4)Limits Involving Infinity Infinite Limits

Infinite Limits

Find lim G if it exists.
X—
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(8.4)Limits Involving Infinity Infinite Limits

Infinite Limits

Example

Find lim G if it exists.
X—

X 2
+1 1
+0.5 4
+0.2 25
+0.1 100
+0.05 400
— +0.01 10,000
C 4+0.001 | 1,000,000

@ As x gets close to 0, so does x2, so 1/x? gets large.
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(8.4)Limits Involving Infinity Infinite Limits

Infinite Limits

Example

Find lim G if it exists.
X—

X 2
+1 1
+0.5 4
+0.2 25
+0.1 100
+0.05 400
— +0.01 10,000
C 4+0.001 | 1,000,000

@ As x gets close to 0, so does x2, so 1/x? gets large.
@ 1/x? can be made arbitrarily large by taking x close enough to 0.
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(3.4)Limits Involving Infinity Infinite Limits

Infinite Limits

Example

Find lim 2 if it exists.
x—0 X

X 52
+1 1
+0.5 4
+0.2 25
+0.1 100
+0.05 400
— +0.01 10,000
C 4+0.001 | 1,000,000

@ As x gets close to 0, so does x2, so 1/x? gets large.
@ 1/x? can be made arbitrarily large by taking x close enough to 0.

@ f(x) doesn’t approach a number, so lim,_,o 1/x2 doesn’t exist.
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(8.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)

Let f be a function defined on both sides of a, except perhaps at a.
Then

Jm, () =

means the values of f(x) can be made arbitrarily large by taking x
sufficiently close to a, but not equal to a.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)

Let f be a function defined on both sides of a, except perhaps at a.
Then

Jm, () =

means the values of f(x) can be made arbitrarily large by taking x
sufficiently close to a, but not equal to a.

@ Other notation: f(x) — oo as x — a.
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(3.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)

Let f be a function defined on both sides of a, except perhaps at a.
Then

Jm, () =

means the values of f(x) can be made arbitrarily large by taking x
sufficiently close to a, but not equal to a.

@ Other notation: f(x) — oo as x — a.
@ In such cases, the limit does not exist.
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(3.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)

Let f be a function defined on both sides of a, except perhaps at a.
Then

Jm, () =

means the values of f(x) can be made arbitrarily large by taking x
sufficiently close to a, but not equal to a.

@ Other notation: f(x) — oo as x — a.
@ In such cases, the limit does not exist.

@ oo is not a number. The notation
Iima f(x) = oo expresses the particular
X—

— way in which the limit doesn't exist.
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(8.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)

Let f be a function defined on both sides of a, except perhaps at a.
Then

LYORES

means the values of f(x) can be made arbitrarily negative by taking x
sufficiently close to a, but not equal to a.

4
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(3.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)
Let f be a function defined on both sides of a, except perhaps at a.

Then

fm, ) =

means the values of f(x) can be made arbitrarily negative by taking x
sufficiently close to a, but not equal to a.

x =a @ Here, by “arbitrarily negative” we
—: mean the number is negative with
: large absolute value.
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(3.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)
Let f be a function defined on both sides of a, except perhaps at a.

Then

fm, ) =

means the values of f(x) can be made arbitrarily negative by taking x
sufficiently close to a, but not equal to a.

x =a @ Here, by “arbitrarily negative” we
—: mean the number is negative with
: large absolute value.

y =f(x) @ In such cases, the limit does not exist.
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(3.4)Limits Involving Infinity Infinite Limits

Definition (Infinite Limit)
Let f be a function defined on both sides of a, except perhaps at a.

Then

fm, ) =

means the values of f(x) can be made arbitrarily negative by taking x
sufficiently close to a, but not equal to a.

x =a @ Here, by “arbitrarily negative” we
—: mean the number is negative with
: large absolute value.

y =f(x) @ In such cases, the limit does not exist.

@ —oo is not a number. The notation

)!ana f(x) = —oo expresses the

particular way in which the limit
doesn’t exist.
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(8.4)Limits Involving Infinity Infinite Limits

There are similar definitions for one-sided limits:

: —\:
: X =a
X — a means
: we only consider
' x < a.
lim,_, - f(x) = limy_, ;- f(x) = —oc0
TX =a
X — a" means
we only consider
x> a.
X =a
limy_, g+ f(X) = 00 limy_, g+ f(X) = —c0
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(8.4)Limits Involving Infinity Infinite Limits

Definition (Vertical Asymptote)

The line x = ais called a vertical asymptote of the curve y = f(x) if at
least one of the following statements is true:

lim f(x) = o0 lim f(x) =00 lim f(x) = o0
X—a x—a- X—ar

lim f(x) = —c0 lim f(x)=—oc0 lim f(x) = —o0
X—a X—a— x—at
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(8.4)Limits Involving Infinity Infinite Limits

Definition (Vertical Asymptote)

The line x = ais called a vertical asymptote of the curve y = f(x) if at
least one of the following statements is true:

lim f(x) = o0 lim f(x) =00 lim f(x) = o0
X—a x—a- X—ar

lim f(x) = —c0 lim f(x)=—oc0 lim f(x) = —o0
X—a X—a— x—at

For instance, the y-axis is a vertical asymptote for f(x) = 1/x?
because limy_,o f(x) = oc.
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(3.4)Limits Involving Infinity Infinite Limits

i i 2x i 2x
Find lim,_,3+ ;5 and lim,_,3- ;*5.
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(3.4)Limits Involving Infinity Infinite Limits

g R 2x i 2x
Find lim,_,3+ ;5 and lim,_,3- ;*5.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.
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(3.4)Limits Involving Infinity Infinite Limits

i i 2x i 2x
Find lim,_,3+ ;5 and lim,_,3- ;*5.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.
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(3.4)Limits Involving Infinity Infinite Limits

Find lim,_3+ ;25 and lim, 3 2%.
limy_,3+ 2x/(x — 3) = 0.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.
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(3.4)Limits Involving Infinity Infinite Limits

Find lim,_3+ ;25 and lim, 3 2%.
limy_,3+ 2x/(x — 3) = 0.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.

@ If x is near 3 but smaller than 3, the
denominator x — 3 is a negative
number with small absolute value
and 2x is close to 6.
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(3.4)Limits Involving Infinity Infinite Limits

Find lim,_3+ ;25 and lim, 3 2%.
limy_,3+ 2x/(x — 3) = 0.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.

@ If x is near 3 but smaller than 3, the
denominator x — 3 is a negative
number with small absolute value
and 2x is close to 6.

@ So 2x/(x — 3) is a negative number
with large absolute value.
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(3.4)Limits Involving Infinity Infinite Limits

Find lim,_3+ ;25 and lim, 3 2%.
limy_,3+ 2x/(x — 3) = 0.
limy_,3- 2x/(x — 3) = —o0.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.

@ If x is near 3 but smaller than 3, the
denominator x — 3 is a negative
number with small absolute value
and 2x is close to 6.

@ So 2x/(x — 3) is a negative number
with large absolute value.
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(3.4)Limits Involving Infinity Infinite Limits

g R 2x i 2x
Find lim,_,3+ ;5 and lim,_,3- ;*5.

limy_,3+ 2x/(x — 3) = 0.

limy_,3- 2x/(x — 3) = —o0.

@ If x is near 3 but larger than 3, the
denominator x — 3 is a small positive
number and 2x is close to 6.

@ So the quotient 2x/(x — 3) is a large
positive number.

@ If x is near 3 but smaller than 3, the
denominator x — 3 is a negative
number with small absolute value
and 2x is close to 6.

@ So 2x/(x — 3) is a negative number
with large absolute value.

@ x = 3 is a vertical asymptote for
f(x) =2x/(x — 3).



(8.4)Limits Involving Infinity Infinite Limits

lim £(x)

X—a

If we plug in a and get

something different from 0

then the limit will be DNE, oo, or —oo.
To determine what the answer is, this is what we do:

@ Factor.
@ Determine if each factor is positive or negative.
© An odd number of negative factors means the limit is —oo.

© An even number of negative factors means the limit is co.

© For a two-sided limit, the answer is DNE unless the left limit and
the right limit are either both oo or both —cc.
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

X2 — 3x
. i
Al e
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . x2 — 3x
Anel M) o
(1)2 —3(1)

Plugin 1: (2 -301)+2 =
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . X2 — 3x
Find — im 23512
2 _ _
Plugin 1: (1) A0 2

(12-3(1)+2
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . X2 — 3x
Find — im 23512
2 _ _
Plugin 1: (1) A0 2

(12-3(1)+2
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . X2 — 3x
Find — im 23512
2 _ _
Plugin 1: (1) A0 2

(12-31)+2 0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 2

(12-31)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oo.
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

Factor: lim X2 — 3x
T ox1t X2 —38x+2
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

2
X< — 3x

Factor: |lim ——— = [im

x—1+ X2 — 3x+2 xX—1+
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

2 __ _
Factor: lim Xisx = |im M
x—1+ X2 —3x + 2 X—1+

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

2 _
Factor: lim Xisx = |im M
x—1+ X2 —3x 4+ 2 X—1+
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

Factor: lim ﬂ— im M
Toxott X2 —3x+2  xoit (x—2)(x—1)
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

_ x2-3x x(x — 3)
racer e a2 A =2 — 1)
()
OO0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e a2 A =2 — 1)
() )
OO0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 —=3x Xx(x —3)
racer e a2 A =2k - 1)
(+)( )
TOO0)
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 —=3x Xx(x —3)
racer e a2 A =2k - 1)
(+)(-)
TOO0)

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e a2 A -2 - 1)
(+)(-)
OO0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e a2 A -2 - 1)
(+)(-)
0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e a2 T =2 - 1)
(+)(-)
T
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e a2 T =2 - 1)
(+)(-)
T )
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e —axa2 A =2k - 1)
(+)(=)
7O
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

: X2 -38x x(x — 3)
racer e —axa2 A =2k - 1)
(+)(=)
7O
— ()
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. X2 — 3x
Find — im 23512
2 _
Plugin 1: (1) A0 _ =2

(1)2-3(1)+2 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —

Factor- ||m ﬂ— |m M
T ox—=1t+t X2 —3x+2 T Xt (X—2)(X—1)
(+)(=)
_)
(=)(+)
= (+)
2
Therefore  lim x73x = + o0.

x—1+ X2 —3x + 2
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

. . X>4+5x+6
Find lim ————
x——1 X3 +2x2 + x
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
(=1)2+5(-1)+6

Plug in —1: e 2(- 21 (1) - _
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Find lim X +5x+6
x——1 X3 +2x2 + x
(=12 +5(-1)+6 2

Plug in —1: e 2(- 21 (1) - =
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Find lim X +5x+6
x——1 X3 +2x2 + x
(—=1)2+5(-1)+6 2

Plug in —1: 12D 1 (1) - =
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Find lim X +5x+6
x——1 X3 +2x2 + x
(—=1)2+5(-1)+6 2

Plug in —1: (1 + 2= 12 £ (=1) =0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

. X>+5x+6
Factor: lim ————
x—-1 X3 +2x2 + x

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

. X°+5x+6
Factor: im ———— = i
x=—1 X3 +2x2+ X  x—>-—1
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

. x®2+5x+6 . (x+2)(x+3)
Factor: Im ———= Im ——=
x=—1 X3 +2x2+ X  x—>-—1
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

. x24+5x+6 . (x+2)(x+3)
Factor: |Im ————= Im ———————=
x=—1 X3 +2x2 + X  x—>—1

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

. x24+5x+6 . (x+2)(x+3)
Factor: Im ——————— = —
x=—1 X3 4+2x2+x  x=-1  Xx(x+1)32
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

.. X2+5x+6 . (x+2)(x+3)
recter I e e x T 12
()
OO0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

.. X2+5x+6 . (x+2)(x+3)
Fadtor: M o rx o XX+ TE
(£)( )
OO0
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

.. X2+5x+6 . (x+2)(x+3)
Fadtor: M o rx o XX+ TE
() )
OO
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor:  lim X +5X+6 _ . (x+2)(x+3)
Toxom1 X3 42Xx2 4 X x——1 x(X 4+ 1)2
(+)(+)
ST AT/
¢ )
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor  lim X +5X+6 _ o (x+2)(x+3)
Toxom1 X3 42Xx2 4 X x——1 x(Xx 4+ 1)2
(+)(+)
ST AT/
¢ )
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor  lim X +5X+6 _ o (x+2)(x+3)
Toxom1 X3 42Xx2 4 X x——1 x(Xx 4+ 1)2
(+)(+)
ST AT/
(=) )
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor  lim X +5X+6 o (x+2)(x+3)
T oxo—1 X34+ 2X2 4+ X xo—t x(x+1)2
(+)(+)
ST AT/
(=) )
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor  lim X +5X+6 o (x+2)(x+3)
T oxom1 X3 2X2 4 X xo—t X(X+1)2
(+)(+)
S T AT J
(=)(+)
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor  lim X +5X+6 _ o (x+2)(x+3)
Toxom1 X3 42Xx2 4 X x——1 x(X 4+ 1)2
(+)(+)
— ST ATJ)
(=)(+)
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

.. X2+5x+6 . (x+2)(x+3)
recter I e e x T (12
(+)(+)
7))
= (=)
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(3.4)Limits Involving Infinity Infinite Limits

Example (Infinite Limit)

Fing  fim X T5X+6
x——1 X3 +2x2 + x
: (—1)2+5(-1) +6 2
Plug in —1: ==
g (12 +2(—1)2+(=1) 0
The numerator is non-zero and the denominator is zero. Therefore the
answer is DNE, oo, or —oco.

Factor:  lim X7 5X+6 _ o (x+2)(x+3)
Toxom1 X3 42Xx2 4 X x——1 x(X 4+ 1)2

(+)(+)

— A TANTJ
(=)(+)

= ()

2
Therefore  lim > T2X+6 _ _

x——1 X34 2x2 4 x
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = lim tanx =
x—0+ x—m /2%
lim Inx = lim tanx =
x—0- X—m/2~
limInx = lim tanx =
x—0

X—7/2

FreeCalc Math 140 Lecture 8 February 26, 2013
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y =Inx
1
In x tan x
lim Inx = lim tanx =
x—0+ x—m /2%
lim Inx = lim tanx =
x—0- X—m/2~
limInx = lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ x—m /2%
lim Inx = lim tanx =
X0~ X /2~
lim Inx = lim tanx =

x—0 X—/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ x—m /2%
[im Inx = lim tanx =
x—0~ x—m /2~
lim Inx = lim tanx =

x—0 X—/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ x—m /2%
lim Inx = DNE lim tanx =
x—0~ x—m /2~
lim Inx = lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ x—m /2%
lim Inx = DNE lim tanx =
x—0~ x—m /2~
lim Inx = lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ x—m /2%
lim Inx = DNE lim tanx =
x—0~ X—m/2-
lim In x = DNE lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx =
x—0+ X—m /2%
lim Inx = DNE lim tanx =
x—0~ X—m/2-
lim In x = DNE lim tanx —
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — lim tanx = — oo
x—0+ X—m /2%
lim Inx = DNE lim tanx =
x—0- X—m/2~
lim In x = DNE lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — lim tanx = — oo
x—0+ x—m /2%
lim Inx = DNE lim tanx =
x—0— X—7/27
lim In x = DNE lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx = — oo
x—0+ x—m /2%
lim Inx = DNE lim tanx = oo
x—0— X—7/27
lim Inx = DNE lim tanx =
x—0

X—7/2

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx = — oo
X—0+ x—m /2%
lim Inx = DNE lim tanx = oo
x—0- X—m/2~
lim In x = DNE lim tanx =
x—0

X—7/2
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(8.4)Limits Involving Infinity Infinite Limits

y =Inx
1
In x tan x
lim Inx = — o0 lim tanx = — oo
x—0+ x—m /2%
lim Inx = DNE lim tanx = oo
x—0- X—m/2~
lim Inx = DNE lim tanx = DNE
x—0

X—7/2
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Limits at Infinity; Horizontal Asymptotes

. 2
@ Consider f(x) = ﬁzj as x becomes large.
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Limits at Infinity; Horizontal Asymptotes

X f(x) .
0| -1 @ Consider f(x) = ﬁzj as x becomes large.
110 @ The values of f(x) get closer and closer to 1.
+2 | 0.600000
+3| 0.800000
+4 | 0.882353
+5| 0.923077
+10 | 0.980198

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Limits at Infinity; Horizontal Asymptotes

X f(x)

0| - @ Consider f(x) = ﬁ;] as x becomes large.
+1 8 600000 @ The values of f(x) get closer and closer to 1.
:t2 ’ H g .

=1.
43| 0.800000 @ We express this by writing lem f(x)
+4 | 0.882353
+5| 0.923077
+10 | 0.980198

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Limits at Infinity; Horizontal Asymptotes

X f(x)
0| -1 @ Consider f(x) = ﬁ;] as x becomes large.
i; 8 500000 @ The values of f(x) get closer and closer to 1.
+ . . . .
=1.
23| 0800000 @ We express this by writing XILmOO f(x)

+4 | 0.882353 @ When x is large negative, f(x) is also near 1.
+5 0.923077
+10| 0.980198
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Limits at Infinity; Horizontal Asymptotes

X f(x)
0|-1
+1| 0
+2 | 0.600000
+3| 0.800000
+4 | 0.882353
+5| 0.923077
+10 | 0.980198

@ Consider f(x) = ﬁ;] as x becomes large.
@ The values of f(x) get closer and closer to 1.
@ We express this by writing Xlim f(x) =1.

—00
@ When x is large negative, f(x) is also near 1.
@ We express this by writing Xﬂrp f(x)=1.

FreeCalc Math 140
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Limit at Infinity)
Let f be a function defined on some interval (a, c0). Then

lim f(x) =L

X—00

means that the values of f can be made arbitrarily close to L by taking
x sufficiently large.
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Limit at Infinity)
Let f be a function defined on some interval (a, c0). Then

lim f(x) =L

X—00

means that the values of f can be made arbitrarily close to L by taking
x sufficiently large.

@ There are many ways that this can happen.
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Limit at Infinity)
Let f be a function defined on some interval (a, c0). Then

lim f(x) =L

X—00

means that the values of f can be made arbitrarily close to L by taking
x sufficiently large.

@ There are many ways that this can happen.
@ Other notation: f(x) — L as x — oc.
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Limit at Infinity)
Let f be a function defined on some interval (a, c0). Then

lim f(x) =L

X—00

means that the values of f can be made arbitrarily close to L by taking
x sufficiently large.

@ There are many ways that this can happen.
@ Other notation: f(x) — L as x — oc.
@ oo is not a number.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Limit at Minus Infinity)
Let f be a function defined on some interval (—oo, b). Then

lim f(x)=L

X——00

means that the values of f can be made arbitrarily close to L by taking
x sufficiently large negative.

y =f(x) \\ y=L P\
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Horizontal Asymptote)
The line y = L is called a horizontal asymptote of f if either

lim f(x)=1L or lim f(x)=L.

X—00 X——00
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Horizontal Asymptote)
The line y = L is called a horizontal asymptote of f if either

XI|_>mOO f(x)=1L or Xﬂ)rpoo f(x) = L.
@ For example, y = 1 is a horizontal asymptote for f(x) = ﬁ—;]
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Horizontal Asymptote)
The line y = L is called a horizontal asymptote of f if either

XI|_>mOO f(x)=1L or Xﬂ)rpoo f(x) = L.
@ For example, y = 1 is a horizontal asymptote for f(x) = ﬁ—;]

@ Can a function have two horizontal asymptotes?
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Definition (Horizontal Asymptote)
The line y = L is called a horizontal asymptote of f if either

XI|_>mOO f(x)=1L or Xﬂ)rpoo f(x) = L.
@ For example, y = 1 is a horizontal asymptote for f(x) = ﬁ;] :

@ Can a function have two horizontal asymptotes? Yes.

y =f(x)

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Find lim 1 and lim 1.
X—00

X——00
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Find lim land lim 1.
X—00 X——00

@ When x is large, } is small.

i:om,

= 0.0001
100 0.000

10,000
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Find lim land lim 1.
X—00 X——00

@ When x is large, } is small.

@ By taking x large enough, we
can make ! as small as we
like.

i:om,

= 0.0001
100 0.000

10,000
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Find lim land lim 1.
X—00 X——00

@ When x is large, } is small.

@ By taking x large enough, we
can make ! as small as we
like.

.

@ Therefore lim X = 0.
X—00

i:om,

= 0.0001
100 0.000

10,000
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Example
. . l . l
Find XILmOO ~ and Xﬂ}rpoo -
@ When x is large, } is small.
@ By taking x large enough, we
can make © as small as we
like.
@ Therefore lim 1 =o0.
X—00
@ Similarly, Xﬂ)rpoox 0.
1
FreeCalc Math 140 Lecture 8

February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Example

Find lim land lim 1.
X—00 X——00

@ When x is large, } is small.

@ By taking x large enough, we
can make ! as small as we
like.

.

@ Therefore lim X = 0.
X—00
1

@ Similarly, Xﬂrp x = 0.

1 1 @ y = 0 (the x-axis) is a
Too = 901, 10,000 0.0001 horizontal asymptote for the

100
;
_ curve y = .
1,000,000 0.000001
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

We can generalize the previous example to other powers of x:

Theorem (Infinite Limits of 1)

If r > 0 is a rational number, then

1
im — =0
x—oo X'
Ifr > 0 is an integer
. 1
im —=0
X——00 Xr

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

5 2_x_
Evaluate limy ;o0 sogaes-

. 3x2—x-2
lim ————
x—00 5x2 4 4x 4 1
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_ 53;21‘—4’;121.
@ Standard approach: divide top
and bottom by the highest power
: of x in the denominator.

. 3x2—x-2
lim —————
x—=o0 5x2 + 4x + 1
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(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

5 2_x_
Evaluate limy ;o0 sogaes-

@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! . 3x%2-—x-2
im ————— -
x—00 5x2 + 4x + 1

1
x2
1
X2
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

0 2y
Evaluate limy ;o0 sogaes-

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

1
i 3x2—x—-2
x—00 5x2 4 4x + 1 %
= lim
X—00

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

FreeCalc Math 140

3x2—x—2
5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x—-2
x—00 5X2 + 4x 4 1 %
_1_2
= lim —* <
X—00
Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

FreeCalc Math 140

3x2—x—2
5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5x2 + 4x + 1 %
_1_2
= lm X
X—00
Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_ %74’;21.
@ Standard approach: divide top
and bottom by the highest power

of x in the denominator.

! i 3x2—x-2 %
x—00 5x2 4+ 4x + 1 %
12
_ im ST x
X—>005_|_%+%
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

X2 4x+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5x2 + 4x + 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
. .1 .1
lim 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

X2 4x+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5x2 + 4x + 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
. .1 .1
im 3— lim ——2 lim y
. X—»00 X—00 X X—00 X'
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X

+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5x2 + 4x + 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
. .1 .1
im 3— lim ——2 lim y
. X—»00 X—00 X X—00 X'
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X
— 3 — —
S+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5x2 + 4x + 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
o1 .1
lim 3— lim ——2 lim y
_ X—00 X—o00 X X—00 X
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X
— 3 — —
S+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5X2 + 4x 4 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
o1 .1
lim 3— lim ——2 lim y
_ X—00 X—o00 X X—00 X
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X
_ 3-0-
S+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x4+1" o
@ Standard approach: divide top
and bottom by the highest power
, of x in the denominator.
! i 3x2—x-2 %
x—00 5X2 + 4x 4 1 %
m 3=
= lim o
Xx—o0 b b T+ 72l
. .1 .1
lim 3— lim ——2 lim —
_ X—r00 X—o00 X X—o00 X
a . .1 :
lim 5+4 lim —+ lim —
X—00 X—o00 X X—00 X
~ 3-0-
S+ +
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Evaluate limy_,

(3.4)Limits Involving Infinity

3x2—x—2

5x24+4x4+1"

Limits at Infinity; Horizontal Asymptotes

@ Standard approach: divide top
and bottom by the highest power

FreeCalc Math 140

Lecture 8

of x in the denominator.

3x2—x—-2 &

im ———— - X~
x—00 5x2 4 4x 4 1 %
m3-i-%
X_>O°5+}+?

, 1 . 1
im 3— lim ——2 |lim —
X—00 X—00 X X—0o0 X'
. .1 .
im 54+4 lim —+ Ilim —
X—00 X—o00 X X—00 X
3—-0-0

+ +

February 26, 2013



Evaluate limy_,

(3.4)Limits Involving Infinity

3x2—x—2

5x24+4x4+1"

Limits at Infinity; Horizontal Asymptotes

@ Standard approach: divide top
and bottom by the highest power

FreeCalc Math 140

Lecture 8

of x in the denominator.

3x2—x—-2 &

im ——— - %~
x—00 5x2 4 4x 4 1 %
313
X_>O°5+}+?

. 1 . 1
lim 3— lim ——2I|m—2
X—00 X—o00 X X—o0 X
. 1 .
lim 5+4 lim —+ lim —
X—00 X—00 X X—00 X
3-0-0

T+ =
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

3x2—x—2

5x24+4x4+1"

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

FreeCalc Math 140

]
X2 —x—-2 2

lim ——— - X%
x—00 5x2 4 4x 4 1 %
n i-%
= lim 7 ;
X_>O°5+}+?
. 1 . 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o , .1 .
im 54+4 lim —+ Ilim —
X—00 X—o00 X X—00 X
~3-0-0
- 5+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

3x2—x—2

5x24+4x4+1"

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

FreeCalc Math 140

]
X2 —x—-2 2

lim ——— - X%
x—00 5x2 4 4x 4 1 %
n i-%
= lim 7 ;
X_>O°5+}+?
. 1 . 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o . .1 ,
lim 54+4 lim —+ lim —
X—00 X—o0 X X—00 X
~3-0-0
- 5+ +
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

3x2—x—2

5x24+4x4+1"

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

FreeCalc Math 140

]
X2 —x—-2 2

lim ——— - X%
x—00 5x2 4 4x + 1 %
n i-%
= lim 7 ;
X_>O°5+}+?
. 1 . 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o . 1 ,
lim 54+4 lim —+ lim —
X—00 X—o0 X X—00 X
~3-0-0
- 540+
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

3x2—x—2

5x24+4x4+1"

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

FreeCalc Math 140

]
X2 —x—-2 2

lim ——— - X%
x—00 5x2 4 4x + 1 %
n i-%
= lim 7 ;
X_>O°5+}+?
. 1 . 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o . .1 . 1
lim 54+4 lim —+ Ilim =
X—00 X—o00 X X—o0 X
~3-0-0
- 540+

Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,

3x2—x—2

5x24+4x4+1"

@ Standard approach: divide top
and bottom by the highest power
of x in the denominator.

FreeCalc Math 140

]
X2 —x—-2 2

im ———— . X~
x—00 5x2 4 4x + 1 %
n i-%
= lim 7 ;
X_>O°5+}+?
, 1 . 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o . .1 . 1
lim 54+4 lim —+ Ilim =
X—00 X—o00 X X—o0 X
~ 3-0-0
~ 540+0
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x+1" o
\ @ Standard approach: divide top
_____________ y=5=06 " and bottom by the highest power
; of x in the denominator.
1 i 3x2—x-2 )JZ
x—00 5x2 + 4x + 1 %
1 2
T
A S
. 1 , 1
im 3— lim ——2 lim y
_ X—00 X—oo X X—o00 X
o . 1 .
im 54+4 lim —+ Ilim —
X—00 X—o00 X X—00 X
~ 3-0-0 g
~ 540+0 5
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

g 2
Evaluate limy_, o 2X%—X=2

5x24+4x+1" o
\ @ Standard approach: divide top
_____________ y=5=06 " and bottom by the highest power
; of x in the denominator.
1 i 3x2—x-2 )JZ
x—00 5X2 + 4x 4 1 %
3_1_2
= lim —*
X—o0 5 b -+ 72l
. 1 , 1
im 3— lim ——2 lim y
_ X—00 X—00 X X—o00 X
o . 1 .
lim 54+4 lim —+ lim —
@ A similar calculation shows X=ee S e
" . 3-0-0 3
that the limitas x — —oo is = — = —

ol 54040 5
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(3.4)Limits Involving Infinity

Limits at Infinity; Horizontal Asymptotes

3x2—x—2

Evaluate limy_oc 527 -5

@ Standard approach: divide top

y = 3x2—x—2
5x2+4x+1

@ A similar calculation shows
that the limitas x — —oo is
also %

FreeCalc Math 140

Lecture 8

and bottom by the highest power
of x in the denominator.

3x2—x—-2 &

lim =22~ ¢ X2
x—00 5x2 4 4x 4 1 %

n i-%

lim 7 ]
X_>O°5+}+?

. 1 . 1
im 3— lim ——2 lim y
X—00 X—o00 X X—o0 X
. .1 .
lim 54+4 lim —+ lim —
X—00 X—o00 X X—00 X
3—0—0_§
5+0+0 5

February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,oc VX2 +1 — x.
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,oc VX2 +1 — x.

lim (\/x2 +1- x)

X—00

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_o VX2 +1 — x.

@ Standard approach: multiply top
and bottom by conjugate radical.

lim (\/x2 +1- x)

X—00

@ VX2 +1— occand x — oo
as x — oo.

@ ltisn’t clear what happens
to the difference.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_o VX2 +1 — x.

@ Standard approach: multiply top
and bottom by conjugate radical.

: VX2 +1+x
XI|_>mOO (\/x2+1 —x> T T x

@ VX2 +1— occand x — oo
as x — oo.

@ ltisn’t clear what happens
to the difference.

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity

Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,oc VX2 +1 — x.

@ Standard approach: multiply top
and bottom by conjugate radical.

VX2+1+x
lim (Vx2+1—-x) ———
X—>oo< >N/X2+1+X
. (x24+1)—x?

lim

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

FreeCalc Math 140
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(3.4)Limits Involving Infinity

Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,oc VX2 +1 — x.

@ Standard approach: multiply top
and bottom by conjugate radical.

VX2+1+x
lim (Vx2+1—-x) ———
X—>oo< )\/X2_|_1_|_x
. (x24+1)—x?

lim

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

FreeCalc Math 140

X—00 1/x2+1+x

1
= lm ——
X*}()Owlxz_’_‘l_'_x
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(3.4)Limits Involving Infinity

Evaluate limy_,oc VX2 +1 — x.

Limits at Infinity; Horizontal Asymptotes

@ Standard approach: multiply top
and bottom by conjugate radical.

VX2 +1
lim (~/X2+1—X)M
X—00 VX2 +1+x
_ i 2D -

X—00 1/x2+1+x

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

@ Divide top & bottom by x.

FreeCalc Math 140

> I=[x|=

1
= lm ———
X*}()Owlxz_’_‘l_'_x
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(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Evaluate limy_,oc VX2 +1 — x.

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

@ Divide top & bottom by x.

FreeCalc Math 140

@ Standard approach: multiply top
and bottom by conjugate radical.
VX2 +1+x
lim (Vx2+1—-x) ——m—r—"
X—>OO( )\/X2+1—|—X
(X2 4+1)—x?
= lim

X—00 1/x2+1+x

X | =[x =

1
— lim —— .
X*}()Owlxz_’_‘l_'_x
1

= lim A

X—00 /1+%+1

Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity Limits at Infinity; Horizontal Asymptotes

Example

Evaluate limy_,oc VX2 +1 — x.

7 y=vx?+1-x

@ Vx2+1— ocoand x — o0
as X — oQ.

@ ltisn’t clear what happens
to the difference.

@ Divide top & bottom by x.

FreeCalc Math 140

@ Standard approach: multiply top
and bottom by conjugate radical.

im (Vx@+1-x) o

X—00 VX2 +1+x
_ i D =
_X—>OO 1/x2+1+x
: 1 1
=lm =7
X*}()Owlxz_’_‘l_'_x }
1
X—00 /1+%+1
_— 0 R
VI+0+1
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Infinite Limits at Infinity

We write
lim f(x) =00

X—00

to mean that f(x) becomes large as x becomes large. We attach
similar meaning to

lim f(x) = —o0, lim f(x) = oo, lim = —o0
X—00 X——00 X——00
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

11 y =x° Find limy_,00 X3 and limy_, _ x°.
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(3.4)Limits Involving Infinity Infinite Limits at Infinity

11 y =x° Find limy_,00 X3 and limy_, _ x°.
@ When x is large, so is x3.

10° = 1000, 100° = 1,000, 000,
1000° = 1,000, 000, 000

FreeCalc Math 140 Lecture 8 February 26, 2013



(3.4)Limits Involving Infinity

Infinite Limits at Infinity

Find limy_, o X3 and limy_, o x°.

10° = 1000, 100° = 1,000, 000,

10002 = 1,000, 000, 000

FreeCalc Math 140

Lecture 8

@ When x is large, so is x3.

@ By taking x large enough, we
can make x3 as large as we
like.
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(3.4)Limits Involving Infinity

Infinite Limits at Infinity

Find limy_, o X3 and limy_, o x°.

10° = 1000, 100° = 1,000, 000,

10002 = 1,000, 000, 000

FreeCalc Math 140

Lecture 8

@ When x is large, so is x3.

@ By taking x large enough, we
can make x3 as large as we
like.

@ Therefore limy_,oo X3 = oco.

February 26, 2013



(3.4)Limits Involving Infinity Infinite Limits at Infinity

11 y =x° Find limy_,00 X3 and limy_, _ x°.
@ When x is large, so is x3.

1 @ By taking x large enough, we
can make x3 as large as we
like.

@ Therefore limy_,oo X3 = oco.

@ Similarly, limy_, o X3 = —o0.

10° = 1000, 100° = 1,000, 000,
1000° = 1,000, 000, 000

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find limy o0 (X% — X).
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find limy o0 (X% — X).
@ WRONG: limy_,00 (X2 — X) = limy_00 X% — limy_, o0 X = 00 — 00 = 0.
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find limy o0 (X% — X).
@ WRONG: limy_,00 (X2 — X) = limy_00 X% — limy_, o0 X = 00 — 00 = 0.
@ We can’t use the limit laws in this way with co because oo isn’t a
number.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find limy o0 (X% — X).
@ WRONG: limy_,00 (X2 — X) = limy_00 X% — limy_, o0 X = 00 — 00 = 0.
@ We can’t use the limit laws in this way with co because oo isn’t a
number.
@ Instead: limy_ o0 (X2 — X) = limy_ o0 x(x — 1) = .

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find limy o0 (X% — X).

@ WRONG: limy_,00 (X2 — X) = limy_00 X% — limy_, o0 X = 00 — 00 = 0.

@ We can’t use the limit laws in this way with co because oo isn’t a
number.

@ Instead: limy_ o0 (X2 — X) = limy_ o0 x(x — 1) = .

@ This is because x and x — 1 both become arbitrarily large as
X — 0.

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

Jim mx =2 (x +1)3(x — 1)

Iim g (x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

XIi_)moo mx =2 (x +1)3(x = 1)

Iim g (x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

XIi_)moo mx =2 (x +1)3(x = 1)
+

Iim g (x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

Xli_)moo mx—2)*(x +1)°(x = 1)
J’_

Iim g (x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

lim 4 (x —2)*(x +1)%(x — 1)
+ +

Iim g (x -2 (x+ 1 (x—1) =

X
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

lim & (x —2)*(x +1)%(x — 1)
+ +

Iim g (x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

i 1 4 3
Jm e = 2)*0c+ 17— 1)
- + o+

Tim g(x -2 (x+ 1 (x—1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

[
8

Jim mx =2 (x +1)3(x — 1)
+ + o+
lim g5 (x - P (x+1)P°(x=1) =

X

FreeCalc Math 140 Lecture 8 February 26, 2013



(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

FreeCalc Math 140

; 1 4 3
Xll_)moo (X =2 (x+1)°(x—1)
+ + +

XETOOZL“(X 2 (x+1)%(x = 1)
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

; 1 4 3 _
Xll_)moo (X =2 (x+1)°(x—-1) = oo
+ + +

XETOOZL“(X 2P (x+1)°3(x=1) =

+
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

FreeCalc Math 140

; 1 4 3
Xll_)moo (X =2 (x+1)°(x—1)
+ + +

lim L(x—2)*(x+1)>*(x—1)

X——00
+
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

FreeCalc Math 140

; 1 4 3
Xll_)moo (X =2 (x+1)°(x—1)
+ + +

lim L(x—2)*(x+1)>*(x—1)

X——00
+ —

Lecture 8
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

; 1 4 3 _
Xll_)moo (X =2 (x+1)°(x—-1) = oo
+ + +

8 4 8
lm (=2 (x+1)P°(x—1) =
4 —
FreeCalc Math 140 Lecture 8
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1__

; 1 4 3 _
Xll_)moo (X =2 (x+1)°(x—-1) = oo
+ + +

lim Z(x -2 (x+1°(x 1) =

4 — —
FreeCalc Math 140 Lecture 8
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).

1 —
I I I
-1 1 2
i 1 __ n\4 3 _ _
Xll_)moo (X =2 (x+1)°(x—-1) = oo
+ + +
T Py’ 3(y _ _
XETOOZ“(X 2)'(x+1)°(x—-1) = oo
+ — —
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(8.4)Limits Involving Infinity Infinite Limits at Infinity

Example
Find the limits as x — co and x — —oo of y = & (x — 2)*(x + 1)3(x — 1).
1 —_
-1 1 2
im L(x—2)*x+1)°x-1) = oo
+ + 4+
lim Z(x—2*(x+1)°(x-1) = oo

+ — —
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