
Algorithms+Rule+the+World+!?+

Talk about putting 
the conquer in 

divide and 
conquer... 

Last+5me…+

• Divide9and9conquer:+
• Merge+sort+
• In+pop+culture?+

• Administrivia+

+Recall+D&C+

•  Divide+the+problem+into+a+number+of+smaller,+sub9
instances+of+the+same+problem+

•  Conquer+the+subproblems+by+solving+them+
recursively+

•  Combine+the+subproblem+solu5ons+to+give+a+
solu5on+to+the+original+problem+

Wouldn’t+it+be+nice+if+we+had+a+mechanism+for+
evalua5ng+the+complexity+of+all+such+algorithms+that+
fit+into+this+paradigm?+

Recurrence+func5ons ++

• A+recurrence+is+a+func5on+that+is+defined+in+
terms+of+

• One+or+more+base+cases,+and+

• Itself,+with+smaller+arguments.+

• Examples:+



Recursion9tree++
T (n) = 3T (n / 4)+ cn2

Recursion9tree++
T (n) = 3T (n / 4)+ cn2

Worksheet:+Solve+using+recursion+tree+ Subs5tu5on+Method+

• You+can+induc5vely+verify+/+prove+(a+guess+for)+
a+solu5on+by+subs5tu5ng+it+back+into+the+
recurrence+formula.+

• Recursion+trees+are+a+good+way+of+genera5ng+
a+good+es5mate.+



Subs5tu5on+Method+for+
Asympto5cs+

• Assume++ ++++++++++++++for+sufficiently+small+n+
• Why?+
• No+need+to+worry+about+base+cases+

• Name+the+constant+in+the+addi5ve+term+

• For+Θ,+must+show+upper+(O)+and+lower+bounds+
(Ω)+separately!+

• Can+use+different+constants+

T (n) =O(1)

Example:+Merge+sort+

When+to+subs5tute+

• Recursion+trees+can+get+messy…+

The+structure+of+D&C+problems+



A+General+Recurrence+Func5on+ Master+theorem+

Full Proof: Section 4.6 

Proving+the+Master+Theorem+

• For+convenience,+assume+n+is+a+power+of+b+
• Note:+size+of+problem+decreases+by+a+factor+of+
b+with+each+level+of+recursion,+reaches+base+
case+a^er++++++++++++levels+

• Branching+factor+a$
• kth+level+of+the+tree+has+ak$subproblems+of+size+
n/bk+

logb n

Proving+the+Master+Theorem+(cont)+

• kth+level+of+the+tree+has+ak$subproblems+of+size+
n/bk:+

• As+k+increases,++
++++geometric+series+with+ra5o+
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Proving+the+Master+Theorem:+
Case+1:+

999+series+is+decreasing,+sum+
given+by$first+term+/+level+in+
the+tree:+

a
bd
!

"
#

$

%
&<1

O nd( )× a
bd
"

#
$

%

&
'
k

O nd( )

Proving+the+Master+Theorem:+
Case+2:+

999+series+is+increasing,+sum+
given+by$last+term+/+level+in+
the+tree:+
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Proving+the+Master+Theorem:+
Case+3:+

999+each+of+the+
terms+in+the+series+are+equal+to++
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Master+theorem+

Full Proof: Section 4.6 



Integer+Mul5plica5on+ Quicksort+

Source: Wikimedia 

Quicksort:+the+players+ Quicksort+

• Java+system+sort+=+Mergesort+
+

• Unix+sort+command+=+Quicksort+



Quicksort+

To+sort+items+in+A$
•  +select+last+item+to+be+pivot+r,+
•  divide+remaining+items+into+two+subgroups:+
those+smaller+than+r+and+those+larger+than+r$

•  Recurse+on+each+subgroup+

Quicksort+Loop+Invariants+
     
     
    
   

Quicksort+ Quicksort+in+ac5on ++



Worksheet:+Correctness+

• Ini5aliza5on:+

• Maintenance:+

• Termina5on+

Quick5me+run5me+

Divide:+O(n)+
Conquer:+T(A_L)+T(A_R)+

Merge:+O(1)+

Worst9case:++

Best+case:+

There’s nothing 
quick about 

sorting a sorted 
list! 

Propor5onal+splits+ Not+all+that+can+go+wrong+will...+
Unless your 
Murphy... 

Alterna5ng+between+best/worst+case+adds+only+
constant+factor+to+tree+depth+



Average+case+analysis+

•  We’d+like+a+way+to+describe+what+typically+
happens,+i.e.,+what+we+expect+to+happen+on+
average+

•  Turns+out+for+quicksort,+average+case+is+
similar+to+best+case.+

Avoiding+the+worst+case:+
randomiza5on+

http://www.sorting-algorithms.com/quick-sort 

Average9case+analysis+of+Quicksort+

See+Chapter+5+for+more!+ • Bounding+Algorithms+
• Best9case,+average9case,+worst9case+
• For+each:+upper+bound+(O),+lower+bound+(Ω),+5ght+bound(θ)+

• Bounding+problems+
• Establish+lower+bounds+for+solving+general+problem+

• Why+do+we+care?+
• We+want+to+show+that+our+algorithms+are+op5mal+

• E.g.,+algorithm’s+worst9case+=+problem+best9case+

Bounding+Algorithms+vs.+Problems+



• Bounding+problems+
• Establish+lower+bounds+for+solving+general+problem+

• Why+do+we+care?+
• We+want+to+show+that+our+algorithms+are+op5mal+

• E.g.,+algorithms+worst9case+=+problem+best9case+

• How+long+does+it+take+to+sort?+
•  Inser5on,+Merge,+Quick+

• +++
• Can+we+do+beler?+

• ++++++++++++to+examine+input+

Ω(n logn)

Ω(n)

Lower9bounding+sort+ Comparison9based+search+

• Decision+tree:+

+
•  Comparisons+form+a+binary+tree+

•  Each+permuta5on+of+n+input+elements+must+appear+as+a+leaf+

•  Depth99number+of+comparisons+on+the+longest+path99represents+worst9
case+complexity+

Bounding+comparison9based+search+

•  Observa5ons+
•  Number+of+permuta5on+(leaves)+for+n+elements:++

•  Binary+tree+of+depth+d+has+at+most:++++++++leaves+

•  ++
•  +++++++++++++++++++++++++++Why?+++

•  +++++++++++++++++++++++++(S5rling’s+approxima5on)+

•  Any+decision+tree+sor5ng+n+elements+has+depth+
•  Depth+d$
$
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Hmm… that 
makes merge sort 

optimal! 

Coming+up…+

• Classic+D&C:+Strassen’s+Matrix+Mul5plica5on+
• Bea5ng+n+log+n+sorts+
• Order+in+this+array!+


