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Morse 'Umq_ For (-FU(-}R,ju&tcmX) Worse-Smek ", x*élrnit ¥

the Morce trajectory Space
A?&-,e#{b/:m-»x fﬁg--‘?ﬁ(a’), a’(s}mx*}

ir a manifold of dimension sfv@g.&'gn;ptm of VF (X'))

! . +‘_ r Wh
[ [ -~ :}( 2y S‘f "‘—K*"é- Hs

Gggfi Makbe sense and use of

" The Etver trajectories are the 2ero set of o Fredholm section

w22 ) — [*(m2) in a Barach bundle
k> 9w = IXy ()
whose index is ‘He_spﬁc’émé’ ‘F&WQ'FWHGU“’””

In terms of the Linearized operntor ata sollakion u

Du=g + Jod + S, + compuct pocturiubion o W'HRSS'|B”) |
"Dy is Fredmn with index (D) = spec o (Dode +S: ) o

QEF swjective Hm dﬂm@m Du.)
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Functional Analyscs Recap
I )
"The science of Whinlhow [{'ndlra%eém works ¢n infinile dimensions

E, F Barach spaces

LUEF) =(§ bounden Lincar oporators E=F] , opoator norm)
K[EF) = { TellEF) compact : (/< £ bousded = Tl F compact]
Thm: Id:E=E compact ¢ E finite dimensionad
Thm: KI(EF) cLIEF) closed subspace

OPM Mamﬂm: TEL[E,F) Surjed'ive. == ToPEn
ie. UeE optn )

= TIW)< F opan
Corollary TeLIEF)
a) T bijective & T bounded
b) Tinjeckive, mT closed &> IC - Ixlig €CUTx|l. VeeE
¢) [BeT finite Jimeafiomf) IKeK(E,Z), G+ VxeE )
(md- pn T closed ( Ixlly € ¢ (ITll + MKl )

e “J
T "semi-Fred habm

Preview :  —t—  toglon i T = dim Tow <00 3 T Frredhol

Proof of ©)'3" uses K= Prty'efft'onéo AT a[b? Cﬂmz‘mﬁf EATeW
to ba defined
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Proof of Cor ¢)
9" dmdeT<oo =5 Jcomplommti E=hrT @ W
Tl, - W~ T, bounded bijective opeater on Banech spaces
= lIxlly € C(Ixllg + xlig) X=X, +%X € WOA T
€ Qi Tl + U8, <1, )
<l P
o

[~ & AT I AT '-Canr'd'
bowmdey Cinpt:f

"€ o dm BT <00 >  Ixeh T il €13 compact
)¢ !

K ompact <% Qfaé;qmu (%) st. Kx;—>2 €Z

-—wb(k,;) C’auc*q}r : "X;-X,'HE < C'Ek”ﬁ"‘kxjuz

*mT dosed : E: AT ®@W —> m T bounded, biject ive
Caim . 3C": WxeW  ixllz < ¢ 1 Txlle
% if Tx,>yeF ;wly x;eW |, then (x) Gauchy
S0 Y=lomTx; =T hmx, € im T
Proof of Claim by contragiction: x;eW,lIxll=1, [Tl =0

Woec = 1 € C{T =T

= 3 qu (xf) s.t. Kx{ Converges =y M‘)Cﬂﬂt‘ly ik -M—l)
.# X,,-—"’X..EW J"&ﬁugi i Tk,_ﬂATX;WO g

mhtml:file://C:\Documents and Settings\Administrator\My Documents\Dropbox\JholCur... 11/13/2013



_EE_: H Hifbori‘ypacc )VCHJ))JW( = H=VeV+
Le. Vx V‘l-»H Bijecﬁ\‘t (dw:muéinums )

(viw) v Viw = bounded inverse

De€®: E Banach space , Ve E closed subspace
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A oomg&men{ of V is a closed subipace. WeE st E=Vew

_@f_z(dircé S'um)5 E=VoW & V<W-E bijective

(VW)= Vew (= bounded imverse)

Facts/Def™ : E Bamch space , VEE  subspace
* dmV<coo =5 V dosed
o (V,Illg]y) Bamch space & V/ cosed

. (E/V \ Iow]=way ==vi:€ |[w+vll5.) Banach space & V dbsed

. V'L‘:{?EE* lgg,VEOI osedl
Eyvj. = \/*
* Vdosed = v+ ':(E/V)*

M‘- AV < 00 (# Vcé’oseo!) or (chm'ed and ca'u(u.u‘l/ﬂdi-:(sfv)'ﬁoc‘.-)

= acomp&nanfw . E=VeW
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Proo€ skebch -
e domV<oo pick basis v,,.,vaeV
~o dual basis 0, . fneV*
extend to L,,. L, € E* by Hahn- Basach
W= () ol

i

.M,‘Vx:go : P“’k basis [ R ‘EE/V
pick vepresmtatives x,,.,x,e E

W«_-:: M [)", PR xn]

CHECk E=VeW
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Predhotm theory
Linear Alyebra - For dink,dinF <co , TeL(EF)
- {T f"JECﬁVE}, {Tsurjective} ,{T bcje.e.{-cve} c LIE,F) open
© dmE = dim imT + dhow bor T (sine T ot 5 T )
2 mE - dimF = dimboe T = covlim im T = indore T
Cor: TeLIEE) injective & surjective

Hw: prove [ find counterexamples in infinite dimensions (e9. E=F=L7)

For E,F Banach spaces we have
Thm O (Fredhobm Alternative): T=Id + K ;K-EE compect

> dim b T = cotom imT

Cor: Td+K injective ¢ surjective

Def’: Tel(EF) Frednolm &3 dimheT ,contuninT <00

Bmk: Fredhotn = mm T closedd B‘v;
Lemma: If E Banach space , Ve E subspace ,dlom(Ely) <o0 | than

V dosed < gwmmE,TELfE,E)= V=taT

Proof- Hw
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Ex:  QcR compact domain with smwth boundary

T= A Wo(R)= fueW? ()| ulgg=0] — L(2)

o fulyee < ClAUI, + Ha.uﬁ) [elliptic vegulowily with boundary]
WO <> L(9) compact  so Tis somi- Fredholm

* T injective (Tus{) = éfvm‘ = ém.u =0 = wecont lag,’o = n.so)
= | whpa < C' lbul ek

+ T surjective [ variattonol principle: wr—r SV ~ uf  bounded below

@ peak himit of minimiziry segusmce hes Au=F )

2 T Fredhobn , index O

What about Tw = Aw+hu ; I-.e[_'“(.iz.)/wfi(twﬁw)»w
‘h20 ~ wriatioal principle ;ﬂm*r bijecﬁve
* genersd his 0 compad porturbation of A ,ie. T-A W L' compect

w3l
If w20 €C (l&ull.n fell2) € C{lTu .+ M&t)
Cf»wpzr:ﬁ
S bwT Foniledin | T chosed (T somi-Fredhoto )
* Te=A+sh  smi-Fradhts Vsel01] ; To Fredholen , (ndest O

il T il i O 2> T b i ijeckive
(Thm2
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Main Resulbbs
Thmi: {T Fredhotm?} < LIEF) open
index [T Fredhdm] — Z  continuous
ik ~ i i
Thm 0 follows €rom
Thm2 (Kato stability) [0} = LIEF) , 5T conttnuous
T, Fredhotn } L, T Predhetin ¥s,
T; semi Fredhdm Vs index Ty = index T,

¢
dim ko T < 00 &> lixll < C(ITexl + lllf,xll)

im Tg closed c‘:f'",z'"q;v compast

Coml(arf T Fredholm, K compact = T+K Fredholn ,
el (TH+K) = md T
Proof: T =T+sK
Proof of Thm0O: T,:= T +s-K

ke T, =00} ,imT,=E = T, Ercdholan , index O

Ixl] € Wxaskxll +1sillkx)l € ITsxl + K]l
@ Ts M“Fﬂ-’dlﬁ&l

Thm2 = T=1d+K Fredyolm ,indexO
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Thm: TeL(EF)

Fred| invertible upto invertible up to
hotm <> Cﬂﬂpaci' ope‘:iiors had -Finiée.dimufians

Fsplebvigs
ASeL(RE) : E =KoV ,F=CeRr
ST-Jdg €KIEE) ot d""“ <oo ’
TS "'Idp EK(RF) P"R°T1y ELfVR) inverti

{7 fei) (iid)
Oty K=heT | ReimT  finile dimfcodim => Jcomploments V,C
precTl, Vs EDFORaAT  bowdd bijeckive 77 (25

(0) ST € for ST finibedin  imT > TS Finite cuclim.

ERR R v
R o : !
la ) 5= v PasTh R ecF S==hﬁ£yqs°‘Frp."ﬂv) OVREL(F,E)

ST = el olpresTh) =prs Thopey + S Theopr
ATy EVeE am %E ﬂm + STL:EZ.&V compact

TS = e Tl (praThT opr + preeTS =g ~ pre + pr o TS
Flf-"'g C{!varpa.rf'
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Proofof Thml: SeFred (EF) ~» E=AS®V | F=imS®C,
Seld: VxO — F € {bijective opsuiors Liv<c,F) }
(v,c) == Sv +c N
open

380 - HS-TIIHE'F)SJ = Teld, bijective
s TIVI+C =F = cothm imT £ codin #mS <00

2 T Fredholm
. Tlv injective > ol Jor T £ diin £eS <00

« bTn V=fo},cd;.(‘¢7'+!/)fm
DE=LTOVSZ | dekeT ¢ dn2 =oom AeS

» T(VIn C=50] = F=T) @ (C 2 mmT =T(Vez)=Tvens)
= Cothom imT = oltm C' — ol T(2)=coro ym S — chn 2
id T = md S n
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Remark : Sometimes Sem:-Frathotm is more gaerag}r Aefined as
T dosed  and  (din heT<w or cabininT <o)

with index (T) G,‘Z v f-l-oal v {-m}

I
Fredhobm 1..':1' m T infinite dim

infimibe dim
Then {T mi—lehoﬂngCL(E,F) is open , the index (s

continuous Mcdjf consturt) | and this c'mfﬁu Thm 2.

Direct pmaf of Thm?2 by continuous induction
I:=fselof) | Ts Fredhotm,ind T, =ind T; |

*Thmi = OPBn} oel

Ielo] connecéﬂ(conpmf = I=[0.1]

* C&.{m - I C&Scﬂ(
Proof :  s.€ X | si=vs. € [0,] Tho 1 foge
Need to show codim nTs.. <00, then ind Ty Lind Ty, mind T,.
Tse
» Ts, somi-Fredhdm => E=£"-;’ST...,.a v, V”:z"""“?;-.
= VxeV lixlg $ClITexl, @

This proves the Claim since - ______f!:“;"“ o0
o (1)) € chonhty) + dn T (BT <02 Vi
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Sqpose WeF , WainT = 0]  3i,»o0 : dimW > dim(%. )

dimWeoo & W cbosed
Ts, o1d, : VxW — F is injective

(Viw) V2 Tev + W

but T;, @Tdw  camet be injective

Qaien": Yy, w: vl Il < C'lTev s wl

Suppare not, then fird M llgthale=1 | T w +wille =0
Wi —> W, for cubsapumce since. dim W <00

() <F Cauchy Bo> (W) VEE Cauchy

Qbﬁwav,,ev, T;,v,.a-w,.«—-o inigcﬂvi"y at s,
IVeollg + Mweal =1
.
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