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Trigonometry Angles

Angles can be measured in degrees or radians (abbreviated as rad).
The angle of a complete rotation contains 360°, which is the same as
27 rad. Therefore

7 rad = 180°.
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Trigonometry Angles

Angles

Angles can be measured in degrees or radians (abbreviated as rad).
The angle of a complete rotation contains 360°, which is the same as
27 rad. Therefore

7w rad = 180°.

180 ° o o T
1rad = (ﬂ) ~ 57.3°, 1° = @rad ~ 0.017 rad.
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Trigonometry Angles

Angles

Angles can be measured in degrees or radians (abbreviated as rad).

The angle of a complete rotation contains 360°, which is the same as
27 rad. Therefore

7w rad = 180°.

180 ° o o T
1rad = (ﬂ) ~ 57.3°, 1° = mrad ~ 0.017 rad.

The following table shows the correspondence between degrees and
radians for some common angles.

Deg.| 0°| 30°| 45°| 60°| 90°| 120°| 135°| 150°| 180° | 270° | 360°
Rad.| O %’T %’T %’r T 37” o

(e lE]
INE
ol
ASIE]
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Trigonometry

The Trigonometric Functions

The Trigonometric Functions

(G50 N
; L
hypot .
ypotenuse r
opposite 9
0 A
adjacent |_
ing = o — hyp ing =Y —r
sing = ip cscl = o sing = r csce_};
cosf = ¢ secezﬁ cost =7 sect = 4
— 9pp — a4 s =X
tanf = 75 cotd = o |tanf =< cotf =
Acute angles Obtuse or negative angles
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Trigonometry The Trigonometric Functions

y

Find the exact trigonometric ratios
for § = 27 /3 = 120°.

smz—ﬂ: COSZj: tanz—ﬂ:
3 3 3
2T 27 27
CSC? = SGC? = CO’[? =
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Trigonometry The Trigonometric Functions

y

Find the exact trigonometric ratios
for § = 27 /3 = 120°.

smz—ﬂ: COSZj: tanz—ﬂ:
3 3 3
2T 27 27
CSC? = SGC? = CO’[? =
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Trigonometry The Trigonometric Functions

y
(=1,V3) ...
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
z N,
-1
sin 2m _ cos 2m _ tan 2r _
3 3 3
csc 2m _ sec er _ cot er _
3 3 3
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Trigonometry The Trigonometric Functions

y
(=1,V3) ...
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
z N,
-1
sin or cos 2m _ tan 2r _
3 3 3
csc 2m _ sec er _ cot er _
3 3 3
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Trigonometry The Trigonometric Functions

y
(_1 ) \/§ ............
: Find the exact trigonometric ratios
V3 O\ for 6 = 27/3 = 120°.
2337
z AN
-1
. 2r /3 2 2
sin— = cos = tan?_
cscz—7r = sec er _ cotz—7r =
3 3 3
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Trigonometry The Trigonometric Functions

Y
(_1 ) \/§ ............
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
2337
z N,
—1
.2 /3 2r 27
Sln?—f cos?_ tan?_
csc 2m _ sec er _ cot er _
3 3 3
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Trigonometry The Trigonometric Functions

Y
(_1 ) \/§ ............
: Find the exact trigonometric ratios
V3 0\ for § = 27 /3 = 120°.
2337
z N,
—1
.2 /3 2r 1 27
Sln?—f cos?_ 5 tan?_
csc 2m _ sec er _ cot er _
3 3 3
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Trigonometry The Trigonometric Functions

y
(_1 ) \/§ ............
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
2337
z AN
-1
.2 /3 21 1 27
sino- =% C0s— = —3 tan - =
cscz—7r = sec er _ cotz—7r =
3 3 3
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Trigonometry The Trigonometric Functions

y
(1 V8.
Find the exact trigonometric ratios
V3 \8 for 6 = 27/3 = 120°.
2337
z AN
—1
2r /3 21 1 2r V3
sin"- =5 c0s = 5 tan - = =3 = —V3
cscz—7r = sec er _ cotz—7r =
3 3 3

FreeCalc Math 140 Lecture 3 September 8-13



Trigonometry The Trigonometric Functions

y
(1 V8.
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
2337
z N,
-1
.2 /3 27 1 2r /3
sin"- =5 cosL = -3 tan?—j——\/@
csc or sec er _ cot er _
3 3 3
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Trigonometry The Trigonometric Functions

y

(1 V8.

: Find the exact trigonometric ratios

V3 O\ for 6 = 27/3 = 120°.
z N,
-1
.2 /3 27 1 2r /3
Sln?—? COS?——E t ?—_71——\/:;
cscz—ﬁ—i secz—ﬂ— cotz—w—
3 V3 3 3
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Trigonometry The Trigonometric Functions

y

(1 V8.

: Find the exact trigonometric ratios

V3 \2 for § = 27/3 = 120°.
2337
z N,
-1
.2 /3 27 1 2r /3
Sln?—? COS?——E t ?—_71——\/:;
cscz—w—i secz—w— cotz—w—
3 V3 3 3
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Trigonometry The Trigonometric Functions

y
(=1,V3) ...
: Find the exact trigonometric ratios
V3 O\ for § = 27/3 = 120°.
z N,
—1
.21 V3 2r 1 2r V3
Sln?—? OS?——E ta ?—_71——\/:;
cscz—7r—i secz—w——g——Z cotz—ﬁ—
3 V3 3 1 3
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Trigonometry The Trigonometric Functions

y
(=1,V3) ...
: Find the exact trigonometric ratios
V3 \2 for § = 27/3 = 120°.
z AN
-1
.21 V3 2r 1 2r V3

Sln?—? COS?——E t ?—_71——\/:;
cscz—7r—i secz—ﬂ——g——Z cotz—ﬂ—

3 V3 3 1 3
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Trigonometry The Trigonometric Functions

y

(=1,V3) ...

Find the exact trigonometric ratios

V3: for § = 27 /3 = 120°.

2337

z AN

—1

.2 /3 27 1 2r /3
sin"- =5 cosL = -3 tan?—j——\/@
cscz—7r—i secz—ﬂ——g——2 cotz—ﬁ——L
3 V3 3 1 3 3
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

sing = tanf =
cscl = sech =
0 coth =
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

5 X =
sing = tan6 =
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

5 X =
sing = tan6 =
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

5 @ Therefore x2 = ,so0 x =
X =
sing = tan6 =
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,
@ Therefore x2 = 21, so x = v/21.

5 X = /21
sing = tan6 =
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _

5 x — 27 @ Therefore x= = 21, so x = /21.
sing = tan6 =
cscl = sech =

0 coth =

2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,
@ Therefore x2 = 21, so x = v/21.

5 X = /21
sing = @ tanf =
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _

5 x — 27 @ Therefore x= = 21, so x = /21.
sinezg tang =
cscl = sech =

0 coth =

2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,
@ Therefore x2 = 21, so x = v/21.

5 X = /21
sing = @ tand = @
cscl = sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _

5 x — 27 @ Therefore x= = 21, so x = /21.
sinez@ tanH:@
cscl = sech =

0 coth =

2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,
@ Therefore x2 = 21, so x = v/21.

5 X = /21
sinez@ tanH:@
_ 5 _
csce_m sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _
5 x — 27 @ Therefore x= = 21, so x = /21.
sinez@ tanH:@
_ 5 _
csce_m sech =
0 coth =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _
5 x — 27 @ Therefore x= = 21, so x = /21.
sinez@ tanH:@
_ 5 _ 3
cscl = =  sect =3
0 cotf =
2
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Trigonometry The Trigonometric Functions

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,

2 _ _
5 x — 27 @ Therefore x= = 21, so x = /21.
sinez@ tanH:@
_ 5 _5
cscl = =  secl =3
0 cotfd =
2
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Trigonometry The Trigonometric Functions
Example

If cos @ = % and 0 < 6 < 7/2, find the other five trigonometric functions
of 6.

@ Label the hypotenuse with length 5 and the
adjacent side with length 2.

@ Pythagorean theorem: x? + 22 = 52,
@ Therefore x2 = 21, so x = v/21.

S x =21
sinez@ tanH:@
— 5 _5
cscl = =  secl =3
0 — 2
5 cote_m
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Trigonometry Trigonometric Identities

Trigonometric Identities

Definition (Trigonometric Identity)

A trigonometric identity is a relationship among the trigonometric
functions that is true for any value of the independent variable.
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Trigonometry Trigonometric Identities

(X7y: ................... i ° CSCQZSJW
: r @ secl = -,
9 @ cotf =1,
1 A o tang = Sno
@ cotg = 250
sinf =% csch =
cosf =% sech ==
tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

sing =7 csch=7
cosf =% sech=1_

.y _ X
tant = ¢ cotd =
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Trigonometry Trigonometric Identities

sin 0 + cos®

sing =7 csch=7
cosf =% sech=1_

.y _ X
tant = ¢ cotd =
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Trigonometry Trigonometric Identities

sin 0 + cos®
Y e 2 x2
|_ — L + Xi

r2 = r

sing =7 csch=7
cosf =% sech=1_

.y _ X
tant = ¢ cotd =
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Trigonometry Trigonometric Identities

sin® § + cos? 6§
XY e y2 X2
é L - 2te
r y2+X2
0 - r2

sing =7 csch=7
cosf =% sech=1_

.y _x
tant = ¢ cotd =
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Trigonometry Trigonometric Identities

sin® ¢ + cos? 0
XY e y2 X2
é L - 2te
5 r V2 4 x2
: 0 -7
= N 2
e
sing =7 csch=7
cosf =% sech=1_
tang = § cotd =7

FreeCalc Math 140 Lecture 3 September 8-13



Trigonometry Trigonometric Identities

y) sin® ¢ + cos? 0
XV oo 2 X2
é s = Ttw
r y2+X2
0 = T
= N 2
e
= 1
sing =7 csch=7
cosf =% sech=1_
tang = § cotd =7
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Trigonometry Trigonometric Identities

y) sin? 6 + cos? #
XY e 2 X2
é s = Ttw
r y2+X2
0 = T
= N 2
-2
= 1
sing =7 csch=7
cosf =% secf—=1 Therefore sin® 6 + cos2 6 = 1.
tang = § cotd =7
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Trigonometry Trigonometric Identities

(x,y Example (tan”6 + 1 = sec? 0)
5 L Prove the identity
: r tan?§ + 1 = sec? .

|
/

sinf =% csch =
cosf =% sech ==

_Y _ X
tand = ¢ cotd = §
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Trigonometry Trigonometric Identities

(x,y Example (tan”6 + 1 = sec? 0)
5 L Prove the identity
: r tan?§ + 1 = sec? .

sin®0 +cos?) = 1

|
/

sinf =% csch =
cosf =% sech ==

_Y _ X
tand = ¢ cotd = §
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Trigonometry Trigonometric Identities

(x,y Example (tan”6 + 1 = sec? 0)
5 L Prove the identity
: r tan? 6 + 1 = sec? 6.
9\ sin?f +cos?d = 1
_] 2 2
sin” 6 L B 0 1
cos?2f cos2f  cos?f
sinf =% csch =
cosf =% sech ==
tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

Example (tan?d + 1 = sec? )

Y e

5 L Prove the identity

: r tan?§ + 1 = sec? .

—_ 9\ sinf +cos?9 = 1
sinf cos?d 1
c0s?0 | cos?0  cos?l

sin =% csch=1 tan0+1 = sec?d
cosf =% sech ==
tang =% cotd = 5
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained
S~ [] by rotating counterclockwise.

sinf =% csch =
cosf =% sech =<

_Y _ X
tand = ¢ cotd = §
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Trigonometry Trigonometric Identities

@ Positive angles are obtained
S~ L] by rotating counterclockwise.

r @ Negative angles are obtained
by rotating clockwise.

sing =2 cscG:§
cosf =2 sech =

_Yy _ X
tand = 3 cote—y
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Trigonometry Trigonometric Identities

.y, @ Positive angles are obtained
; L] by rotating counterclockwise.
: r @ Negative angles are obtained
: 0 by rotating clockwise.
7 B @ If (x,y) is on the terminal arm

of the angle 6, then (x, —y) is
on the terminal arm of —#.

sing =2 cscG:§
cosf =2 sech =

_Yy _ X
tand = 3 cote—y
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained

S~ L] by rotating counterclockwise.

: r @ Negative angles are obtained

0 by rotating clockwise.

| \ @ If (x,y) is on the terminal arm
/ of the angle 6, then (x, —y) is
-6 on the terminal arm of —4.

f
(X7 _y)

sinf =% csch =

cosf =% sech =<

tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained
S~ [] by rotating counterclockwise.

r @ Negative angles are obtained
by rotating clockwise.

@ If (x,y) is on the terminal arm
of the angle 6, then (x, —y) is
on the terminal arm of —6.

L]
L\

; r @ sin(—0)=*=-L = —sing.
(Xv_y):

sinf =% csch =

cosf =% sech =<

tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained
S~ [] by rotating counterclockwise.

r @ Negative angles are obtained
by rotating clockwise.

@ If (x,y) is on the terminal arm
of the angle 6, then (x, —y) is
on the terminal arm of —6.

L]
L\

: r @ sin(—0)=*=-L = —sing.
(X, =) @ cos(—#) = ¥ = cos¥.

sinf =% csch =

cosf =2 sech =

tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained
S~ [] by rotating counterclockwise.

r @ Negative angles are obtained
by rotating clockwise.

@ If (x,y) is on the terminal arm
of the angle 6, then (x, —y) is
on the terminal arm of —6.

L]
L\

: r @ sin(—0)=-*=-L = —sing.
(X, =y), @ cos(—0) = % = cos¥.
@ sin is an odd function.
sinf =% csch =
cosf =% sech =<
tang = ¢ cotd =7
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Trigonometry Trigonometric Identities

(x,y @ Positive angles are obtained
S~ [] by rotating counterclockwise.

r @ Negative angles are obtained
by rotating clockwise.

@ If (x,y) is on the terminal arm
of the angle 6, then (x, —y) is
on the terminal arm of —6.

L]
L\

; r @ sin(—0)=*=-L = —sing.
(X, =y) @ cos(—0) = % = cos¥.
@ sin is an odd function.
sinf = % csch = § @ cos is an even function.
cosf =% sech =<
tang =% cotd = 5
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Trigonometry Trigonometric Identities

sing =7 csch=7
cosf =% sech=1_

.y _ X
tant = ¢ cotd =
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Trigonometry Trigonometric Identities

(XY e _
; L @ 27 represents a full rotation.
: r
%

= N

>
sing =7 csch=7
cosf =% sech=1_
tang = § cotd =7
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Trigonometry Trigonometric Identities

(03 ) N _
; L @ 27 represents a full rotation.
: r @ 6 + 27 has the same terminal
% arm as 6.
= S
N>

sing =7 csch=7

cosf =% sech=1_

tang = § cotd =7
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Trigonometry Trigonometric Identities

N |
; L] @ 27 represents a full rotation.
: r @ 0 + 2 has the same terminal
0 arm as 6.

3l % @ 0 + 27 uses the same point
N (x,y) and the same length r.

sind =% cscf= v

cosf =% sech=1_

tang = § cotd =7
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Trigonometry Trigonometric Identities

(XY e
; L @ 27 represents a full rotation.
: r @ 0+ 27 has the same terminal
% arm as 6.
] A @ 6 + 27 uses the same point
N (x,y) and the same length r.

@ sin(f + 27) = siné.
@ cos(f + 2m) = cos¥b.

sing =7 csch=7

cosf =% sech=1_

tang = § cotd =7
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Trigonometry Trigonometric Identities

(03 ) N
; L] @ 27 represents a full rotation.
: r @ 0 + 27 has the same terminal
0 arm as 6.
] A @ 6 + 27 uses the same point
N (x,y) and the same length r.
@ sin(f + 27) = sin 6.
@ cos(f + 2m) = cos¥b.
@ We say sin and cos are
2r-periodic.

sing =7 csch=7

cosf =% sech=1_

tang = § cotd =7
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Trigonometry Trigonometric Identities

The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny
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Trigonometry Trigonometric Identities

The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny

Substitute —y for y, and use the fact that sin(—y) = — siny and
cos(—y) =cosy:

sin(x —y) = sinxcosy — cosxsiny
cos(x —y) = cosxcosy + sinxsiny
FreeCalc Math 140 Lecture 3

September 8-13



The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny
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The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny

To get the double angle formulas, substitute x for y:

sin2x = 2sinxcosx
cos2x = cos?x —sin®x
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The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny

To get the double angle formulas, substitute x for y:

sin2x = 2sinxcosx
cos2x = cos2x —sin®x
Rewrite the second double angle formula in two ways, using
cos?x =1 —sin®xandsin®x =1 — cos? x:
cos2x = 2cos?x —1
cos2x = 1-2sin?x
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The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny
To get the double angle formulas, substitute x for y:
sin2x = 2sinxCcos x
cos2x = cos?x — sin®x
Rewrite the second double angle formula in two ways, using
cos?x =1 —sin® x and sin? x = 1 — cos? x:
cos2x = 2cos®x —1
cos2x = 1-2sin’x
To get the half-angle formulas, solve these equations for cos® x and
sin® x respectively.
o 1+4cos2x 5 1 —cos2x

CoOS“ X = ——— sin© x =
2 ’ 2
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Trigonometry Trigonometric Identities

The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny
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Trigonometry Trigonometric Identities

The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny

Divide the first equation by the second, and then cancel cos x cos y
from the top and bottom:

_ tan x+tan y
tan(X + y) —  1—-tanxtany
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Trigonometry Trigonometric Identities

The remaining identities are consequences of the addition formulas:

sin(x+y) = sinxcosy + cosxsiny
cos(x+y) = cosxcosy — sinxsiny

Divide the first equation by the second, and then cancel cos x cos y
from the top and bottom:

_ tan x+tan y
tan(X + y) —  1-tanxtany

Do the same for the subtraction formulas:

tan x—tany

tan(X B y) T+tanxtany
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 27| such that sin x = sin2x.
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 27| such that sin x = sin2x.
sinx = sin2x
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 27| such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 27| such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
0 =2sinxcos x — sinx
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 27| such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
0 = 2sinxcos x — sin x
0= sinx(2cosx — 1)
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 2] such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
0 =2sinxcos x — sinx
0= sinx(2cosx — 1)
sinx=0 2cosx—1=0
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 2] such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
0 =2sinxcos x — sinx
0= sinx(2cosx — 1)
sinx=0 2cosx—1=0

x=0,m 27
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 2] such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x
0 =2sinxcos x — sinx
0= sinx(2cosx — 1)
sinx=0 2cosx—1=0
1

x=0,m 27 COS X =

N
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 2] such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x

0 = 2sinxcos x — sin x
0= sinx(2cosx — 1)

sinx =0 2cosx—1=0
1
x=0,m 27 COS X = >
e E S
373
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Trigonometry Trigonometric Identities

Find all values of x in the interval [0, 2] such that sin x = sin2x.
sinx = sin2x

sSin X = 25sin X cos x

0 = 2sinxcos x — sin x
0= sinx(2cosx — 1)

sinx =0 2cosx—1=0
1
x=0,m 27 cosx:é
e E S
33
Therefore the equation has five solutions: 0, 5,7 %’r, and 27
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Trigonometry Trigonometric Identities and Complex Numbers

Complex numbers definition

The set of complex numbers C is defined as the set

{a+ bila, b — real numbers},
where the number i is a number for which
i?=—1

The number i is called the imaginary unit.
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Trigonometry Trigonometric Identities and Complex Numbers

Complex numbers definition

The set of complex numbers C is defined as the set

{a+ bila, b — real numbers},
where the number i is a number for which
i?=—1
The number i is called the imaginary unit.

@ Complex numbers are added/subtracted according to the rule
(a+bi)x(c+d)=(atc)+ (bEd)i
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Trigonometry Trigonometric Identities and Complex Numbers

Complex numbers definition

The set of complex numbers C is defined as the set

{a+ bila, b — real numbers},
where the number i is a number for which
i?=—1
The number i is called the imaginary unit.

@ Complex numbers are added/subtracted according to the rule
(a+ byt (c+d)=(atc)+ (bxd)i
@ Complex numbers are multiplied according to the rule
(a+ bi)(c+ di) = ac+ adi + bci + bdi? =
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Trigonometry Trigonometric Identities and Complex Numbers

Complex numbers definition

The set of complex numbers C is defined as the set

{a+ bila, b — real numbers},
where the number i is a number for which
i?=—1
The number i is called the imaginary unit.

@ Complex numbers are added/subtracted according to the rule
(a+ byt (c+d)=(atc)+ (bxd)i
@ Complex numbers are multiplied according to the rule
(a+ bi)(c+ di) = ac+ adi + bci + bdi® = (ac — bd) + (bc + ad)i
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

You are not required to learn the material in this slide. You will not be
tested on it.
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,
where e =~ 2.71828 is Euler’s/Napier’s constant .

Proof
Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

) X3 X5 (_1 )nX2n+1
cosx:1_£+ﬁ_...+m+_”
21 4l (2n)!
x2 X3 x"
ex —1+x+2 +§+ +H+“'
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,

where e =~ 2.71828 is Euler’s/Napier’s constant .

Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

- 3 5
sinx = X — = -
2 4
cosx = 1 — I ( = !
2 3 4 5
&€ =1 4z +3 +3 T + 5 + ..
Rearrange.
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,

where e =~ 2.71828 is Euler’s/Napier’s constant .

Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

sinx = X = g—? . g—? — B
cosx = 1 s = .
. ; )2 )3 v )5
e = 1 +ix +8&° O7 LG @

Rearrange. Plug-in z = ix.
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,

where e =~ 2.71828 is Euler’s/Napier’s constant .

Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

. 3 5
sinx = X — = -
2 4
cosx = 1 —— I ( i = !
: ] ) 0 73 .
‘ e = 14X -5 —igr t—g— tig

Rearrange. Plug-in z = ix. Use /> = —1.
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,

where e =~ 2.71828 is Euler’s/Napier’s constant .

Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

oo . . 3 . 5
isinx = ix —/% +/%
2 4
cosx = 1 ——5— I ( i S .
- - ) 3 7 ;
‘ e = 14X -5 gt tig

Rearrange. Plug-in z = ix. Use 2 = —1. Multiply sin x by /.
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Trigonometry Trigonometric Identities and Complex Numbers

Euler's Formula

Theorem (Euler’s Formula)
eX = cos x + isinx,

where e =~ 2.71828 is Euler’s/Napier’s constant .

Recalln! =1%x2%3x%---x(n— 1)« n. Borrow from Calc Il the f-las:

5 .09 . . 3 . 5
isinx = ix —/% +/%
.
2 4
cosx = 1 —— I i + ...
- - 7 3 7 ;
‘ e = 14X -5 gt tig

Rearrange. Plug-in z = ix. Use i = —1. Multiply sin x by i. Add to get
eX = cos x + isin x. O
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

You are not required to learn the material in this slide. You will not be
tested on it.
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = eXtly = glx+y) (exponentiation rule: valid for C).
o el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler’s Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny

FreeCalc Math 140 Lecture 3 September 8-13



Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler’s Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
ei(x+y) _
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
) = cos(x+y)+isin(x+y)
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler’s Formula).
@ eXelV = gty — gilxty) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
e = cos(x+y)+isin(x+y)
e“e” = cos(x+y)+isin(x+y)
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
et = cos(x+y)+isin(x+y)
CHE cos(x + y) + isin(x + y)

(cos x + isinx)(cos y + isiny) cos(x + y) +isin(x + y)
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler’s Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny

Proof.

ei(x+y)

eixeiy

(cosx + isinx)(cosy +isiny)

COS X COS y — sin x siny + i('sin x cos y + sin y cos x)

cos(x + y) +isin(x+y)
cos(x + y) +isin(x + y)
cos(x + y) +isin(x + y)
cos(x + y) + isin(x + y)
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ X =cosx + isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x +y) = sinxcosy + sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
0 = cos(x+y)+isin(x+y)
e*e¥ = cos(x+y)+isin(x+y)
(cosx +isinx)(cosy +isiny) = cos(x+y)+isin(x+y)
cosxcosy —sinxsiny +i(sinxcosy +sinycosx) = cos(x+y)+isin(x+y)

Compare coefficient in front of / and
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler’s Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin(x+y) = sinxcosy +sinycosx
cos(x+y) = cosxcosy—sinxsiny
Proof.
0 = cos(x+y)+isin(x+y)
e*e¥ = cos(x+y)+isin(x+y)
(cosx +isinx)(cosy +isiny) = cos(x+y)+isin(x+y)
cosxcosy —sinxsiny +i(sinxcosy +sinycosx) = cos(x+y)+isin(x+y)

Compare coefficient in front of /i and remaining terms to get the desired equalities.
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

Example

sin® x + cos? x = 1
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

Example

sin® x + cos? x = 1
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
@ eXelV = gty — gilxty) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1

1 = €°
— eix—ix _ eixe—ix —
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1

1 = €°
= eX ¥ = eXe™ = (cos x + isin x)( cos(—x) + isin(—x))
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sin x, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1

1 = €°
= eX ¥ = eXe= = (cos x + isin x)( cos(—x) + isin(—x))
= (cosx+isinx)(cosx —isinx) =
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1

1 = €°
= eX ¥ = eXe= = (cos x + isin x)( cos(—x) + isin(—x))
= (cosx+ isinx)(cosx —isinx) = cos?x — i2sin® x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

sin® x + cos? x = 1

1 = &°
= eX ¥ = eXe= = (cos x + isin x)( cos(—x) + isin(—x))
= (cosx+ isinx)(cosx —isinx) = cos?x — i2sin® x
= cos?x+sin®x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
o el =1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).

Example

sin2x = 2sinxcosx
cos 2x cos? x — sin® x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcosx
cos2x = cos®x —sin®x
Proof.
ei(2x)
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcos x
cos2x = cos®x —sin®x

i(2x)

= €0S2x + isin2x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
@ eXelV = gty — gilxty) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcos x
cos2x = cos®x —sin®x

2x)

el = c0S2x + isin2x
e¥e” = cos2x + isin2x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcos x
cos2x = cos®x —sin®x

Proof.

e®) = cos2x + isin2x

e¥e” = cos2x 4+ isin2x
(cos x + isin x)(cos x + isin x) cos 2x + isin2x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcos x
cos2x = cos®x —sin®x
Proof.
e®) = cos2x +isin2x
e*e* = cos2x +isin2x
(cos x + isinx)? = (cos x + isinx)(cos x +isinx) = cos2x + isin2x
cos? x —sin x +i(2sinxcosx) =  €OS2x + isin2x
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcosx
cos2x = cos®x —sin®x
Proof.
e®) = cos2x +isin2x
e*e* = cos2x+isin2x
(cos x + isinx)? = (cos x + isinx)(cos x +isinx) = cos2x + isin2x
cos? x —sin x + i(2sinxcosx) =  €OS2x + isin2x

Compare coefficient in front of / and
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Trigonometry Trigonometric Identities and Complex Numbers

Trigonometric Identities Revisited

All trigonometric formulas can be easily derived using

@ eX =cosx+isinx (Euler's Formula).
0 eXel = gxtly = glx+y) (exponentiation rule: valid for C).
0 el=1 (exponentiation rule).
@ sin(—x) = —sinx, cos(—x) = cos x (easy to remember).
Example
sin2x = 2sinxcos x
cos2x = cos?x —sin®x

Proof.

e®) = cos2x + isin2x

e cos 2x + isin2x
(cos x + isinx)? = (cos x + isinx)(cos x +isinx) = cos2x + isin2x
cos? x — sin x 4 i(2sin x cos x) cos 2x + isin 2x

Compare coefficient in front of i and remaining terms to get the desired equalities.
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Trigonometry Graphs of the Trigonometric Functions

Graphs of the Trigonometric Functions

| | | H
T T T 1 =
-7 -z I 7\5%\'/’# 5w 3% y sinx
2 2 2 2
1
—r a3 s ™ 3w 2 57 37 y -
2 2 2 2
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Trigonometry Graphs of the Trigonometric Functions

Graphs of the Trigonometric Functions

[NEE

! o
2 2
I A I

y = COS X

1
™ 3m 27 5m 37
2 2

@ sin x has zeroes at nx for all integers n.
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Trigonometry Graphs of the Trigonometric Functions

Graphs of the Trigonometric Functions

[NEE

| o
2 2
I A I

y = COS X

1
™ 3m 27 5m 37
2 2

@ sin x has zeroes at nr for all integers n.
@ cos x has zeroes at /2 + nr for all integers n.

FreeCalc Math 140
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Trigonometry Graphs of the Trigonometric Functions

Graphs of the Trigonometric Functions

% AN y =sinx

|
T
i
2
| /\ | A |
sl
2

1
3m 27 5m 37
2 2 2

[NEE
3
{
P

y = COS X

@ sin x has zeroes at nr for all integers n.
@ cos x has zeroes at /2 + nr for all integers n.
o —1<sinx<1.
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@ sin x has zeroes at nr for all integers n.

@ cos x has zeroes at /2 + nr for all integers n.
o —1<sinx<1.

@ —1<cosx < 1.
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