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HW 2 solutions 
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Show by direct proof that $k (where k is positive integer k>1) can be made up using $3 and $2 

bills.  
 

Proof: Assume k >1 is an integer. If k is even then there is some positive integer l  such that k = 2l and 

so $k can be made using l $2 bills. If k is odd then there is some integer m such that  

k = 2m+1=2(m-1)+3.  In this case $k can be made using m-1 $2 bills and 1 $3 bill. Thus in every case 

$k can be made using $2 and $3 bills.  



 

 

 

Find two positive integers M and N such that M
2
 – N

2
 = 5213 x 4029. (Hint: Use 

the fact that M
2
 – N

2
 = (M + N) * (M – N). ) 

 

Solution: Using the hint we set M+N=5213 and M-N=4029. Solving this system gives us the solution 

M=4621 and N=592. 

 

Give an example of a ten digit number X that can’t be written as X = M
2
 – N

2
. 

(Hint: The number 1000000007 is prime. Argue that 2 x 1000000007 can’t be a 

difference of two perfect squares.) 
 

Solution: Prof by contradiction. Assume that 2 x 1000000007  can be written as the difference of 

perfect squares. Using the hint as well as the hint from the previous problem we assume that 2 x 

1000000007 =M
2 

- N
2 

=(M-N)(M+N). Then M-N and M+N must be even and so there are integers k 

and l such that M+N=2k and M-N=2l with k not equal to l. Furthermore  2 x 1000000007/(M+N) is an 

integer. However this wold imply  

2 x 1000000007/(M+N) = 2 x 1000000007/2k =1000000007/k is an integer and 1000000007 is 

dividable by k . A similar argument shows that 1000000007 would also be diviable by l since k and l 

are different they cannot both be equal to one which is a contradiction since 1000000007 is odd. Thus 2 

x 1000000007 must be a 10 digit number that cannot be written as the difference of squares.  
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