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Boerkoel!&!Chen!

Midterm!
•  Will!receive!it!at!the!end!of!this!review!sec<on!!
•  You!will!have!2!hours!to!take!it!

–  watch!your!<me!!
–  if!you!get!stuck!on!a!problem,!move!on!and!come!back!

•  Must!take!it!and!turn!it!in!by!2:45!PM!on!Tuesday!(next!
lecture)!

•  You!may!use:!
–  ONLY!a!doublePsided!page!of!notes!

•  Do!NOT!discuss!it!with!anyone!un<l!aRer!Wednesday!at!
4pm!

•  LighterPweight!versions!of!homework!style!
ques<ons!

•  All!topics!are!fair!game!
•  Important!topics!!

– Course!objec<ves!
– Topics!repeated!in!lecture,!homeworks,!etc.!

What!to!Expect! Midterm 
•  General 

–  what is an algorithm? 
–  algorithm properties 
–  pseudocode 
–  proving correctness 

•  loop invariants 
–  run time analysis 



Midterm 
•  Asymptotic notation 

–  proving bounds 
–  ranking/ordering of functions 

•  Amortized analysis 
•  Recurrences 

–  solving recurrences 
•  substitution method 
•  recursion-tree 
•  master method 

Midterm 
•   Sorting 

–  insertion sort 
–  merge sort 

•  merge function 
–  quick sort 

•  partition function 
–  heap sort 

Midterm 
•  Divide and conquer 

–  divide up the data (often in half) 
–  recurse 
–  possibly do some work to combine the answer 

•  Calculating order statistics/medians 
•  Basic data structures 

–  set operations 
–  array 
–  linked lists 
–  stacks 
–  queues 

Midterm 
Abstract Data Types (ADT) 
•  Heaps 

–  Binary heaps 
–  Binomial heaps 

•  Search trees 
–  BSTs 
–  Red-black 

•  Disjoint sets (very briefly) 
–  Linked list 
–  Forests 



Midterm!
•  Other!things!to!know:!

– RunP<mes!!
– When!to!use!an!algorithm!
– Proof!techniques!

•  Look!again!at!proofs!by!induc<on!
– Make!sure!to!follow!the!explicit!form!we!covered!in!class!

•  Proof!by!contradic<on!
•  Read!Wri<ngProofs.pdf!(Piazza)!

Proofs!

P!Prove!by!induc<on:!1+x^n!>=!1+nx!for!all!nonnega<ve!integers!
n!and!all!x!>=!−1.!
PP!Base!case!
PP!Induc<ve!case!

!PPP!Induc<ve!hypothesis!
!PPP!Proof!of!induc<ve!step!(s)!

Proofs!
P!Prove!by!contradic<on:!
For!all!integers!n,!if!n+2!is!odd,!then!n!is!odd.!

Big!O:!Upper!bound!
O(g(n))!is!the!set!of!func<ons:&

O(g(n)) = f (n) :
there exists positive constants c and n0  such that
0 ≤ f (n) ≤ cg(n) for all n ≥ n0
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Provides!an!upper!bound!on!run<me!
for!algs!!



Omega:!Lower!bound!
Ω(g(n))!is!the!set!of!func<ons:&

Ω(g(n)) = f (n) :
there exists positive constants c and n0  such that
0 ≤ cg(n) ≤ f (n) for all n ≥ n0

$
%
&

'&

(
)
&

*&

Provides!a!general!lower!bound!for!
difficulty!of!a!problem!!

Theta:!Upper!and!lower!bound!

Θ(g(n))!is!the!set!of!func<ons:&
Θ(g(n)) = f (n) :

there exists positive constants c1,c2  and n0  such that
0 ≤ c1g(n) ≤ f (n) ≤ c2g(n) for all n ≥ n0
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We!can!bound!the!func<on!f(n)!
above!and!below!by!some!
constant!factor!of!g(n)!(though!
different!constants)!

Note:!!A!func<on!is!theta!bounded!iff!it!is!big!O!
bounded!and!Omega!bounded!

Visually:!lower!bound!

n0&

f(n)&

worstPcase!vs.!bestPcase!vs.!averagePcase!

worst0case:!what!is!the!worst!the!running!<me!of!the!algorithm!can!
be?!
!
best0case:!what!is!the!best!the!running!<me!of!the!algorithm!can!be?!
!
average0case:!given!random!data,!what!is!the!running!<me!of!the!
algorithm?!
&
Don�t!confuse!this!with!O,!Ω and Θ.!!The!cases!above!are!situa8ons,!
asympto<c!nota<on!is!about!bounding!par<cular!situa<ons&



Proving!bounds:!find!constants!that!sa<sfy!
inequali<es!

Show!that!5n2&–&15n&+&100!is!Θ(n2)!
!
Step!1:!Prove!O(n2)!–!Find!constants!c!and!n0!such!that!!
5n2&–&15n&+&100!≤!cn2!for!all!n!>!n0&

100155 22 +−≥ nncn
2/100/155 nnc +−≥

Let!n0&=1!and!c!=!5!+!100!=!105.!
100/n2!only!get!smaller!as!n!increases!and!we!ignore!
P15/n!since!it!only!varies!between!P15!and!0!

Proving!bounds!
Step!2:!Prove!Ω(n2)!–!Find!constants!c!and!n0!such!that!
5n2&–&15n&+&100!≥!cn2!for!all!n!>!n0&

100155 22 +−≤ nncn
2/100/155 nnc +−≤

Let!n0&=4!and!c!=!5!–!15/4!=!1.25!(or!anything!less!than!
1.25).!15/n!is!always!decreasing!and!we!ignore!100/n2!
since!it!is!always!between!0!and!100.!

Disproving!bounds!

Is 5n2  O(n)?

O(g(n)) = f (n) :
there exists positive constants c and n0  such that
0 ≤ f (n) ≤ cg(n) for all n ≥ n0
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Assume it’s true. 
 
That means there exists some c and n0 such that 

5n2 ≤ cn for n > n0

5n ≤ c contradiction! 
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What!is!the!depth!of!the!tree?!
At!each!level,!the!size!of!the!data!is!divided!by!4!
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How!many!leaves!are!there?!
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Amor<zed!analysis!
What!does!“amor<ze”!mean?!



Amor<zed!analysis!
There!are!many!situa<ons!where!the!worst!case!running!<me!is!
bad!
!
However,!if!we!average!the!opera<ons!over!n!opera<ons,!the!
average!<me!is!more!reasonable!
!
This!is!called!amor8zed!analysis!

–  This!is!different!than!averagePcase!running!<me,!which!requires!
probabilis<c!reasoning!about!input!

–  The!worst!case!running!<me!doesn’t!change!

From!4b:!Dic<onaries!
We!want!to!support!fast!lookup!and!inser<on!(i.e.!faster!than!
linear)!

Arrays!can!easily!made!to!be!fast!for!one!or!the!other!
–  fast!search:!keep!list!sorted!

•  O(n)!insert!
•  O(log!n)!search!

–  fast!insert:!extensible!array!
•  O(1)!insert!(amor<zed)!
•  O(n)!search!

From!4b:!Dic<onaries!

Idea:!store!data!in!a!collec<on!of!arrays!
–  array!i!has!size!2i!

–  an!array!is!either!full!or!empty!(never!par<ally!full)!
–  each!array!is!stored!in!sorted!order!
–  no!rela<onship!between!arrays!

From!4b:!Dic<onaries!
Which!arrays!are!full!and!empty!are!based!on!the!number!of!elements!

–  specifically,!binary!representa<on!of!the!number!of!elements!
–  4!items!=!100!=!A2Pfull,!A1Pempty,!A0Pempty!
–  11!items!=!1011!=!A3Pfull,!A2Pempty,!A1Pfull,!A0Pfull!

!
Lookup:!binary!search!through!each!array!

–  Worse!case!run<me?!

A0: [5] 
A1: [4, 8] 
A2: empty 
A3: [2, 6, 9, 12, 13, 16, 20, 25] 



From!4b:!Dic<onaries!

Lookup:!binary!search!through!each!array!
!
Worse!case:!all!arrays!are!full!

–  number!of!arrays!=!number!of!digits!=!log!n!
–  binary!search!cost!for!each!array!=!O(log!n)!
–  O(log!n!log!n)!!

A0: [5] 
A1: [4, 8] 
A2: empty 
A3: [2, 6, 9, 12, 13, 16, 20, 25] 

From!4b:!Dic<onaries!
Insert(A,!item)!

–  star<ng!at!i!=!0!
–  current!=![item]!
–  as!long!as!the!level!i!is!full!

•  merge!current!with!Ai!using!merge!procedure!
•  store!to!current!
•  Ai!=!empty!
•  i++!

–  !Ai!=!current!

Insert!running!<me!
Worse!case!

–  merge!at!each!level!
–  2!+!4!+!8!+!…!+!n/2!+!n!=!O(n)!

There!are!many!inser<ons!that!won’t!fall!into!this!
worse!case!

What!is!the!amor<zed!worse!case!for!inser<on?!

insert:!amor<zed!analysis!

•  Consider!inser<ng!n!numbers!
–  how!many!<mes!will!A0!be!empty? ! ! ! ! !n/2 ! !O(1)!
–  how!many!<mes!will!we!need!to!merge!with!A0? ! !n/2 ! !2!
–  how!many!<mes!will!we!need!to!merge!with!A1? ! !n/4 ! !4!
–  how!many!<mes!will!we!need!to!merge!with!A2? ! !n/8 ! !8!
–  …!
–  how!many!<mes!will!we!need!to!merge!with!Alog!n? !1 !n!
total cost:  log n levels * O(n) each level 

  O(n log n) cost for n inserts 
  O(log n) amortized cost! 

times cost 



Accounting Method 

•  Idea:!
–  Some!opera<ons!are!charged!an!

amor8zed&cost&that!is!more!than!
actual!cost!

–  Store!difference!to!specific!item!
in!data!structure!as!credit!

–  Use!credit!to!pay!for!when!
actual!cost!>!amor<zed!cost!

•  Key!points:!
–  In!accoun<ng!method,!different!

opera<ons!have!different!costs!
–  Credit!must!never!go!nega<ve!

•  Otherwise!amor<zed!cost!is!
not!an!upper!bound!on!
actual!cost!

•  Amor<zed!cost!would!tell!us!
nothing!

Accounting Method Overview 

Accounting Method: Multipop Stack 

•  Total!amor<zed!cost:!!
•  Upper!bound!on!actual!cost!!

?
?
?

O(n)
•  Total!amor<zed!cost:!!
•  Upper!bound!on!actual!cost!!

Actual!cost! Amor<zed!
cost!

A[k]!1&
&

1! 2!

A[k]!0!
!

1! 0!

?

?

Accounting Method: Binary Counter 

O(n)



Potential Method 
•  Similar!to!accoun<ng!method,!but!we!!

think!of!credit!as!poten0al&stored!with!!
the!en<re!data!structure&

•  Key!Ideas:!
–  Accoun<ng!method!stores!credit&with!specific&objects&
–  Poten<al!method!stores!poten8al&in!the!data&structure&as!a!whole!
–  Can!release!poten<al!to!pay!for!future!opera<ons!
–  Most!flexible!of!the!amor<zed!analysis!

The Potential Function 

The (amortized) costs of having potential 

•  If!we!require:!
!
!!!!
then!amor<zed!cost!is!always!
an!upper!bound!on!actual!cost!
•  In!prac<ce:!

Φ(Di ) ≥Φ(D0 )∀i

Φ(D0 ) = 0;Φ(Di ) ≥ 0∀i

The (amortized) costs of having potential 



Potential Method: Stack 

Φ(D0 ) = 0?
Φ(Di ) ≥ 0∀i?

Yes!&&D0&represents!an!empty!stack.!
!
Yes!&&#&of&objects!on!stack!is!always!
nonPzero!
!

Potential Method: Stack 

•  Suppose!ith!opera<on!resets!
ti!bits!to!0!

•  ci&≤!ti+1!(resets!ti&bits,!sets!≤&
1&bit&to&1)&

•  bi&≤&bi01&–&ti!+1&

Potential Method: Binary Counting 



Algorithms Review!
Computer Science 140

Spring 2013
Boerkoel & Chen

Problem 1: Sounds Like a Duck!
A quack is an abstract data type that is part queue and part stack. Specifically, a quack
supports the following three operations:

• Push(x) takes a value x and puts it at the “top” of the stack;

• Pop() removes and returns the element at the “top” of the stack.; and

• Dequeue() removes and returns the item at the “bottom” of the stack (the element
that has been in the stack the longest).

Your goal is to implement a quack using only stacks. However, in order to conserve memory,
each item can only appear on one of the three stacks at any given time!

a. Describe an algorithm that implements a quack using three stacks such that any sequence
of n operations takes a total of O(n) time. (You don’t need to do the amortized analysis
in this part, just describe the algorithm.)

1



b. Prove that your algorithm takes O(n) time for any n sequence of n operations using an
accounting argument.

c. Prove that your algorithm takes O(n) time for any n sequence of n operations using a
potential method argument.

2



Problem 2: Max Priori-d Heap
A max priori-d heap supports the typical operations of a priority queue ADT:

• Insert(S, x): inserts the element x into the set S, which is equivalent to the operation
S = S ∪ {x}.

• Maximum(S) returns the element of S with the largest key.

• Extract-Max(S) removes and returns the element of S with the largest key.

• Increase-Key(S, x, k) increases the value of element xs key to the new value k, which
is assumed to be at least as large as xs current key value.

A d-ary heap is like a binary heap, but (with one possible exception) non-leaf nodes have
d children instead of 2 children.

a. How would you represent a d-ary heap in an array?

b. What is the height of a d-ary heap of n elements in terms of n and d?

c. Give an efficient implementation of Extract-Max in a d-ary max-heap. Analyze its
running time in terms of d and n.

3



d. Give an efficient implementation of Insert in a d-ary max-heap. Analyze its running
time in terms of d and n.

e. Give an efficient implementation of Increase-Key, which flags an error if k < A[i], but
otherwise sets A[i] = k and then updates the d-ary maxheap structure appropriately.
Analyze its running time in terms of d and n.

4



Problem 3: All things being equal, I’d prefer my sort Quick
ur in class analysis of the expected running time of randomized quicksort assumes that all
element values are distinct. In this problem, we examine what happens when they are not.

a. Suppose that all element values are equal. What would be randomized quicksorts running
time in this case?

b. The Partition procedure returns an index q such that each element of A[p..q − 1] is
less than or equal to A[q] and each element of A[q + 1..r] is greater than A[q]. Modify
the Partition procedure to produce a procedure Partition’A, p, r, which permutes the
elements of A[p..r] and returns two indices q and t, where p ≤ q ≤ t ≤ r such that

• all elements of A[q..t] are equal,

• each element of A[p..q − 1] is less than A[q], and

• each element of A[t + 1..r] is greater than A[q].

Like Partition, your Partition’ should take Θ(r − p).

5



c. Modify the Quicksort procedure to Quicksort’, which calls Randomized-Partition’
and recurses only on partitions of elements not known to be equal to each other.

d. Using Quicksort’, how would you adjust the analysis in Section 7.4.2 to avoid the
assumption that all elements are distinct?
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