
Order Statistics, Data 
Structures, and Heaps 

Administrivia… 

• Today: 
o Order Statistics 
o Data Structures 
o Heap Sort 

• Homework 
o Big-Oh notation 
o Recursion trees 

• Feedback 

The selection problem 
•  ith order statics is the ith smallest  

element of a set of n elements 
o  The minimum is the first order statistic (i=1) 
o  The maximum is the last order statistic (i=n) 
o  A median is the “halfway point” of the set 

!  When n is odd, median is unique, at i=(n+1)/2 
!  When n is even, there are two medians: i=n/2 and i=n/2+1 



Solving the selection problem 

• Obvious approach 
o Sort in O(n log n) 
o Select ith element 

•  Is there a faster way? 
o  In the expected case? 
o  In the worst case? 

I found the 
median in 
O(1) time! 

The$Cast…$

The$Cast…$ The$Cast…$



Worksheet:Think,$pair,$share$

• Sketch$an$algorithm$for$select$that$is$O(n)$in$

expected$case$

Selec>on$in$Expected$Linear$Time$

•  ABer$RDP$call:$
• Pivot$is$kth$(k=qDp+1)element$of$A[p..r]$

•  3$cases:$
•  i=k:$done!$
•  i<k:$we$want$ith$element$of$A[p..q*1]$
•  i>k:$we$want$(i*k)th$element$of$A[q+1...r].

We’ve seen 
Randomized-

Partition before… 
in Quicksort! 

A[p…q−1]≤ A[q];
A[q+1…r]> A[q]

Random$Select$(rough)$Analysis$

• WorstDcase:$O(n2)$

• ExpectedDcase?$
• Fact:$50%$of$all$number$fall$in$25th$to$75th$

percen>le$

• Fact:$A$fair$coin$needs$to$be$flipped$twice$in$
expecta>on$to$see$a$heads$

• Thus:$in$expecta>on,$we$shrink$array$to$at$most$¾$

of$it’s$original$size$$

• Ergo:$In$expecta>on,$$T (n) ≤ T (3n / 4)+O(n)→T (n) =O(n)



Linear$worst$case:$Min$/$max$

{17,10,4,37,12,28,27,14}$

• Find$min?$max?$both?$

• How$many$comparisons$did$it$take?$

• nD1$*2$=$2nD2$
• A$more$pairDfect$way?$

• Maintain$min/max$

• Process$in$pairs$
• Compare$larger$to$max,$$

smaller$to$min$

$
3 n / 2!" #$

A$first$ahempt$

1.  Divide$n$elements$into$groups$of$3$

2.  Find$median$of$n/3$groups$

3.  X$=$Find$median$of$the$n/3$medians$

4.  Par>>on$on$median$of$$median$

5.  If$i=k,$return$X$
If$i<k,$recurse$on$smaller$par>>on$

If$i>k,$recurse$on$larger$par>>on$



Analysis$

• Steps$1,2,4$all$take$O(n)$
• Step$3:$recurses$on$how$many$elements?$

• Step$5:$recurses$on$how$many$elements?$

5:$The$secret$of$all$happiness!!#

1.  Divide$n$elements$into$groups$of$n/5$
2.  Find$median$of$n/5$groups$
3.  X$=$Find$median$of$the$n/5$medians$

4.  Par>>on$on$median$of$$median$

5.  If$i=k,$return$X$
If$i<k,$recurse$on$smaller$par>>on$

If$i>k,$recurse$on$larger$par>>on$



Analysis$

• Steps$1,2,4$all$take$O(n)$
• Step$3:$recurses$on$how$many$elements?$

• Step$5:$recurses$on$how$many$elements?$

~ T (n) ≤ T (n / 5)+T (7n /10)+O(n)

Select$vs.$Sort$

• Select$/$RandomizedDSelect$are$comparison$based!$

• Sor>ng$is$Ω(n$log$n)$underDcomparison$based$sort$

•  LinearD>me$sor>ng$algorithm$need$to$make$

assump>ons$

•  LinearD>me$selec>on$do$NOT$require$assump>ons$by$

solving$the$problem$without$sort$



Data$Structures$ Quick$Review:$Stacks$

• LIFO$
• All$opera>ons:$O(1)$

Quick$Review:$Queues$

• FIFO$
• All$opera>ons$
O(1)$

Quick$Review:$Linked$Lists$

O(n) O(1) O(1) 



Worksheet:$Fill$in$missing$lines$ Quick$Review:$Stacks$

• LIFO$
• All$opera>ons:$O(1)$

Quick$Review:$Queues$

• FIFO$
• All$opera>ons$
O(1)$

Quick$Review:$Linked$Lists$

O(n) O(1) O(1) 



Quick$Review:$Binary$Tree$

Representa>ons$

Quick$Review:$Tree$

Representa>ons$

Heapsort$

• O(n$log$n)$worst$cast$
• Like$merge$sort$

• Sorts$in$place$
• Like$inser>on$sort$

• Combines$the$best$of$$

both$algorithms!$

$
And my roommate 

thinks I’m 
unorganized… 

Heap$data$structure$

• Heap$A$is$a$nearly$complete$binary$tree$

• Height$of$a$node$=$#$edges$on$simplest$path$to$leaf$

• Height$of$a$tree$=$height$of$root$=$Θ(n)$
• Can$be$stored$as$an$array$with$root$A[1]$



Heap$Property$

•  (Max.)heap#property:$for$all$nodes$i,$excluding$the$root,$$
•  For$minDheaps,$flip$the$sign$(we’ll$use$maxDheaps)$

•  By$induc>on$and$transi>vity$of$≤,$maxDheap$property$guarantees$max$

element$at$root$

•  In$general,$can$be$kDary$trees$rather$than$just$binary$

A[Parent(i)]≥ A[i]

Maintaining$the$heap$property$

• MaxDHeapify$maintains$the$maxDheap$property$

•  Assume$leB$and$right$subtrees$are$maxDheaps$

•  Swap$A[i]$with$largest$child$
•  Repeat$un>l$we$hit$a$leaf$
•  O(log$n)$

Building$a$Max$Heap$ Building$a$heap$

•  Loop#invariant:$at$start$of$every$itera>on,$each$node$i+1,i+2,
…,n$is$root$of$maxDheap$

•  Ini8al:$all$leaf$nodes$
• Maintain:$by$invariance,$nodes$higher$than$i$are$roots,$i$is$made$a$root$

•  Termina8on:$when$i=0,$loop$terminates$and$node$1$is$root$of$maxDheap$



Analysis$

• Simple$bound:$O(n)$calls$to$MaxDHeapify,$

which$each$take$O(log$n)$"$O(n$log$n)$
• Tighter$bound:$

• MaxDHeapify$is$linear$in$height$of$node$

• Most$nodes$have$small$height$$

• O(n)$

Heapsort$

• The$idea:$
• Build$a$maxDheap$

• Swap$root$to$last$posi>on$
• “Discard”$last$node$(by$decreasing$heap$size)$

• MaxDheapify$new$root$of$remaining$heap$

• Rinse$and$repeat$

Heapsort$

• BuildDMaxDHeap:$O(n)$
•  for#loop:$nD1$>mes$

• exchange$O(1)$
• MaxDHeapify$O(log$n)$

• Total$O(n$log$n)$

Heapsort$Analysis$



Priority$Queue$as$Heap$

• Balances$cost$of$inser>on$/$extrac>on$
• Insert(S,x):$O(log$n)$
• Maximum(S):$O(1)$

• ExtractDMax(S):$O(log$n)$
• IncreaseDKey(S,x,k):$O(log$n)$

Mul>Dselect$

• Earlier$we$discussed$a$select(S,i)$procedure$
that$runs$in$O(n)$in$the$expected/worst$case$

• What$if$over$>me$we$knew$we’d$be$calling$

select$on$S$n$>mes?$

• n$O(n)$"$O(n2)$

• Improvement:$Store$values$in$case$of$repeat$

query?$

• Improvement:$Sort$values$up$front?$

• O(n$log$n)$+$(nD1)$O(1)$
• Average$cost$per$select$query?$O(log$n)$


