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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx.
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Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx.
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Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx.

Letu =1+ x°.
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx.

Letu=1+ x5
Then du = 3x%dx.
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu=1+ x5
Then du = 3x°dx.
X2 =
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 + x3dx _/ Vu
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 + x3dx = /(u— 1)Vu
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
:/(u3/2—u1/2)du
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
:/(u3/2—u1/2)du
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
:/(u3/2—u1/2)du
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
_ /(us/z _ u"?)dy
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
_ /(us/z _ u"?)dy
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
:/(u3/2—u1/2)du
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(5.5) The Substitution Rule

Example (Substitution Rule, more factors)

Evaluate /3x5\/1 + x3dx = /3x2x3\/1 + x3dx.

Letu =1+ x°.
Then du = 3x°dx.
xXX=u—1.

/3x2x3\/1 +x3dx_/(u—1)ﬁdu
= /(u3/2 — u'?)du
52, 3/2
52 3/2
2 3y5/2 _ 2 313/2
:5(1+x) —5(1+x) + C.
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(5.5) The Substitution Rule Sulul=lis%

Symmetry

Theorem (Integrals of Symmetric Functions)
Suppose f is continuous on [—a, aJ.

a a
@ Iffiseven (thatis, f(—x) = f(x)), then f(x) dx = 2/ f(x) dx.
0

—a

a
Q Iffisodd (thatis, f(—x) = —f(x)), then f(x) dx = 0.

—a
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 9, p. 381)
Since f(x) = x® + 1 satisfies f(—x) = f(x), it is even, and so

2
/ (X8 +1)dx =
2
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 9, p. 381)
Since f(x) = x® + 1 satisfies f(—x) = f( x) it is even, and so

/( +1) dx—2/
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 9, p. 381)

Since f(x) = x® + 1 satisfies f(—x) = f( x) it is even, and so

/( +1) dx—2/

:2[7x er}0
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 9, p. 381)

Since f(x) = x® + 1 satisfies f(—x) = f( x) it is even, and so

/( +1) dx—2/

2t +XL

128
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 9, p. 381)

Since f(x) = x® + 1 satisfies f(—x) = f( x) it is even, and so

(/( +1dx—2/
:2[7x er}0

128
—2(2+2)
284
==
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 10, p. 381)

Since f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is odd,

and so
/1 tan x e
i1+ x2 x4
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(5.5) The Substitution Rule Sulul=lis%

Example (Example 10, p. 381)

Since f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is odd,

and so 1
tan x
- _dx =
/_1 1+x2+x4d 0
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(6.1) More About Areas

More About Areas

Suppose two curves, y = f(x) and y = g(x), are given.

How do we find the area bounded by those curves between the
endpoints x = aand x = b?
y

y=fx)
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves

y y
-

e
\:'(“ / vl
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(6.1) More About Areas

The Area Under a Curve

y

)

\:,(xj

a

L x
b

rectangle area = height-width

y

The Area Between Two Curves
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The Area Under a Curve
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rectangle area = height-width
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(6.1) More About Areas

The Area Under a Curve

y

)

\:,(xj

a

L x
b

rectangle area = height-Ax

y

The Area Between Two Curves
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(6.1) More About Areas

The Area Under a Curve

y

)

\:,(xj

a

L x
b

rectangle area = height-Ax

y

The Area Between Two Curves
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves
y y
xf(x), - \:ux) /a
& P A
. b x . - x

rectangle area = f(x)-Ax
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(6.1) More About Areas

The Area Under a Curve

y

) \:!(x)

a b

rectangle area = f(x)-Ax

y
mx)

#rectangles=n= 4
A =31 f(x)Ax

x

The Area Between Two Curves

y

-

-
/ y=iw
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

#rectangles=n= 8
A=3E f(x)Ax

y

The Area Between Two Curves

-

-
/ y=iw
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles=n= 16

A =18, fx)Dx

y

The Area Between Two Curves

-

-
/ y=iw
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= lim S, f(x)Ax

y

The Area Between Two Curves
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-
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= lim ST f(x)Ax

y
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= [Pf(x)dx

y

The Area Between Two Curves
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= [Pf(x)dx

The Area Between Two Curves

-
-
/ y=fx)
Xf(x)_ _—
_—
- < Ax »
[
— (x,g(x) \\\"—»Yfg‘f‘
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rectangle area = height-width
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(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= [Pf(x)dx

The Area Between Two Curves

-
-
/ y=fx)
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The Area Under a Curve
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L L x
a b

rectangle area = f(x)-Ax
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(6.1) More About Areas

The Area Under a Curve
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L L x
a b

rectangle area = f(x)-Ax
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The Area Between Two Curves

-
-
/ y=fx)
Xf(x)_ _—
_—
- < Ax »
[
— (x,g(x) \\\"—»Yfg‘f‘
L L x
a b

rectangle area = height-Ax

FreeCalc Math 140

Lecture 24

May 7, 2013




(6.1) More About Areas

The Area Under a Curve

) \:!(x)

L L x
a b

rectangle area = f(x)-Ax

y

y=f(x

# rectangles = n — oo
A= [Pf(x)dx

The Area Between Two Curves

-

//y:im

_—
xf0) —

- X

xgw)

T y=w

L x
b

rectangle area = (f(x) — g(x))-Ax
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves
) - \:m // /y:'/w
B xf0) —
\ - //,/ -

S| e
rectangle area = f(x)-Ax rectangle area = (f(x) — g(x))-Ax
y y=fx) y //ﬁ(;‘

e
# rectangles = n — oo #rectangles=n= 4
b 4
A= [ f(x)dx A=2"1(F(x) — 9(xi))Ax
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves
xf(0) - y=fo ///y:'/m
\ B xf0) —
\ - //,/ o
rectangle area = f(x)-Ax rectangle area = (f(x) — g(x))-Ax
y y=fx y ﬁ/ﬁ;‘
e R
# rectangles = n — oo #rectangles=n= 8
b 8
A= [ f(x)dx A =30 (f(x) - g(x;)Ax
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves
xfx) - \:!(x) ///y:“x7
B L) —
\ - //,/ .
e e
rectangle area = f(x)-Ax rectangle area = (f(x) — g(x))-Ax

//
" y=t0

y=160 /

# rectangles = n — oo # rectangles =n= 16
A= [ f(x)dx A= 3018 (f(x) - g(x))Ax
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(6.1) More About Areas

The Area Under a Curve The Area Between Two Curves
xfx) - \:!(x) ///y:“x7
B L) —
\ - //,/ .
e e
rectangle area = f(x)-Ax rectangle area = (f(x) — g(x))-Ax

//
7 y=t0

y=100 /

# rectangles = n — oo # rectangles = n — oo
A= J; f(x)dx A= J7IF0) - glx)ldx
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(6.1) More About Areas

Definition (The Area Between Two Curves)

The area between two curves y = f(x) and y = g(x) bounded by the

endpoints x = aand x = bis
b

|10 - gtojax

a

Note that we use the absolute value, because in general we don’t
know which curve is above the other.
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(6.1) More About Areas

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.
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(6.1) More About Areas

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

@ Graph the functions.
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(6.1) More About Areas

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
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(6.1) More About Areas

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
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(6.1) More About Areas

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
@ Identify the region.
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x = 0 and x = 1.

/

@ Graph the functions.
@ Identify the region.
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
@ Identify the region.
Q Integrate.
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

y:m;/

/
y
//’
/

/
/

/

@ Graph the functions.
@ Identify the region.
Q Integrate.

]
A= / |(x® + 1) — x|dx
0

]
= / (x® — x + 1)dx
0
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
/ © Identify the region.
/ @ Integrate.

/ 1
A= / |(x® + 1) — x|dx
0

’ 1
| _ / (X — X + 1)dx
0
x3  x2 !
B [s‘z”]o
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
/ © Identify the region.
/ @ Integrate.

/ 1
A= / |(x® + 1) — x|dx
0

’ 1
“ _ / (X — X + 1)dx
0
1

[XS X2
3 2 %,
1

+1

1]
3 2
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(6.1) More About Areas

Example

Find the area of the region bounded above by y = x? + 1, bounded
below by y = x, and bounded on its sides by x =0 and x = 1.

/

@ Graph the functions.
/ © Identify the region.
/ @ Integrate.

/ 1
A= / |(x® + 1) — x|dx
0

’ 1
“ _ / (X — X + 1)dx
0
1

[XS X2
3 2 %,
1

(6]

+1

1]
3 2
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(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

FreeCalc Math 140 Lecture 24 May 7, 2013



(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

@ Find the point of
intersection.
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(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x°.
X% = 2x — x?

@ Find the point of
intersection.
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(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.
x? =2x — x?

0=2x—2x°2

@ Find the point of
intersection.
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(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.
x? =2x — x?

0 =2x — 2x* = 2x(1 — x)

@ Find the point of
intersection.
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(6.1) More About Areas

Example (Example 2, p. 433)

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

X2 =2x - x?
0 =2x — 2x* = 2x(1 — x)
x=0or1.

@ Find the point of
intersection.
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(6.1) More About Areas

Example (Example 2, p. 433)

@ Find the point of
intersection.

@ Graph the functions.

FreeCalc Math 140

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

x? =2x — x?
0 =2x — 2x% = 2x(1 — x)
x=0or1.
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(6.1) More About Areas

Example (Example 2, p. 433)

@ Find the point of
intersection.

@ Graph the functions.

FreeCalc Math 140

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

X% =2x — x?
0 =2x — 2x% = 2x(1 — x)
x=0or1.

Lecture 24 May 7, 2013



(6.1) More About Areas

Example (Example 2, p. 433)

/
fao Find the area of the region enclosed by the

\ | / RN parabolas y = x? and y = 2x — x°.
\ y X% =2x — x°
) O 0=2x—2x%=2x(1-x)
/ x=0or1.

@ Find the point of
intersection.

@ Graph the functions.
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(6.1) More About Areas

Example (Example 2, p. 433)

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.

FreeCalc Math 140

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

x? =2x — x?
0 =2x — 2x* = 2x(1 — x)
x=0or1.
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(6.1) More About Areas

Example (Example 2, p. 433)

/
/
y=¢/
/
/
/an
\ i g
N
\ N
\ y=2x-2
00 1 1
/
/
/
/
/

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.

FreeCalc Math 140

Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

x? =2x — x?
0 =2x — 2x* = 2x(1 — x)
x=0or1.
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(6.1) More About Areas

Example (Example 2, p. 433)

faw Find the area of the region enclosed by the

\ | RN parabolas y = x? and y = 2x — x°.
\ o X% =2x — x?

0 =2x — 2x* = 2x(1 — x)
/ x=0or1.

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.
Q Integrate.
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(6.1) More About Areas

Example (Example 2, p. 433)

faw Find the area of the region enclosed by the

\ | RN parabolas y = x? and y = 2x — x°.
\ o X% =2x — x?

0 =2x — 2x* = 2x(1 — x)
/ x=0or1.

]
A= / (2x — 2x?)dx
0

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.
Q Integrate.
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(6.1) More About Areas

Example (Example 2, p. 433)

faw Find the area of the region enclosed by the

\ | RN parabolas y = x? and y = 2x — x°.
\ o X% =2x — x?

0 =2x — 2x* = 2x(1 — x)
/ x=0or1.

1 1
A= / (2x—2x2)dx:2/ (x — x?)dx
0 0

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.
Q Integrate.
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@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.
Q Integrate.
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Find the area of the region enclosed by the
parabolas y = x? and y = 2x — x2.

x? =2x — x?
0 =2x — 2x* = 2x(1 — x)
x=0or1.

1 1
A= / (2x—2x2)dx:2/ (x — x?)dx
0 0
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(6.1) More About Areas

Example (Example 2, p. 433)

faw Find the area of the region enclosed by the

\ | N parabolas y = x2 and y = 2x — x°.
\ " x? =2x — x?

0 =2x — 2x* = 2x(1 — x)

/ x=0or1.
/ 1 1
: A= 2x—2x2dx:2/ X — x?)dx
@ Find the point of /o ( ) 0 ( )
intersection. x2 X3 1 1 1
@ Graph the functions. =z 2 3], == 2 3

© Identify the region.
Q Integrate.
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Example (Example 2, p. 433)

faw Find the area of the region enclosed by the

\ | ™~ parabolas y = x? and y = 2x — x°.
\ " X% =2x — x?

0 =2x — 2x* = 2x(1 — x)

/ x=0or1.
/ 1 1
' A= 2x—2x2dx:2/ X — x?)dx
@ Find the point of /o ( ) 0 ( )
intersection. B R 1 1 1 1
@ Graph the functions. =2 2 3], =2 27 3] "3

© Identify the region.
Q Integrate.
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y Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = /2.
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(6.1) More About Areas

Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = /2.
The only point of intersection in the interval

[0,7/2] is (w/4,1/V/2).

¥y

@ Find the point of
intersection.
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Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0and x = /2.
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Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0and x = /2.
The only point of intersection in the interval

e \\ [0,7/2] is (7/4,1/V2).
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Example

Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = /2.
The only point of intersection in the interval

e \\ [0,7/2] is (7/4,1/V2).

@ Find the point of
intersection.
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© Identify the region.
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(6.1) More About Areas

Example
Find the area of the region enclosed by the

curves y = sinx, y = cosx, x = 0and x = 7/2.
] — The only point of intersection in the interval
y..: \ [0,7/2]is (7/4,1/V2).
SN A=A+ A

.
y=cosxX >~

@ Find the point of
intersection.

@ Graph the functions.
© Identify the region.
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(6.1) More About Areas

)

.
y=cosxX >~

@ Find the point of
intersection.

@ Graph the functions.

© Identify the region.
Q Integrate.
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Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = w/2.
The only point of intersection in the interval
[0,7/2]is (7/4,1/V2).

A=A+ A

/4
= / (cos x — sin x)dx
0

/2
+/ (sinx — cos x)dx
/4
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(6.1) More About Areas

y Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = w/2.
The only point of intersection in the interval

D \ [0,7/2] is (/4,1/V/2).

A=A+ A
/4
e S / (cos x — sin x)dx
@ Find the point of R
intersection. + / (sin x — cos x)dx

@ Graph the functions. @
© Identify the region. = [sinx + cos X]g/4 + [-cosx —sin X]Zﬁ
Q Integrate.
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(6.1) More About Areas

y Find the area of the region enclosed by the
curves y = sinx, y = cosx, x =0 and x = w/2.
The only point of intersection in the interval

D \ [0,7/2] is (/4,1/V/2).

A=A+ A
/4
e S / (cos x — sin x)dx
@ Find the point of R
intersection. + / (sin x — cos x)dx

@ Graph the functions. @
© Identify the region. = [sinx + cos X]g/4 + [-cosx —sin X]Zﬁ
Q Integrate. =2v2-2.

FreeCalc Math 140 Lecture 24 May 7, 2013



	(5.5) The Substitution Rule
	Symmetry

	(6.1) More About Areas

