
Linear Time Sorting 
Time to clear the air… 

• Quicksort 
o Best case is ~ merge sort’s worst-case 
o  In expectation: 39% more comparisons 

• Mergesort 
o Most implementations do not sort in place 

! Need n or n/2 memory 
! Lots of copying! 

o  In place requires O(n log2 n) 
!  (Katajainen, Pasanen & Teuhola 1996) 

…so what gives? 

•  In practice,  
o  There are other operations occurring than 

comparisons 
o Quicksort has lower costing high-frequency 

operations 
o More “engineering” tricks to speed 

! Choose sample median (usually 3) 
! Swap to insertion for small (<10) arrays 

• Home: 10^8; Super: 10^12 

•  Lesson 1: Good algorithms are better than super computers 
•  Lesson 2: Great algorithms are better than good ones 
•  Lesson 3:Coefficients actually do matter in practice: implement with 

hardware in mind! 

The Take-away 

Source: cs.princeton.edu 



Matrix Multiplication 

Source: math.cornell.edu 

Matrix Multiplication 

The Obvious Method Can we do better? 

•  Is         the best we can do? 
o Must compute n2 entries 
o Each entry is the sum of n terms 

Θ(n3)



Divide-and-conquer? 

• Approach 
o Multiply two n/2 

matrices 
o Sum their product 

• Costs 
o  8 multiplications 
o Combining takes Θ(n) 

• Recurrence:  ⇒ T (n) =Θ(n3)T (n) = 8T (n / 2)+Θ(n2 )

But wait! Call now, and get…. 

Strassen(Method(

• Step(1:(divide(

Strassen(Method(

• Step(2:(add(/subtract( • Step(3:(mul:ply(



Strassen(Method(

• Step(4:(combine(

• E.g.,(

What’s(the(difference?(

Consider(the(MuddFOFMa:c(computer,(capable(
of(performing(109(opera:ons(second…(
(

( (n(=(105(

n3 (( ((11(days ( ( ((
n2.81 (( ((31(hours(

Improving(on(Strassen!(

• CoppersmithFWinograd:((O(n2.3737)(

Don Coppersmith 

What’s(the(difference?(

Consider(the(MuddFOFMa:c(computer,(capable(
of(performing(109(opera:ons(second…(
(

( (n(=(105(

n3 (( ((11(days ( ( ((
n2.81 (( ((31(hours(
n2.37 (( ((12(minutes(



Putnam(Fellows((top%5%on%Putnam)%

• Bounding(problems(
• Establish(lower(bounds(for(solving(general(problem(
• Why(do(we(care?(

• We(want(to(show(that(our(algorithms(are(op:mal(
• E.g.,(algorithms(worstFcase(=(problem(bestFcase(

• How(long(does(it(take(to(sort?(
•  Inser:on,(Merge,(Quick(

• (((
• Can(we(do(be[er?(

• ((((((((((((to(examine(input(

LowerFbounding(sort( ComparisonFbased(search(

• Decision(tree:(

(

•  Comparisons(form(a(binary(tree(



What(does(the(comparison(tree(look(
like(for(Mergesort?(

a1(a2((a3((a4( a1(:(a2(

a3(:(a4( a3(:(a4(

a1(:(a3( a1(:(a4(

a2(:(a3(

a1(a2(a3(a4(

a3 : a4 on 
both sides? 

a2(:(a3(

•  Every(comparisonFbased(sor:ng(algorithm(for(
n(elements(has(a(binary(comparison(tree(with(
at(least(n!(leaves(

•  The(depth&of(that(tree((number(of(comparisons(on(the(

longest(path)&is(a(lower(bound(on(the(worstFcase(
running(:me.(

Two(Key(Observa:ons(

OK then, what is 
the height of a 

binary tree with n! 
leaves?  

Binary(trees(and(their(heights…(

•  A(tree(with(2(
leaves(has(height(
at(least(1(

•  A(tree(with(4(
leaves(has(height(
at(least…(

•  A(tree(with(k(
leaves(has(height(
at(least…(

Pubng(it(all(together…(

•  Any(comparison(based(sor:ng(algorithm(on(n(
items(has(a(corresponding(binary(tree(with(n!(
leaves.(

•  The(height(of(that(tree(is(at(least(((((((((((((((((
which(is(a(lower(bound(on(the(worstFcase(
running(:me.(

•  Finishing(up…((((( What’s with the 
giant cannon and 

the strange 
formula? 



Bounding(comparisonFbased(search(

•  Observa:ons(
•  Number(of(permuta:on((leaves)(for(n(elements:((
•  Binary(tree(of(depth(d(has(at(most:((((((((leaves(
•  ((
•  (((((((((((((((((((((((((((Why?(((
•  ((((((((((((((((((((((((((S:rling’s(approxima:on)(

•  Any(decision(tree(sor:ng(n(elements(has(depth(
•  Depth(d&
&

≥

Coun:ng(sort(

•  Assump/on:(numbers(to(be(sorted(are(integers(in({0,1,…,k}(

Coun:ng(Sort(Proper:es(

• Stable:(keys(with(same(values(appear(in(same(order(
as(input(

• Analysis:(
•  (((((((((((((((((((((((((((((if((

• What(values(of(k(are(prac:cal?(
• 64/32(bit(values?(
• 16(bit?(Probably(not(
• 8(bit?(Maybe,(depending(on(n&
• 4Fbit?(Probably,(unless(n(is(really(small(

• Used(in(Radix(sort(

Θ(n+ k)→Θ(n) k =Ο(n)

Radix(sort(

•  How(IBM(made(its(money(
•  Punch(card(readers(for(census(
tabula:on(

•  Early(versions(of(the(sorters((
((((involved(human(operators!(

•  Key%idea:%sort(least&significant(digits(first(



Radix(sort( Radix(sort(

•  Correctness(
•  Proven(induc:vely(on(i(
•  Assume(digits(1,2,…,iF1(are(sorted(

•  If(digits(in(posi:on(i(are(different,(remaining(digits(are(irrelevant(
•  If(digits(in(posi:on(i(are(same,(stable(sort(leaves(numbers(in(sorted(order(

•  Analysis(
•  ((((((((((((((((((((((per(pass,(d(passes(
•  (((((((((((((((((((((((((((((((((((((((((((((((((((((((if((
Θ(n+ k)
Θ(d(n+ k))⇒Θ(dn) k =Ο(n)

The(breakdown(

• n(words(
• b(bits/word(
• Break(into(rFbit(digits.((Have((
• Using(coun:ng(sort,((
• Time(=((

• Example:(32Fbit(words,(8Fbit(digits.(
(

d = b / r!" #$

k = 2r −1
Θ

b
r
(n+ 2r )
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b = 32, r = 8,d = 32 / 8!" #$= 4,k = 28 −1= 255

How(to(choose(r?((

• Balance(b/r(and(n+2r.(
• Choosing(

Θ
b
r
(n+ 2r )
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r ≈ logn⇒Θ
b
logn

(n+ n)
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(
)=Θ(bn / logn)

r < logn⇒

r > logn⇒



Comparison(

• 1(million((220)(32Fbit(integers(
• Radix(sort:(ceil(32/20)(=(2(passes(
• Merge(sort/quicksort:(log(220(=(20(passes(

• But(I(thought(we(showed(sor:ng(to(be((((((((((((((((((?((
• Coun:ng(sort(allows(us(to(gain(informa:on(about(keys(
without(directly(comparing(them(

• Use(keys(as(array(indices(

Θ(n logn)

Bucket(sort(

• Assumes(input(is(generated(by(a(random(process(
that(distributed(elements(uniformly(over([0,1)(

•  Idea:(
• Divide([0,1)(into(n(equalFsized(buckets&
• Distributed(the(n(input(values(into(the(buckets(
• Sort(each(bucket(
• Process(buckets(in(order,(gathering(elements(in(each(one(

Bucket(Sort( Correctness(of(Bucket(Sort(

• Consider((((((((((((((((((;(WLOG,(let((
• Then,(((((((((((((( ( (((((((((and(((((((((is(placed(into(
a(bucket(with(the(same(or(lower(index(as((

• If(same,(inser:on(sort(fixes(order(
• If(earlier(bucket,(concatena:on(fixes(order(

A[i],A[ j] A[i]≤ A[ j]
n ⋅A[i]"# $%≤ n ⋅A[ j]"# $% A[i]

A[ j]



Bucket(Sort(Analysis(

•  Relies(on(no(bucket(gebng(too(many(values(
•  All(lines(of(algorithm(besides(inser:on(sort(take(
•  If(each(bucket(gets(a(constant(number((average(is(1(per(
bucket)(of(elements,(then(sor:ng(all(buckets(takes(

•  Requires(careful(analysis(

Θ(n)

Ο(n)

ExpectedFcase(analysis(

• Probabilis7c&analysis&uses(probability(to(
analyze(an(algorithm(whose(running(:me(
depends(on(the(distribu:on(of(inputs(

• Different(than(using(a(randomized&algorithm,(
where(randomiza:on(imposes(a(distribu:on(

• If(not(drawn(from(a(uniform(distribu:on,(all(
bets(are(off(

• S:ll(correct,(performance(analysis(just(doesn’t(
stand(


