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Large-Scale Structure from Motion

Photo Tourism

[Snavely et al. SIGGRAPH’06]

Build Rome in a Day

[Agarwal et al. ICCV’09]

Photosynth

[Microsoft]

Build Rome on a Cloudless Day

[Frahm et al. ECCV’10]

Iconic Scene Graphs

[Li et al. ECCV’08]

Discrete-Continuous Optim.

[Crandall et al. CVPR’11]

2 / 40���6Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping

3D Models from Community Databases

• E.g., Google image search on “Dubrovnik”
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3D Models from Community Databases

Agarwal, Snavely et al., University of Washington	


http://grail.cs.washington.edu/rome/
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5K images, 3.5M points, >10M factors
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4D Reconstruction
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Historical Image Collection

4D City Model

4D Cities: 3D + Time

Grant Schindler
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3D Reconstruction 

Probabilistic Temporal Inference on Reconstructed 3D Scenes, G. Schindler and F. Dellaert, 
IEEE Computer Society Conference on Computer Vision and Pattern Recognition (CVPR), 2010.

http://www.cc.gatech.edu/~phlosoft/files/schindler10cvpr.pdf
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Constraint Satisfaction Problems
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Graphical Models
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As a first step to perform inference, we take a Bayes net corresponding to the generative model and
convert it to a factor graph. However, because inference assumes known measurements Z, we drop them as
variables. Instead, the conditional densities P(zk|�k) on them are converted into likelihood factors

fk(�k)
�= L(�k;zk) � P(zk|�k)

where zk acts as a parameter, not a variable. After this conversion, the factor graph represents the posterior
P(�|Z) as the product of the prior P(�) and the likelihood factors L(�k;zk),

P(�|Z) � P(�)�
k
L(�k;zk) = f0(�0)�

k
fk(�k) (4.2)

where the factor f0 corresponding to the prior P(�) typically factors as well, depending on the application.

T

S

L

BE

X

Figure 4.3: Factor graph for examples in Figure 4.2.

Example 12. As an example, the Bayes net from Figure 4.2 is converted into the factor graph shown in
Figure 4.3. Note that the observed variables do not appear as variables in the factor graph. Instead, the
constraint induced on the other variables by the observations is represented by corresponding factors.

4.2 Inference

4.2.1 Computations Supported by Factor Graphs

Converting to a factor graph with measurements as parameters yields a representation of the posterior
P(�|Z), given by Equation 4.2, and it is natural to ask what we can do with this.

Given any factor graph defining an unnormalized density f (�) we can easily evaluate it for any given
value of the parameters �. However, it is not obvious how to sample from the corresponding density

4.1 Representation

4.1.1 Bayesian Networks

A Bayesian network (Pearl, 1988) or Bayes net is a directed graphical model where the nodes represent
variables x with conditional densities P(x|�) on them, and the edges indicate on which variables � we are
conditioning. The joint probability density P(X) over all variables X = (x1 . . .xn) is then defined as the
product of all the conditionals associated with the nodes:

P(X) =�
i
P(xi|�i) (4.1)

Bayes nets are an excellent language in which to think about and specify a generative model. They easily
lend themselves to thinking about how a given measurement z depends on the parameters �. Importantly,
they allow us to factor the joint density P(�,Z) into a product of simple factors. This is typically done by
specifying conditional densities of the form P(z|�), indicating that given the values for a subset � ⊂ � of
the parameters, the measurement z is conditionally independent of all other parameters.

A

D

T

S

L

BE

X

Figure 4.2: Bayes nets for example in Figure 4.1. The observed variables are shown as square nodes.

Example 11. The Bayes net for our running example from Figure 4.1 is shown in Figure 4.2. In the figure
I have indicated which of the variables are assumed to be measurements or observed variables. For the
ASIA example we will assume below that A and D were observed and that we want to do inference on the
remaining variables, but other combinations of observations are possible. The joint probability for the ASIA
example can simply be read off from the graph:

P(A,S,T,L,E,B,X ,D) = P(A)P(S)P(T |A)P(L|S)P(E|T,L)P(B|S)P(X |E)P(D|E,B)

where the conditional probability tables are given in Table 4.1.
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Polynomial Equations
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Gim Hee Lee’s thesis: multi-camera pose estimation
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Gim Hee Lee’s thesis: multi-camera pose estimation

𝛾2

𝛾3𝛾1
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Continuous Probability Densities

x0 x1 x2 xM...

lNl1 l2
...

...

P(X,M) = k* 

- Trajectory of Robot

- Landmarks

- Measurements
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Simultaneous Localization and Mapping (SLAM)
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Simultaneous Localization and Mapping (SLAM)
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Factor Graph -> Smoothing and Mapping (SAM) !
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Factor Graph -> Smoothing and Mapping (SAM) !
Variables are multivariate! Factors are non-linear!



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping ���23

Factor Graph -> Smoothing and Mapping (SAM) !
Variables are multivariate! Factors are non-linear!

Factors induce 
probability densities. 
-log P(x) = |E(x)|2
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Structure from Motion (Chicago, movie by Yong Dian Jian)
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Gaussian Factor Graph == mxn Matrix

A

Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping
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Linear Least Squares

1129x334, 5917 nnz

A



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping ���27

Linear Least Squares

334x334, 7992 nnz

ATA

1129x334, 5917 nnz

A



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping ���27
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R

Linear Least Squares

334x334, 7992 nnz
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1129x334, 5917 nnz
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A QR R
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Square Root Factorization

Cholesky RATA



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping

Intel Dataset
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910 poses, 4453 constraints, 45s or 49ms/step	



(Olson, RSS 07: iterative equation solver, same ballpark)
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MIT Killian Court Dataset
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1941 poses, 2190 constraints, 14.2s or 7.3ms/step
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• On Vesta and Ceres
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Variable Elimination

• Choose Ordering	


• Eliminate one node at a time	


!

!

!

!

!

!

• Express node as function of adjacent nodes

x1 x2 x3

l1 l2

l1  l2  x1  x2  x3 
x!
x     x      !
x        x  !
   x         !
   x        x!
      x  !
      x  !
      x  x!
         x  x



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping ���32

Variable Elimination

• Choose Ordering	


• Eliminate one node at a time	


!

!

!

!

!

!

• Express node as function of adjacent nodes

x1 x2 x3

l1 l2

Basis = Chain Rule ! e.g. P(l1,x1,x2)=P(l1|x1,x2)P(x1,x2)

P(l1,x1,x2)

l1  l2  x1  x2  x3 
x!
x     x      !
x        x  !
   x         !
   x        x!
      x  !
      x  !
      x  x!
         x  x



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping

• Choose Ordering	


• Eliminate one node at a time	


!

!

!

!

!

!

• Express node as function of adjacent nodes

x1 x2 x3

l1 l2l1

Small Example

���33

P(l1|x1,x2)
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Small Example
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!

!

• End-Result = Bayes Net ! l1  l2  x1  x2  x3 
x     x  x!
   x        x!
      x  x!
         x  x!
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Polynomial Equations
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Gim Hee Lee’s thesis: multi-camera pose estimation

𝛾2

𝛾3𝛾1
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Polynomial Equations
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𝛾2

𝛾3

𝛾1 𝛾1

𝛾2

𝛾3

𝛾1

𝛾2

𝛾3

Three degree 2 polynomials, each in only 2 variables

Degree 8 polynomial

Degree 4 polynomial



Frank Dellaert: Optimization in Factor Graphs for Fast and Scalable 3D Reconstruction and Mapping

Elimination at work
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