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(2.4) Derivatives of Trigonometric Functions

Derivatives of Trigonometric Functions

. d
Sin X) = CcOS X —(csc x) = —csc xcot x
ax SinX) ax )
, d
COSX) = —sinx sec x) = sec xtan x
dx( ) dx( )
d 5 d 5
tan x) = sec” x cotx) = —csc x
ax (tanx) ax (CotX)
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x
1+tanx’

Differentiate y =

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 +tan x)?
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 + tan x)?
(1 +tanx) ( ) — (secx) ( )
(1 + tan x)?
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 +tan x)?
(1 +tanx) (secxtanx) — (secx) ( )
(1 + tan x)?
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 +tan x)?
_ (1 +tanx) (secxtanx) — (secx) (sec?x)
(1 + tan x)?
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 +tan x)?

(1 +tanx) (secxtanx) — (secx) (sec?x)
(1 + tan x)?

_ secx(tanx + tan® x — sec? x)
B (1 + tan x)2
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 + tan x)?
(1 +tanx) (secxtanx) — (secx) (sec?x)
(1 + tan x)?
sec x(tan x 4 tan® x — sec? x)
- (1 + tanx)2
secx(tanx )
" (1 +tanx)?
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(2.4) Derivatives of Trigonometric Functions

Example (Quotient Rule, )
sec x

Differentiate y = T

Quotient Rule:
dy (1+tanx) & (secx) — (secx) & (1 +tanx)
dx (1 + tan x)?
(1 +tanx) (secxtanx) — (secx) (sec?x)
(1 + tan x)?
sec x(tan x 4 tan® x — sec? x)
- (1 + tanx)2
secx(tanx — 1)
" (1 +tanx)?
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Gee(fe(tan 0 + sec ) + c?B(He‘))(tan 0 + sech)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Geese(tan 0 + sech) + c?B(He‘))(tan 0 + sec)

= 0e’( )+ ( )(tan 6 + sec )
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Geese(tan 0 + sech) + c?B(He‘))(tan 0 + sec)

= 9’ (sec? § +tanhsech) + ( )(tan 6 + sec )
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Gee(fe(tan 0 + sect) + Cic)(ee@)(tan 0 + sech)

— 9e’(sec? + tanfsech) + ( )(tan 6 + sech)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).

Product Rule:
y = Gee(fe(tan 0 + sect) + Cic)(ee@)(tan 0 + sech)
Product Rule:

— 9e’(sec?d + tanf sech) + (9;;(99) + (fe(e)ee)(tan 0 + secf)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Gee(fe(tan 0 + sec ) + c;j@(ﬁe‘))(tan 0 + sech)

Product Rule:

— 9e’(sec?d + tanf sech) + (0;;(99) + g(0)e")(tan 0 + secf)

do
= 0e’(sec? 0 +tanfsecd) + (0( )+ ( )e’)(tand + sech)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Gee(fe(tan 0 + sec ) + c;j@(ﬁe‘))(tan 0 + sech)

Product Rule:

— 9e’(sec?d + tanf sech) + (0;;(99) + g(0)e")(tan 0 + secf)

do
= 0e’(sec? 0 +tan 9 secd) + (0(e”) + ( )e’)(tan 6 + sec)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Gee(fe(tan 0 + sec ) + c;j@(ﬁe‘))(tan 0 + sech)

Product Rule:
— 9e’(sec?d + tanf sech) + (Hc?o(e") + ;6(0)69)(tan 0 + secf)
= 0e’(sec? 0 +tan 9 secd) + (0(e”) + ( )e’)(tan 6 + sec)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:
y' =0é’ :e(tan 0 + sect) + H(Hea)(tan 6 + sec?)
Product Rule:
— 9e’(sec?d + tanfsech) + (0 ; (e%) + :6( )e’)(tan 0 + sech)

= 9e’(sec? 9 + tanfsech) + (A(e”) + (1)e’)(tan b + sec )
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).

Product Rule:
y = Geg(fe(tan 0 + sec ) + c;j@(ee‘))(tan 0 + sech)
Product Rule:
— 9e’(sec?d + tanf sech) + (Hc?o(e") + ;Ié)(e)e")(tan 0 + secf)
= 0e’(sec? 0 +tan 9 secd) + (0(e”) + (1)e”)(tan 6 + sec )

— 9e’ secH(sech + tan ) + (6 + 1)(tan 6 + sech)
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(2.4) Derivatives of Trigonometric Functions

Example (Using the Product Rule twice)

Differentiate:
y = 0€’(tand + sec¥).
Product Rule:

y = Geg(fe(tan 0 + sec ) + c;j@(ee‘))(tan 0 + sech)
Product Rule:
— 9e’(sec?d + tanf sech) + (Hc?o(e") + ;Ié)(e)e")(tan 0 + secf)
= 0e’(sec? 0 +tan 9 secd) + (0(e”) + (1)e”)(tan 6 + sec )
— 9e’ secH(sech + tan ) + (6 + 1)(tan 6 + sech)

= (Asect + 60+ 1)e’(tan 0 + sech).
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
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(2.4) Derivatives of Trigonometric Functions
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(2.4) Derivatives of Trigonometric Functions
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(2.4) Derivatives of Trigonometric Functions
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f( —sinx
f//(
f///(
(
(

X

X X<

) (x

) =
) =
) =
) =
fO(x) =
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(2.4) Derivatives of Trigonometric Functions

COS X.

Find the 27th derivative of f(x) =
f'(x

f//(

f///(

(

(

X

~

) (x

) =
) =
) =
) =
fO)(x) =
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(2.4) Derivatives of Trigonometric Functions

COS X.

Find the 27th derivative of f(x) =
f'(x

f//(

fl/l(
(

(

X

<

) (x

)=
) =
) =
) =
fO(x) =

FreeCalc Math 140

Lecture 13

—sinx
— COS X

March 26, 2013




(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
) (x)
fO)(x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f@(x) =
fO)(x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO)(x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*(x) = cos x
O (x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO)(x) = —sinx
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO(x) = —sinx

@ The derivatives repeat in a cycle of length 4.
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO(x) = —sinx

@ The derivatives repeat in a cycle of length 4.
Y f(24)(x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO(x) = —sinx

@ The derivatives repeat in a cycle of length 4.
o ¥ (x) = cos x.
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x.
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO(x) = —sinx

@ The derivatives repeat in a cycle of length 4.
o ¥ (x) = cos x.
o Differentiate three more times: 1(2/)(x) =
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(2.4) Derivatives of Trigonometric Functions

Find the 27th derivative of f(x) = cos x
f(x)= —sinx
f"(x) = —cos x
f"(x) = sinx
f*)(x) = cos x
fO(x) = —sinx

@ The derivatives repeat in a cycle of length 4.
o ¥ (x) = cos x.
o Differentiate three more times: 1(/)(x) = sin x.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = vx2 +1?
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?
@ The formulas we have learned don’t tell us how to solve this.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

o y="_f(u)=

o u=g(x)=

@ Then y = F(x) = f(g(x)) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

e y=1"Ff(u)=

o u=g(x)=

@ Then y = F(x) = f(g(x)) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=+u.

o u=g(x)=

@ Then y = F(x) = f(g(x)) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

® u=g(x)=

@ Then y = F(x) = f(g(x)) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x®> + 1) =
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=+u.

o u=g(x)=x2+1.

@ Then y = F(x) = f(g(x)) = f(x® + 1) = V/x2 + 1.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don'’t tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x® +1) = V/x2 + 1.

@ We know the derivatives of f and g:

e f'(u) =

° g(x)=
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don't tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=+u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x® +1) = V/x2 + 1.

@ We know the derivatives of f and g:

e f'(u)=

° g(x)=
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don't tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=+u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x® +1) = V/x2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Jfu1/2

° g(x)=
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don't tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x® +1) = V/x2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Ju1/2

° g(x)=
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = v'x2 +1?

@ The formulas we have learned don't tell us how to solve this.
@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Theny = F(x) = f(g(x)) = f(x® +1) = V/x2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Ju1/2

@ J'(x) =2x.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = vx2 +1?

@ The formulas we have learned don’t tell us how to solve this.

@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Then y = F(x) = f(9(x)) = f(x2+1) = Vx2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Ju1/2

@ g'(x) =2x.

@ It would be nice if we could find the derivative of F in terms of the
derivatives of y and u.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = vx2 +1?

@ The formulas we have learned don’t tell us how to solve this.

@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Then y = F(x) = f(9(x)) = f(x2+1) = Vx2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Ju1/2

@ g'(x) =2x.

@ It would be nice if we could find the derivative of F in terms of the
derivatives of y and u.

@ |t turns out that the derivative of the composition f o g is the
product of the derivative of f and the derivative of g.
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(2.5) The Chain Rule

The Chain Rule

@ What is the derivative of F(x) = vx2 +1?

@ The formulas we have learned don’t tell us how to solve this.

@ F is a composite function fo g:

e y=f(u)=u.

o u=g(x)=x2+1.

@ Then y = F(x) = f(9(x)) = f(x2+1) = Vx2 + 1.

@ We know the derivatives of f and g:

o f'(u)=Ju1/2

@ g'(x) =2x.

@ It would be nice if we could find the derivative of F in terms of the
derivatives of y and u.

@ |t turns out that the derivative of the composition f o g is the
product of the derivative of f and the derivative of g.

@ This important fact is called the Chain Rule.
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(2.5) The Chain Rule

The Chain Rule

If g is differentiable at x and f is differentiable at g(x), then the
composite function F = f o g defined by F(x) = f(g(x)) is differentiable
at x and F’ is given by the product

F'(x) =f(9(x)) g'(x)

In Leibniz notation, if y = f(u) and u = g(x) are both differentiable
functions, then

dy _ dydu

dx dudx
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(2.5) The Chain Rule

The Chain Rule

If g is differentiable at x and f is differentiable at g(x), then the
composite function F = f o g defined by F(x) = f(g(x)) is differentiable
at x and F’ is given by the product

F'(x) =f(9(x)) g'(x)

In Leibniz notation, if y = f(u) and u = g(x) are both differentiable
functions, then

dy dydu

dx  dudx
We will not prove this in class, but a proof can be found in the textbook.
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(2.5) The Chain Rule

Example (Chain Rule, )
Differentiate  f(x) = v/ x2 + 1.
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = VX2 +1.
Let h(x)=
Let g(x) =
Then f(x) = g(h(x))
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = VX2 +1.
Let h(x)=x?+1
Let g(x) =
Then f(x) = g(h(x))

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Chain Rule, )
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = VX2 +1.
Let h(x)=x®+1.
Let g(x)=vx.
Then f(x) = g(h(x))
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = VX2 +1.
Let h(x) = x?+1
Let g(x) = Vx.
Then f(x) = g(h(x))
Chain Rule: f'(x) = g'(h(x))H (x)
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = VX2 +1.
Let h(x)=x®+1.
Let g(x)=vx.
Then f(x) = g(h(x)).
Chain Rule: f'(x) = g'(h(x))H (x)
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = v/ x2 + 1.
Let h(x)=x®+1.
Let g(x)=vx.
Then f(x) = g(h(x))
Chain Rule: f'(x) = ¢'(h(x))H (x)
1
\2 h(x)) )
Lecture 13 March 26, 2013
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = V/x2 +1.
Let h(x)= x?+1
Let g(x) = V/x.
Then f(x) = g(h(x))
Chain Rule:  f'(x) = g'(h(x))H (x)

— (——] ()
~ \2y/h(x)
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = V/x2 +1.
Let h(x)= x?+1
Let g(x) = V/x.
Then f(x) = g(h(x))
Chain Rule:  f'(x) = g'(h(x))H (x)

1
: z—m) 0
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  f(x) = v/ x2 + 1.
Let h(x) = x?+1.
Let g(x) = Vx.
Then f(x) = g(h(x))
Chain Rule: f'(x) = g'(h(x))H (x)
1
= 2
2«/h(x)> (2x)
X
Ve
Lecture 13 March 26, 2013
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.
Let u=
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.
Let u=x°
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos x°.
Let u= xS
Then y =cosu.
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u=x3.
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u=x3.
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u=x3.
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx

= (_sinu)( )
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u= x5
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx

= (—sinu)( )

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u= x5
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx

= (—sinu) (3x2)
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos x°.

Let u=x3.
Then y =cosu.
. . dy dydu
Chain Rule: dx — dudx
= (—sinuw) (3x2>
= —3x2%sin x°.
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos® x.
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos® x.
Let u=
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos® x.
Let u= cosx.
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y=u°.
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y=u°.
. . dy dydu
Chain Rule: dx — dudx
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(2.5) The Chain Rule

Example (Chain Rule)

Differentiate  y = cos® x.
Let u= cosx.

Then y = u°
. . dy dydu
Chain Rule: dx — dudx

- ()¢ )
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y = u°
. . dy dydu
Chain Rule: dx — dudx

= (3 ( )
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y=u°.
. . dy dydu
Chain Rule: dx — dudx

~ (3 ( )
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Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y=u°.
. . dy dydu
Chain Rule: dx — dudx

= (3u2) (—sinx)

Lecture 13 March 26, 2013



Example (Chain Rule)

FreeCalc Math 140

(2.5) The Chain Rule

Differentiate  y = cos® x.
Let u= cosx.

Then y=u°.
. . dy dydu
Chain Rule: dx — dudx

= (3u2) (—sinx)

= —3sin x( cos x)>2.
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(2.5) The Chain Rule

@ In the example y = sin® x, the outer function was a power

function: y = 12,
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(2.5) The Chain Rule

@ In the example y = sin® x, the outer function was a power

function: y = 12,

@ The derivative was % = 2ud¥ = 2sinx cos x.
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(2.5) The Chain Rule

@ In the example y = sin® x, the outer function was a power
function: y = 1.

e The derivative was & = 2u3¥ = 2sin x cos x.

@ We can generalize this:

The Power Rule Combined with the Chain Rule
If nis any real number and u = g(x) is differentiable, then

i ny _ n—1d£
dx(u )=nu dx
Alternatively,

]n—1

d n_ /
ax 9" = nlgCOl™™" - g (x)
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Llet u=x%—-1.
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x3-1.
Then y=u'%.
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x3-1.
Then y=u'%.

i Rue: O _ dvdu
Chain Rule: dx — dudx
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x%-1.

Then y = u'%.
. . dy dydu
Chain Rule: dx — dudx

- ) )
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x%-1.

Then y = u'%.
. . dy dydu
Chain Rule: dx — dudx

- (0007) )
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x%—-1.
Then y=u'%.

i Rue: Y _ dydu
Chain Rule: dx — dudx

- (0007) ()
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x%—-1.
Then y=u'%.

i Rue: Y _ dydu
Chain Rule: dx — dudx

= (1006%) (322
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(2.5) The Chain Rule

Example (Chain Rule, )

Differentiate  y = (x3 — 1)'%.

Let u=x%—-1.
Then y=u'%.

i Rue: O _ dvdu
Chain Rule: dx — dudx

= (1000%) (3x2)

= 300x2(x° — 1),
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )
1
IExd

Differentiate  f(x) =
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

X X
Let h(x) =
Let g(x)=

Then f(x) = g(h(x)).
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

1
Differentiate f(x) = ———.
0= et

Let h(x)=x%+x+1.

Let g(x) =
Then f(x) = g(h(x)).
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

1
Differentiate f(x) = ———.
0= et

Let h(x)=x%+x+1.

Let g(x)=
Then f(x) = g(h(x)).
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )
1
VX2 x+1
Let h(x)=x%+x+1.
Let g(x)=x""/3
Then f(x) = g(h(x)).

Differentiate  f(x) =
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )
1

X X
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

. . 1
Differentiate  f(x) = Kk
Let h(x)=x?+x+1.
Let g(x)=x""/3
Then f(x) = g(h(x)).
Chain Rule: f'(x) = g'(h(x))H (x)

g(( ) ( |
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

. . 1
Differentiate  f(x) = Kk
Let h(x)=x?+x+1.
Let g(x)=x""/3
Then f(x) = g(h(x)).
Chain Rule: f'(x) = g'(h(x))H (x)

—

g
= (- gre) )

00
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

1
Differentiate f(X) = ——.
0= et
Let h(x)=x%+x+1
~-1/3
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

1
Differentiate f(X) = ——.
0= et
Let h(x)=x%+x+1
~-1/3
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(2.5) The Chain Rule

d n __ n— /
Il = nlg())" " - g'(x)

Example (Chain Rule, )

1
Differentiate f(X) = ——.
0= et
Let h(x)=x%+x+1
~-1/3
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(2.5) The Chain Rule

Find the derivative of
o (=2 °
9O =\3r77) -
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

in o t-2\°d t-2
g(t)_9<2t+1> at \ 2t + 1
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

i oft=2\d [t-2
g(t)_9<2t+1 at \ 2t +1
Quotient Rule:

_o(1=2\° @Gt -2) — (t-2)§(t+1)
B (2t—|—1> (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

i oft=2\d [t-2
g(t)_9<2t+1 at \ 2t +1
Quotient Rule:

_o(1=2\° @Gt -2) — (t-2)§(t+1)
B (2t—|—1> (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

) t—2\%d /t-2

90=9(zr57) a (zrev)
Quotient Rule:
_9(1‘—2>8(2t+1)§‘t(t2)—(t—2)(j’t(2t+1)

2t +1 (2t+1)2
o t=2\?@t+1) —(t-2)-
_9(2t+1> (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

) t—2\%d /t-2

90=9(zr57) a (zrev)
Quotient Rule:
_9(1‘—2>8(2t+1)§‘t(t2)—(t—2)(j’t(2t+1)

2t +1 (2t+1)2
o t=2\?@t+1)-1—(t-2)-
_9<2t+1> (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

) t—2\%d /t-2

90=9(zr57) a (zrev)
Quotient Rule:
_9(t—2>8(2t+1)(j’t(t—2)—(t—2)(§’t(2t+1)

2t +1 (2t+1)2
o t=2\?@t+1)-1—(t-2)-
_9<2t+1> (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

) t—2\%d /t-2
90=9(zr57) a (zrev)
Quotient Rule:
_9(t—2>8Qr+nga—2y—u—a§@t+n

2t + 1 (2t +1)2
_g(1-2 B@t+1)-1-(t—2)-2
T\t +1 (2t +1)2
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(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

t—2\%d /t-2
g'(’):9<2t+1> m(zm)
Quotient Rule:
:9(t—z>8(2t+1)g,(t—2)—(t-2)3,(2t+1)
2t + 1 (2t +1)2
9<t—2>8(2t+1)-1—(t—2)-2
2t + 1 (2t +1)2
t—2\%2t+1-2t+4
<2t+1> (2t +1)2

=5

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

( ) t - 2

Power Rule and Chain Rule:

t—2\%d /t-2
g'(’):9<2t+1> m(zm)
Quotient Rule:
:9(t—z>8(2t+1)g,(t—2)—(t-2)3,(2t+1)
2t + 1 (2t +1)2
9<t—2>8(2t+1)-1—(t—2)-2
2t + 1 (2t +1)2
t—2\%2t+1-2t+4 45(t—2)8
<2t+1> @t+1)2 (2t +1)10

=5
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule'

y_(2x+1)5 (x —x+ D)0 —x+ 1) —2x+1)°

Chain Rule:

ax

=@2x+1)°

+ (3 —x+1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule'

d (2x +1)°

y—(2x+1)5 (x —x+1)* (x3—x+1)4d—x

Chain Rule:

:(2x+1)54(x3—x+1)3£((x3—x+1)

+ (3 —x+1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

¢ (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+1)"+(x°—=x+1) dx

Chain Rule:

:(2x+1)54(x3—x+1)3£((x3—x+1)

+ (3 —x+1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d d
r_ 5 3_ 4 3 _ 4 5
y =(2x+1) dx(X X+1)"+(x°—=x+1) dX(2X+1)
Chain Rule:

:(2x+1)54(x3—x+1)3£((x3—x+1)

+(x3—x+1)45(2x+1)4dd (2x +1)

X
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx

Chain Rule:

= (2x +1)%4(x8 x+1)3 (x —x+1)
+(x3—x+1)45(2x+1)4£((2x+1)

=4(2x +1)°(x® — x + 1)3( )+ 5(x3 —x+ 1)*2x + 1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx

Chain Rule:

= (2x +1)%4(x8 x+1)3 (x —x+1)
+(x3—x+1)45(2x+1)4£((2x+1)

=4(2x +1)°(x® — x + 1)3(3x% — 1) + 5(x® — x + 1)*(2x + 1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx

Chain Rule:
:(2x+1)54(x3—x+1)33(x3—x+1)
+ (3 x+1)45(2x+1)4 (2x+1)
=4(2x +1)°(x® — x + 1)3(3x? —1)+5(x —x+1)*2x+1)*
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx

Chain Rule:
= (2x +1)%4(x® —x + 1)33()(3 —x+1)

+(x x+1)45(2x+1)4 (@x+1)
=4(2x +1)°(x® — x + 1)3(3x? —1)+5(x —x+1)*2x+1)%2
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(2.5) The Chain Rule

Find the derivative of y = (2x 4 1)%(x® — x + 1),
Product Rule:

d (2x +1)°

d
;o 5 3 4 3 4
y_(2x+1)—dx(x X+ 1)+ (x x+1)—dx

Chain Rule:
= (2x +1)%4(x8 x+1)3 (x —x+1)
+(x® — x +1)*5(2x + 1)4(;'((2x+ 1)
=4(2x +1)°(x® — x4+ 1)3(8x%2 — 1) + 5(x® — x + 1)*(2x + 1)*2
Common factor 2(2x + 1)*(x® — x + 1)%:
=2(2x 4+ 1)*(x® — x +1)3(17x® + 6x2 — 9x + 3)
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.
y=( )
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (e|n2)x
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.
y = (eInZ)X
y = exlnz.
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.
y = (eInZ)X
y = exlnz.
Let u=xIn2.
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y:(eInZ)X

y = exlnz.
Let u=xIn2.
Then y=¢€".
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
nRue: 3 _ dyau
Chain Rule: dx — dudx
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢e"
nRue: 3 _ dyau
Chain Rule: dx — dudx
=( ) )
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢e"
nRue: 3 _ dyau
Chain Rule: dx — dudx
= )
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
i Rule: OV _ Ay
Chain Rule: dx — dudx
= )
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
i Rule: OV _ Ay
Chain Rule: dx — dudx
= (e%)(In2)
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
nRue: 3 _ dyau
Chain Rule: dx — dudx
= (e")(In2)
= (el ))(In2)
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
i Rule: OY _ dydu
Chain Rule: dx — dudx
= (e")(In2)

= (e"?)(In2)
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(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
. ~dy dydu
Chain Rule: dx — dudx
= (e")(In2)
= (e"?)(In2)
= (é"?)*(In2)

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Chain Rule, general exponential function)

Differentiate y = 2*.

y = (eInZ)X
y = exlnz.
Let u=xIn2.
Then y=¢€"
. ~dy dydu
Chain Rule: dx — dudx
= (e")(In2)
= (e"?)(In2)
= (e"?)*(In2)

=2%In2.
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(2.5) The Chain Rule

Theorem (The Derivative of &)

d
&(a)_a"lna.
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(2.5) The Chain Rule

@ We can add more “links” when we use the Chain Rule.
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(2.5) The Chain Rule

@ We can add more “links” when we use the Chain Rule.

e y="1(u)
° u=g(x)
@ x = h(t)
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(2.5) The Chain Rule

@ We can add more “links” when we use the Chain Rule.

o y="f(u)

° u=g(x)

@ x = h(t)

@ Use the Chain Rule twice:
dy dydu
dt — dudt
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(2.5) The Chain Rule

@ We can add more “links” when we use the Chain Rule.

° y="f(u)
° u=g(x)
@ x = h(t)

@ Use the Chain Rule twice:
dl B dyd7u _ dydudx

dt — dudtf dudxdt
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:i’—ddx<sin 10X+1>
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:—i/:ddx<sin 10X+1>

Chain Rule: = ( );)'(( T0x 1)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:—i/:ddx<sin 10X+1>

Chain Rule: = (cosm)ci(( 1ox+1)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:i’—ddx<sin 10X+1>

Chain Rule: = (cos 10X+1);)'(( 1ox+1)

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:i’—ddx<sin 10X+1>
Chain Rule: = (cos 10X+1);)'(( 1ox+1)
Chain Rule: = (cos V10¥+ 1) ( );(mx 1

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

:i—ddx<sin 10X+1>
Chain Rule: = (cos 10X+1);)'(( 1ox+1)
Chain Rule: = (cos\/W) <2\/10X7) d (10 + 1)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.
dy = d (sin 10X+1>

dx  dx
. d
Chain Rule: (cos 10 + 1 )—( 10X+1)
dx
d
i : x 7 X
Chain Rule: ( VIOX £ 1 (2\/10X71> - (10°+1)
= V10X +1
( ! (2 10X+1> )

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.
dy = d (sin 10X+1>

dx dx
d
. _ ; d ;

Chain Rule: (cos 10% + >dx< 10 +1)

Chain Rule: ( V10X +1 ( )d (10% +
2/10x +1 /) dx

= VIOX 1 (10In 10)
(cos VIO (2\/1071>
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = sinv10X + 1.

jf(/—ddx<sin 10X+1>
Chain Rule: = (cos 10X+1)dd ( 1ox+1)
Chain Rule: (cos\/W (ZW ; 10% 4
:(cos 10X+1 (2\/1())(7) (10¥In10)

~ (In10)10*cos v10* + 1
B 210K+ 1
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,
d_y _ i (etan 7rx)
dx dx
Lecture 13 March 26, 2013
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy _ g (etamrx)

dx dx
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy _ d tan wx
% (")
Chain Rule: = ( ) ddx (tan 7x)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

d_y _ g tan wx
dx dx C )

Chain Rule: = (&™) ddx (tan 7x)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy _ i tan 7x
dx  dx (e )

Chain Rule: = (&#"™) ddx (tan 7x)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy d -
dx ~ dx (577)
Chain Rule: = (&#"™) ddx (tan 7x)
d
H . _ tan wx
Chain Rule: = (¢*"™) ( ) 3 (™)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy d (etamrx)

dx  dx
Chain Rule: = (&#"™) ddx (tan 7x)
Chain Rule: = (e""™) (sec2 7rx> d (7x)
dx

FreeCalc Math 140 Lecture 13 March 26, 2013



(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy d -
dx ~ dx (577)
Chain Rule: = (&#"™) dix (tan 7x)
d
i - _ (atanmx 2
Chain Rule: = (e®"™) (sec 7rX> Ix (7x)

= (&™) (sec2 7rX> ()
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy d -
dx ~ dx (577)
Chain Rule: = (&#"™) dix (tan 7x)
d
i - _ (atanmx 2
Chain Rule: = (e®"™) (sec 7rX> Ix (7x)

= (&™) (sec2 7rX> (m)
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(2.5) The Chain Rule

Example (Using the Chain Rule twice)

Differentiate: y = '™,

dy d (etamrx)

dx — dx
Chain Rule: = (&#"™) dix (tan 7x)
. _ d
Chain Rule: = (e""™) (sec2 7rX> 4 (™)
= (&™) (sec2 7rX> (m)
= 1" ™ sec? rx.
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