
Linear'Programming'
Adapted'from'CLRS,'G.'Blelloch,'and''K.'Daniels'

Admin'

Ge/ng'Elected'

•  Can'spend'money'on'adver9sing'any'of'four'
cri9cal'parts'of'your'pla<orm:'

Mo9va9on:'A'Poli9cal'Problem'

Goal:'Win'elec9on'by'winning'majority'of'votes'in'each'region.'

Subgoal:'Win'majority'of'votes'in'each'region'while'minimizing'adver9sing'
cost.'

100,000'
voters'

200,000'
voters'

50,000'
voters'

Thousands'of'voters'
who'could'be'won'
with'$1,000'of'ads'



urban'

suburban'
rural'

Mo9va9on:'A'Poli9cal'Problem'
(con9nued)'

Thousands'of'
voters'
represen9ng'
majority.'

real'numbers'

realPvalued'variables'

Linear'func+on'

Linear'
constraints'

='

General'Linear'Programs'

Linear'equality'

Linear'inequali+es'

Why'LP?'

•  50+'soTware'packages'available'
•  1300+'papers'just'on'interior'point'methods'
•  100+'books'in'the'library'
•  Dozens'of'companies'
•  Delta'Airlines'claims'they'save'$100'million'a'
year'with'there'op9miza9on'applica9on'

Convex'feasible'region'

Objec+ve'value'

Overview'of'Linear'Programming'

Objec+ve'func+on'



Terminology'

•  Feasible'solu9on:'
•  Infeasible'solu9on:'
•  Objec9ve'value:'
•  Op9mal'solu9on:'
•  Op9mal'objec9ve'value:'
•  (In)feasible'LP:'
•  Unbounded:'

Fundamental'Theorem'of'LP'

h\ps://people.richland.edu/james/ictcm/2006/slopeobjec9ve.html'

Worksheet'

•  Give'three'feasible'solu9ons'to'the'linear'program:'

objec+ve'func+on'

constraints'

Standard'Form'

Cormen'et'al.'



mxn'matrix'

n:dimensional'vectors'

Standard'Form'(compact)'

m:dimensional'vector'

Can'specify'linear'program'in'standard'form'by'(A,b,c).'

Worksheet'

•  Convert'the'following'LP'into'compact'form:'

Conver9ng'to'Standard'Form'

•  Linear'programs'may'not'always'fit'into'
standard'form:'
1.  Objec9ve'func9on'may'be'a'minimiza9on'rather'

than'a'maximiza9on'
2.  There'might'be'variables'without'nonnega9vity'

constraints'
3.  There'might'be'equality'constraints,'rather'than'

lessPthanPorPequalPto'
4.  There'might'be'inequality'constraints'that'are'

greaterPthanPorPequalPto'

Conver9ng'to'Standard'Form'
(con9nued)'

Negate'coefficients'

Transforming'minimiza9on'to'maximiza9on'



Conver9ng'to'Standard'Form'
(con9nued)'

If'xj'has'no'nonPnega9vity'constraint,''

replace'each'occurrence'of'xj'with'xj�'–'xj�.'

Giving'each'variable'a'nonPnega9vity'constraint'

New'nonPnega9vity'constraints'

P'3(x2�'–'x2�)'

x2'has'no'nonPnega9vity'constraint'

Conver9ng'to'Standard'Form'
(con9nued)'

Transforming'equality'constraints'to'inequality'constraints'

(Rename'variables'for'
nota9onal'consistency.)'

Conver9ng'to'Standard'Form'
(con9nued)'

Changing'sense'of'an'inequality'constraint'

Ra9onale:'

for'algorithmic'ease,'transform'all'constraints'except'nonP
nega9vity'ones'into'equali9es'

define'
slack&

slack'variable'

instead'of's'

nonPbasic''variables'

for'inequality'
constraint:'

Conver9ng'Linear'Programs'into'Slack'Form'

basic''

variables'



Conver9ng'Linear'Programs'into'Slack'
Form'(con9nued)'

objec9ve'
func9on'

Conver9ng'Linear'Programs'into'Slack'
Form'(con9nued)'

Compact'Form:'(N,'B,'A,'b,'c,'v)'
set'of'indices'of'nonPbasic'variables'

set'of'indices'of'basic'variables'

Slack'Form'Example' Compact'Form'

nega9ve'of'slack'form'coefficients'

basic'variables'

Applica9ons'

•  Selec9ng'a'mix:'Oil'mixtures:'por<olio'
selec9on,'…'

•  Distribu9on:'How'much'of'a'commodity'
should'distribute'to'different'loca9ons'

•  Alloca9on:'How'much'of'a'resource'should'we'
allocate'to'difference'tasks'

•  Network'flows!'

Shortest'Paths'

SinglePpair'shortest'path:'minimize'�distance�'from'source's'to'sink't.'

What&problem&is&this?&

Why&don’t&we&want&minimize?&



Flow'conserva?on'

Capacity'constraints'

Maximum'Flow' Minimum'Cost'Flow'

Flow'target'is'prespecified.'

cost'='4' cost'='7'

cost'='3'

cost'='10'

cost'='3'
Total'weighted'
flow'cost'='27'

Mul9commodity'Flow'

should'be'si'

'si'is'source'for'commodity'i'

'ti'is'sink'for'commodity'i'
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Worksheet:'Write'the'LP!'



Geometric'Interpreta9on'

Where'is'the'maximal'point?'
What'are'possible'proper9es'of'
the'feasible'region?'

Geometric'Interpreta9on:'slack'

Simplex'Algorithm'
1.  Find'any'corner'of'the'feasible'region'(if'one'exists)'
2.  Corner'exists'at'the'intersec9on'of'n'hyperplanes.''

For'each'plane,'calculate'the'dot'product'of'the'
objec9ve'func9on'cost'vector'c'with'the'unit'vector'
normal'to'the'plan'(facing'inward).'

3.  If'all'dot'products'are'nega9ve,'then'DONE'(problem'
is'maximized)'

4.  Else,'select'plane'with'max'dot'product.'
5.  Intersec9on'of'remaining'nP1'hyperplanes'forms'a'

line.''Move'along'this'line'un9l'next'corner'is'
reached.'

6.  Goto'2.'

Geometric'View'of'Simplex'



•  Simplex'algorithm'
–  Geometric'interpreta9on'

•  Visit'ver9ces'on'the'boundary'of'the'simplex'
represen9ng'the'convex'feasible'region'

–  Transforms'set'of'inequali9es'using'process'similar'to'
Gaussian'elimina9on'(Ch.'28)'

–  RunP9me''
•  not'polynomial'in'worstPcase'
•  oTen'very'fast'in'prac9ce'

•  Ellipsoid'method'
–  RunP9me'

•  polynomial'
•  slow'in'prac9ce'

•  InteriorPPoint'methods'
–  RunP9me'

•  'polynomial'
•  for'large'inputs,'performance'can'be'compe99ve'with'

simplex'method'
–  Moves'through'interior'of'feasible'region'

Solving'a'Linear'Program'
Simplex'Algorithm:'Example'

Basic'Solu?on'

Standard'
Form'

Slack'Form'

Basic'Solu9on:'set'each'nonbasic'variable'to'0.'

Basic'Solu+on:'' )36,24,30,0,0,0(),( 621 =xxx …

PIVOT'

new'objec+ve'value'

leaving'variable'

entering'variable'

Select'a'nonbasic'variable'whose'
objec+ve'coefficient'is'posi+ve:'x1'

Increase'its'value'as'much'as'possible.'

Iden+fy'+ghtest'constraint'on'increase.'
For'basic'variable'x6'of'that'constraint,'swap'
role'with'x1.'
Rewrite'other'equa+ons'with'x6'on'RHS.'

Simplex'Algorithm:'Example'
Reformula?ng'the'LP'Model'

Main'Idea:'In'each'itera9on,'reformulate'the'LP'model'so'
basic'solu9on'has'larger'objec9ve'value'

leaving'variable'

entering'variable'

Simplex'Algorithm:'Example'
Reformula?ng'the'LP'Model'

Next'Itera9on:'select'x3'as'entering'variable.'

PIVOT'

)0,0,4/69,2/3,0,4/33(),( 621 =xxx …New'Basic'Solu+on:''

new'objec+ve'value'



Simplex'Algorithm:'Example'
Reformula?ng'the'LP'Model'

)0,0,18,0,4,8(),( 621 =xxx …

Next'Itera9on:'select'x2'as'entering'variable.'

PIVOT'

leaving'variable'

entering'variable'

New'Basic'Solu+on:''

new'objec+ve'value'

Simplex'Algorithm:'Pivo9ng'
leaving'variable' entering'variable'

Rewrite'the'equa+on'that'
has'xl'on'LHS'to'have'xe'on'
LHS'

Update'remaining'equa+ons'
by'subs+tu+ng'RHS'of'new'
equa+on'for'each'occurrence'
of'xe.'

Do'the'same'for'objec+ve'
func+on.'

Update'sets'of'nonbasic,'
basic'variables.'

ini+al'basic'
solu+on'

op+mal'solu+on'

detects'unboundedness'

Simplex'Algorithm:'Pseudocode' Correctness:'Roadmap'(Key'Pieces)'

Theorem'29.13:'Fundamental'Theorem'of'Linear'Programming'
For'LP'model'in'standard'form,'either:'
1.'exists'op9mal'solu9on'with'finite'objec9ve'func9on'value'&'SIMPLEX'returns'one,'or'
2.'infeasible'&'SIMPLEX'returns'INFEASIBLE,'or'
3.'Unbounded'&'SIMPLEX'returns'UNBOUNDED'

Lemma'29.2:'Basic'
solu9on'feasible'P>'if'
SIMPLEX'finds'
solu9on'it'is'feasible;'
if'reports'
unbounded,'then'
model'is'unbounded'

Lemma'29.3:'Algebraic'lemma'

Theorem'29.10:'
LP'duality:'SIMPLEX'
primal'result'is'
op9mal'&'dual'is'
op9mal'
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Lemma'29.5:'''Itera9on'
bound,'cycling'

Lemma'29.4:'Slack'form'uniqueness'

Lemma'29.6:'
TiePbreaking'

Lemma'29.8:'Weak'
LP'duality'

Corollary'29.9:'
Condi9ons'for'which'
feasible'solu9ons'for'
primal,'dual'
programs'are'op9mal'

Lemma'29.1:'Pivot'results'

Lemma'29.12:'
Infeasibility'
detec9on'

Lemma'29.11:'Laux'

Lemma'29.7:'Basic'solu9on'
feasible'P>'SIMPLEX'either'
reports'unbounded'or'finds'
feasible'solu9on'in'''''''''
itera9ons' !!
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Simplex:'Further'reading'

•  See'29.5'to'answer'important'remaining'ques9ons:'
–  How'do'we'determine'whether'a'linear'program'is'
feasible?'

– What'do'we'do'if'the'ini9al'basic'solu9on'is'not'feasible?'
–  How'do'we'determine'whether'a'linear'program'is'
unbounded?'

–  How'do'we'choose'the'entering'and'leaving'variables?'
–  How'do'we'know'it’s'the'op+mal'value?'

Linear'Programming'Duality'
max'becomes'min'

RHS'coefficients'swap'
places'with'objec+ve'
func+on'coefficients'

sense'changes'

x'variables'go'away'

y'variables'appear'

Duality'Example' Op9mality'



Benchmarks' Worksheet:'Communica9on'Network'Problem'

Source:'M.'Jordan'

Worksheet:'Communica9on'Network'Problem'


