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A function S(x) is a spline of degree 1 if:
@ The domain of S(x) is an interval [a, b]
@ S(x) is continuous on [a, b]

© There is a partitiona =ty < t; < --- < t, = b such that S(x) is linear on
each subinterval [t;, t;11].

X x € [-1,0]
S(x) =<1 x € (0,1)
2x—2 x¢€[1,2]




Given data ty,...,t, and yo, ..., y,, how do we form a spline?
We need two things to hold in the interval [a, b]

Q s(t) :yiforizo,...,n

Q Si(x)=aix+bfori=0

- [tO! tn]
=0,...,n
Write S;(x) in point-slope form

Si(x) =yi +mi(x — t;)
vy LY yz+1 Vi (
Done.

x—t;
tir —t 2
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input f,y vectors of data
input evaluation location x
find interval i with x € [#,ti 1]
S = y_i + (x-t_i) m_i

N

0

?
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Interesting:

input n + 1 data points fg, ..., t.,Y0, - - - s Yn
in each interval we have S;(x) = a;x + b;
2 unknowns per interval [t;, t; 1]

or 2n total unknowns

the n + 1 pieces of input constraints S(t;) = y; gives 2 constraints per
interval

or 2n total constraints
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A function S(x) is a spline of degree 2 if:
@ The domain of S(x) is an interval [a, b]
@ S(x) is continuous on [a, b]
© S’(x) is continuous on [a, b]

© There is a partitiona =ty < t; < --- < t, = b such that S(x) is quadratic
on each subinterval [¢;, ;. 1].




So(x) x € [to, 1]
Sq(x) x € [t, ]
S(x)=<. .
Sn—1(x)  x € [ty—1, t]
for each i we have

Si(x) = aixz +bix+¢i
What are g;, b;, ¢;?
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3 unknowns in each interval
3n total unknowns

2n constraints for matching up the input data (2 per interval)
n — 1 interior points require continuity of the derivative:
Sil(xi+1) = Sil+1(xi+1)

but this is just n — 1 constraints

total of 3n — 1 constraints

extra constraint: S’(xy) =given, for example.




A function S(x) is a spline of degree 3 if:
@ The domain of S(x) is an interval [a, b]
@ S(x) is continuous on [a, b]

@ S/(x) is continuous on [a, b]
© S’ (x) is continuous on [a, b]

@ There is a partitiona =ty < t; < --- < t, = b such that S(x) is cubic on
each subinterval [t;, t;1].




In each interval [t;, t; 1], S(x) looks like

Si(x) = ag,; + ayx 4 agx® + azx°

@ n intervals, n + 1 knots, 4 unknowns per interval

@ 4n unknowns

@ 2n constraints by S(t;), S(t;1) specified (continuity of S)

@ n — 1 constraints by continuity of S’(x)

@ n — 1 constraints by continuity of S”(x)

4n — 2 total constraints

This leaves 2 extra degrees of freedom. The cubic spline is not yet unique!



Some options:

@ natural cubic spline: S”(fg) = S”(t,) =0
@ fixed-slope: S’ (tg) =a, S'(t,) =b

@ not-a-knot: S”’(x) continuous at t; and t,_4

@ periodic: S’ and S” are periodic at the ends
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How do we find ag, a1 ;, a2, a3 ; for each i?

Consider knots to, .. ., t,. Follow our example with the following steps:
@ Assume we knew S”(¢;) for each i
@ S/ (x) is linear, so construct it
Q Get S;(x) by integrating S/ (x) twice
© Impose continuity
@ Differentiate S;(x) to impose continuity on S’(x)



We know S”(x) is continuous. So assume

z; = S"(t;)
(we don’t actually know z;, not yet at least)

Da0



Since S/’ (x) is linear, and

s/

1
we can write S/'(x) as

Si'(t) =z

(tir1) = zip1

t 1—X
— i+

+z; X b
Iti+1_ti 1+1t
1

ti1—x) +
hi( i+1 )
where h; =t 1 — t;.

i1 —ti
Zi+1

_ x_t.
n (x — £i)
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Take

V4 Zit1
Si/,(x) = h_zi(ti—o—l - x) + %(x - tl)
and integrate once
5!(x) = —o-
twice:

adjust:

i ilti
o & = DA




For each interval [t;, t;11], we require S;(t;)
vi = Si(ti) =

and

Vi1 = Si(tiq) =

= 2 )+ Cily
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Zj 3, Zi+l
U — t
6]11'( i+1 z) + — 6]’[
h? + Dih
hiz«
6 1
Zj z
6h (i1 — i)+ 61_;;:(’5#1 -

(i —

yi and S;(ti1)

= VYit1:
t)? 4+ Ci(t; — ;) + Diltia
ti)® + Ciltiy1 — i) + Di(tiss

—t;)

— tiy1)

Q>



So far we have

2
Si(x) = 6_;;(ti+1_x)3+

Zit1

6h;

o = - = =

3, [ Vi1
(x—t) +< I

6

h;

Zi+1> (x—t;)+ (ﬂ - EZ:‘) (ti1—x)

hi 6

Da0



We need S!(t) =S! ,(t)

h; h; 1
Sl-l(ti) = ngH_l — EIZ,' + F(}/Hl _yi)
-
b;
hi_ hi_
S/ (k)= 712,;1 + lei +

o (yi —yi—1)
Thus z; is defined by

—_—

bi 1

hi—1zi—1 4 2(hi + hi—1)zi + hiziv1 = 6(b; — bi_1)
o <& =, «z» T 9ao
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z; is defined by

hi—1zi—1 4 2(hi + hi—1)zi + hiziv1 = 6(b; — bi_1)

@ This is n — 1 equations, n — 1 unknowns (zy = z,, = 0 already)
@ an (n—1) x (n—1) tridiagonal system (add 2 for zy, and z,)

1 Zo [0 7
ho u hl Z1 (%1
hl Up hz Zy (%)
h2 Us h3 Z3 U3
hu—s Un— hyo Zp—2 Up—2
huo Uyt hp1| |2Zu—1 Un—1
i 1 ]|z | | 0 |
up = 2(hi+hiq)
0; 6(b,—bl_1) o = = = = wae



Find the natural cubic spline for

0 Determine hi, bi, Uj, U;

=[] -

@ Solve

1 Zo
1 4 1| |zn
1 22
@ Result:
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Find the natural cubic spline for

x[1 0 1
y|1 2 -1
@ Plug z into
z Z; h;
S0 = gt —xP o+ Z2 -+ (B2 B ) o)
+ (%l - 6IZ,> (tiy1—x)
—(x+1P+3x+1)—x —-1<x<0
S(x) = 3
—(1—x)>—x+4+3(1—x)

0<x<1
o = = DA
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@ Computefori=0,...,n—1

1
hi =tii1—t bi = F(yiﬂ — i)
Q Setu, v

@ tridiagonal solve to get z

© substitute into the nested form for S(x) equation 12, page 392 NMC6
(NMC5: equation 10 page 404)



@ Different than splines
@ Similar process
@ Does not require interpolation, only that the curve stay within the convex

hull off the control points
@ Can move one point with only local effect

orr .91;(X1,y1)

‘*»n\,pO:(xO,yO)




A function y = f(x) can be expressed in parametric form. The parametric form
represents a relationship between x and y through a parameter t:

x = Fq(t) y=F(t)

The equation for a circle can be written in parametric form as

x =rcos(0)
y =rsin(0)

(x,y) is now expressed as (x(t),y(t)). We willuse 0 <t <1




Consider a set of control points:

pi = (xi,yi), i=0,.
These may be in any order.

LN

SOp,‘Z

[x’] or in parametric form the set of points is expressed as
1

=y = Ha e
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from Py — P; and P; — P,

Q’s vary linearly, R’s vary
quadratically

points Qp and Qp vary linearly

all within the hull of the control
points 1
[=] = = E QA
~ DavidSemeraro (NCSAY  csas7  October17,2013  26/35



The polynomials N
gty =(1-1""'
have the nice property that for 0 < i < n, q(0) =g(1) =0.
If we scale them with
(n) !
i —_—

illn —1)!
we have the Bernstein polynomials

binlt) = (’Z) (1— i

Among the interesting properties is that

Zb,n t+(1—8))"=1
(hint: binomial theorem)

o & = o
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For n = 7 the Bernstein Polynomials look like this:

0.8

0.6

0.4r

0.2

0'%.0 0.2 0.4 0.6 0.8 1.0

bernstein7.py
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The nth-degree Bézier Polynomial through the n + 1 points is given by

n

p=3 (5) -orien
where

ny n!
l' i .. .
For n = 3 (cubic) we have

(1—1)%x0 +3(1 — £)%tx1 + 3(1 — 1) Pxp + 223

(1— 1y +3(1 — 1)*ty; + 3(1 — 1) 2yn + £y3
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x(t) = (1—1)%x0 +3(1 — £)%tx1 + 3(1 — 1) Pxp + 23
y(t) = (1 —1)%yo +3(1 — 1)tys +3(1 — )Py + 2y3
Notice that (x(0),y(0)) = po and (x(1),y(1)) = ps. So the Bézier curve

interpolates the endpomts but not the interior points.
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x(t) = (1 —1)%x0 + 3(1 — £)%txy + 3(1 — H)Px + x5
y(t) = (1—1)%y0 +3(1 — t)*ty1 + 3(1 — DPy2 + Py;
Notice:

@ P(0) =poand P(1) =ps3

@ The slope of the curve at t = 0 is a secant:

dy _dydt 301 —Yyo) _ y1—Yo
dx — dtdx  3(x1—x9)

X1 —Xo
© The slope of the curve at t = 1 is a secant between the last two control
points.

© The curve is contained in the convex hull of the control points
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(1—1)3x0 +3(1 — t)%tx1 + 3(1 — 1) Pxp + £x3
(1— 13y +3(1 — t)*ty; +3(1 — )Py, + y3
Easier construction given points po, .
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-1 3 =3 1| (po
R | 1
1 0 0 0 3
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The curve through 5 points looks like this:

Bezier.py

J
o P z 9ac




Vector Graphics include primitives like

@ lines, polygons

@ circles

@ Bézier curves

@ Bézier splines or Bezigons

@ text (letters created from Bézier curves)
Flash Animation

@ Use Bézier curves to construct animation path
Microsoft Paint, Gimp, etc

@ Use Bézier curves to draw curves

@ http://msdn2.microsoft.com/en-us/library/ms534244.aspx
Graphics

@ Use Bézier surfaces to draw smooth objects
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http://msdn2.microsoft.com/en-us/library/ms534244.aspx

Take (n,m). Thatis, (n+1,m + 1) control points p;; in 2d. Then let

P(t,s) =) > bult)dui(s)py
i=0 j=0
Where, again, ¢,; are the Bernstein polynomials:

Puilt) = (’f) (-

@ again, all within the convex hull of control points

@ http://www.math.psu.edu/dlittle/java/parametricequations/
beziersurfaces/index.html
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