
Shortest(Path(Algorithms(

On(Parallel(Graph(Algorithms(and(

Their(Applica7ons(

•  Mahantesh(Halappanavar(

•  Today’s(CS(Colloquium!(

– Pomona(

Shortest(Paths!(
Shortest(paths((

Nota7on(/(Defini7on(

•  Defini7ons(
– Weight(of(path:(

– ShortestHpath(weight:(

•  Example(

•  Other(applica7ons?(



4(Flavors(of(Shortest(Paths(

•  SingleHsource:(

•  SingleHdes7na7on:(

•  SingleHpair:(

•  AllHpairs:(

Shortest(path(algorithms(

Nota7on(/(Terminology:(

•  ShortestHpath(es7mate(H(v.d:(
•  ShortestHpath(tree(H(v.π:(
•  Relaxa7on(

•  Essen7ally(a(weighted(version(of(BFS(
•  Like(Prim’s,(makes(greedy(choice(of(which(

vertex(/(edge(to(add((

– Build(shortest(path(S(
– Priority(Q(=(VHS(

• Weighted(by((

distance(to((

source(s(

•  ExtractHMin(

•  Relax(neighbors(

Dijsktra’s:(The(idea(



•  Allows(nega7veHweight(edges(
•  DP(approach(

– Calls(RELAX(on(all(edges(repeatedly(
– Guaranteed(to(converge((
aZer(VH1(itera7ons((though((

could(converge(sooner)(

•  Must(check(for(nega7ve((

cycles(

BellmanHFord:(The(idea(

∞

∞∞

∞

Bellman-Ford algorithm 

Bellman-Ford algorithm 

Initialize all the 
distances 

iterate over all 
edges/vertices and 
apply update rule 

do it |V| -1 times 

Bellman-Ford algorithm 

check for negative 
cycles 



Bellman-Ford algorithm Bellman-Ford algorithm 
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Iteration: 0 

Try it!!

Bellman-Ford algorithm 
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Iteration: 1 

Bellman-Ford algorithm 
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Iteration: 2 



Bellman-Ford algorithm 
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Iteration: 3 

A has the correct 
distance and path 

Bellman-Ford algorithm 
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Iteration: 4 

Bellman-Ford algorithm 
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Iteration: 5 

B has the correct 
distance and path 

Bellman-Ford algorithm 
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Iteration: 6 



Bellman-Ford algorithm 
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Iteration: 7 

D (and all other 
nodes) have the 
correct distance 
and path 

Correctness of Bellman-Ford 

Loop invariant: 

Correctness of Bellman-Ford 

Loop invariant: After iteration i, all vertices with 
shortest paths from s of length i edges or less have 
correct distances Falls out 

of a 

property
 we will 

prove lat
er called

 

Path-Relaxation
!!

Runtime of Bellman-Ford 

O(|V| |E|) 



BellmanHFord(vs.(Dijkstra’s(

Shortest(Path(Proper7es(

Using(the(defini7ons(on(the(board,(try(proving(

any(of(the(next(5(proper7es(on(your(worksheet!(

Worksheet!!





AllHPairs(Shortest(Paths(

•  Run(BellmanHFord,(once(from(each(vertex(

–  O(V2E)(
–  O(V4)(if(dense((E(in(θ(V2))(

•  Run(Dijkstra’s,(once(from(each(vertex(

–  Limited(to(graphs(with(nonHnega7ve(edges(

–  O(VElog(V)(with(binary(heap(
•  O(V3log(V)(if(dense(

–  O(V2log(V+VE)(with(Fibonacci(heap(
•  O(V3)(if(dense(

•  Wouldn’t(it(be(nice(to(get(the(best(of(both(worlds:(

–  General(algorithm(that(runs(on(any(graph(

–  O(V3)(worstHcase(run7mes?(

–  No(funny(complex(data(structures(

APSP(Setup(

•  Input:((a(directed(graph(G=(V,E),(weight(
func7on(w:(E!(R,(and(assume(ver7ces(

numbered(1…n(

•  Goal:(create(nxn0distance(matrix(D(=(dij)(so(
that(dij(=(δ(i,j)(for(all(ver7ces(i,j0

•  Ini7aliza7on:(create(wright(matrix(W(

FloydHWarshall(

•  DP(over(the(distance(matrix((store(values(per(edge,(rather(

than(per(node)(

–  Intermediate(vertex:(

–  Recursive(formula7on:(

FloydHWarshall(



FW(Example( FW(Example(

Johnson’s(Algorithm(

•  The(Problem:(

–  If(graph(is(sparse,(running(Dijkstra(fom(each(vertex(would(be(faster((

–  O(V2log(V+VE)((Requires(Fibonacci(heap)(
•  Idea:(

–  Reweight(edges(so(that(they(are(nonHnega7ve((
•  And(s7ll(give(you(correct(shortest(paths((paths(that(are(minHweight(in(the(original(

graph)(

1.  Add(new(node(q,(connect(to(teach(of(the(other(nodes(with(zeroH
weight(edges(

2.  Run(BellmanHFord(from(q(to(calculate(min(path(to(every(node(h(v);(

return(false(if(nega7ve(cycle(is(found(

3.  Reweight(all(edge(weights(w’(using(the(rule(w’(u,v)(=(w(u,v)+h(u)Hh(v)(
4.  Remove(q,(run(Dijsktra’s(from(every(node0

Johnson’s(Algorithm(

•  The(idea:(
–  Reweight(edges(so(that(they(are(nonHnega7ve((

•  And(s7ll(give(you(correct(shortest(paths((paths(that(are(minHweight(in(the(

original(graph)(

Credit: wikimedia.org 



All pairs shortest paths 
Simple approach 

–  Call Bellman-Ford |V| times 
–  O(|V|2 |E|) 

 
Floyd-Warshall – Θ(|V|3) 
 
Johnson’s algorithm – O(|V|2 log |V| + |V| |E|) 
 
Pettie’s algorithm – O(nm+n2 log log n) 

 
Snowball [Planken et al. 2011] 
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Algorithms 


