
Physics 236 B (Winter 2013-14): General Relativity, Week 2, Lecture 2

Extracting Signal from Noise
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Extracting Signal from Noise
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signal “submerged” in noise: signal amplitude less than noise level

Signals with known shapes can be better extracted from noisy data.
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x(t) = s(t) + n(t) (1)

0 1000 2000 3000 4000

-3

-2

-1

0

1

2

3

t

s,
n



Extracting Signal from Noise

�3

0 1000 2000 3000 4000
-3
-2
-1
0
1
2
3

t

xHtL

0 1000 2000 3000 4000

-3
-2
-1
0
1
2
3

t

nHtL

the data looks no different from pure noise
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In the frequency domain, signal shows up clearly!



Random Processes
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Noise is described by a random process n(t): a series of random variables labeled by t
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one “realization” of 
noise n(t)

A (continuous) random process is fully described by joint probability distributions
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Stationary random process: distribution the same when shifted in time.
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Gaussian Random Process"
1. Joint distributions are Gaussians determined by one- and two-point correlations."

2. Linear combinations of n at different times are Gaussian random variables.
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Consider stationary Gaussian random variable, with zero mean.

Stationary: different Fourier components are statistically independent.

1

x(t) = s(t) + n(t) (1)

p

1

(t
1

, y

1

), p

2

(t
1

, y

1

; t

2

, y

2

), . . . , p

N

(t
1

, y

1

; t

2

, y

2

; . . . ; t

N

y

N

) (2)

hn(t
1

)i =
Z

y

1

p

1

(t
1

, y

1

)dy

1

(3)

hn(t
1

)n(t
2

)i =
Z

y

1

y

2

p

2

(t
1

, y

1

; t

2

, y

2

)dy

1

dy

2

(4)

C(t
1

, t

2

) = hn(t
1

)n(t
2

)i � hn(t
1

)ihn(t
2

)i (5)

p(t
1

, y

1

; t

2

, y

2

; . . .) = p(t
1

� t, y

1

; t

2

� t, y

2

; . . .) (6)

hn(t
1

)i = hn(t
2

)i (7)

hn(t
1

)n(t
2

)i = hn(0)n(t
2

� t

1

)i (8)

A =
Z

f (t)n(t)dt , B =
Z

g(t)n(t)dt (9)

hAi =
Z

f (t)hn(t)idt , hBi =
Z

g(t)hn(t)idt (10)

hABi =
Z

f (t
1

)g(t
2

)hn(t
1

)n(t
2

)idt

1

dt

2

(11)

p

N

= A exp

"
�

N

Â
j,k=1

a
jk

[y
j

� hn(t
j

)][y
k

� hn(t
k

)]

#
(12)

a = V�1

, V

jk

= hn(t
j

)n(t
k

)i � hn(t
j

)ihn(t
k

)i (13)

˜

X(W) ⌘
Z +•

�•
X(t)eiWt

dt (14)

1

x(t) = s(t) + n(t) (1)

p

1

(t
1

, y

1

), p

2

(t
1

, y

1

; t

2

, y

2

), . . . , p

N

(t
1

, y

1

; t

2

, y

2

; . . . ; t

N

y

N

) (2)

hn(t
1

)i =
Z

y

1

p

1

(t
1

, y

1

)dy

1

(3)

hn(t
1

)n(t
2

)i =
Z

y

1

y

2

p

2

(t
1

, y

1

; t

2

, y

2

)dy

1

dy

2

(4)

C(t
1

, t

2

) = hn(t
1

)n(t
2

)i � hn(t
1

)ihn(t
2

)i (5)

p(t
1

, y

1

; t

2

, y

2

; . . .) = p(t
1

� t, y

1

; t

2

� t, y

2

; . . .) (6)

hn(t
1

)i = hn(t
2

)i (7)

hn(t
1

)n(t
2

)i = hn(0)n(t
2

� t

1

)i (8)

A =
Z

f (t)n(t)dt , B =
Z

g(t)n(t)dt (9)

hAi =
Z

f (t)hn(t)idt , hBi =
Z

g(t)hn(t)idt (10)

hABi =
Z

f (t
1

)g(t
2

)hn(t
1

)n(t
2

)idt

1

dt

2

(11)

p

N

= A exp

"
�

N

Â
j,k=1

a
jk

[y
j

� hn(t
j

)][y
k

� hn(t
k

)]

#
(12)

a = V�1

, V

jk

= hn(t
j

)n(t
k

)i � hn(t
j

)ihn(t
k

)i (13)

˜

X(W) ⌘
Z +•

�•
X(t)eiWt

dt (14)

h ˜

X(W) ˜

X

⇤(W0)i = 2pd(W � W0)S
X

(W) (15)

1

x(t) = s(t) + n(t) (1)

p

1

(t
1

, y

1

), p

2

(t
1

, y

1

; t

2

, y

2

), . . . , p

N

(t
1

, y

1

; t

2

, y

2

; . . . ; t

N

y

N

) (2)

hn(t
1

)i =
Z

y

1

p

1

(t
1

, y

1

)dy

1

(3)

hn(t
1

)n(t
2

)i =
Z

y

1

y

2

p

2

(t
1

, y

1

; t

2

, y

2

)dy

1

dy

2

(4)

C(t
1

, t

2

) = hn(t
1

)n(t
2

)i � hn(t
1

)ihn(t
2

)i (5)

p(t
1

, y

1

; t

2

, y

2

; . . .) = p(t
1

� t, y

1

; t

2

� t, y

2

; . . .) (6)

hn(t
1

)i = hn(t
2

)i (7)

hn(t
1

)n(t
2

)i = hn(0)n(t
2

� t

1

)i (8)

A =
Z

f (t)n(t)dt , B =
Z

g(t)n(t)dt (9)

hAi =
Z

f (t)hn(t)idt , hBi =
Z

g(t)hn(t)idt (10)

hABi =
Z

f (t
1

)g(t
2

)hn(t
1

)n(t
2

)idt

1

dt

2

(11)

p

N

= A exp

"
�

N

Â
j,k=1

a
jk

[y
j

� hn(t
j

)][y
k

� hn(t
k

)]

#
(12)

a = V�1

, V

jk

= hn(t
j

)n(t
k

)i � hn(t
j

)ihn(t
k

)i (13)

˜

X(W) ⌘
Z +•

�•
X(t)eiWt

dt (14)

h ˜

X(W) ˜

X

⇤(W0)i = 2pd(W � W0)S
X

(W) (15)

S

X

(W) =
Z +•

�•
C

X

(t)eiWt

dt (16)

2

h ˜

X(W) ˜

X

⇤(W0)i = 2pd(W � W0)S
X

(W) (15)

S

X

(W) =
Z +•

�•
C

X

(t)eiWt

dt (16)

C

X

(t) =
Z +•

�•

dW
2p

S

X

(W)e�iWt

(17)

hX

2(0)i = C(0) =
Z +•

�•

dW
2p

S

X

(W) (18)

2

h ˜

X(W) ˜

X

⇤(W0)i = 2pd(W � W0)S
X

(W) (15)

S

X

(W) =
Z +•

�•
C

X

(t)eiWt

dt (16)

C

X

(t) =
Z +•

�•

dW
2p

S

X

(W)e�iWt

(17)

hX

2(0)i = C(0) =
Z +•

�•

dW
2p

S

X

(W) (18)

Spectral density characterizes !
the amount of noise power per unit frequency band.
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Coherence time, Bandwidth, etc.
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White Noise refers to X with SX=const
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Linear Filters
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Application of a linear filter modifies spectral density.
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Measuring Spectral Density
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In practice, spectral density can be measured by averaging over!
the spectra of finite patches of data. (T should be much longer than coherence time)



Searching for Signal with Known Shape
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r > r⇤ (36)

Threshold must be large enough so that false-alarm probability is low.!
Signal must be strong enough in order to pass threshold.
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In presence of signal: S>ρ*, more than 50% chance detectable

false-alarm probability:

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
(39)

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
(39)

-10 -5 0 5 10
0.0
0.1
0.2
0.3
0.4

xês

p

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
=

1

2

erfc


erfc

�1(2e)� Sp
2s

�
(39)

Probability for detection, !
when signal present.



Optimal Filter

�14

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

2

h ˜

X(W) ˜

X

⇤(W0)i = 2pd(W � W0)S
X

(W) (15)

S

X

(W) =
Z +•

�•
C

X

(t)eiWt

dt (16)

C

X

(t) =
Z +•

�•

dW
2p

S

X

(W)e�iWt

(17)

hX

2(0)i = C(0) =
Z +•

�•

dW
2p

S

X

(W) (18)

S

X

(W) =

*
lim

T!+•

1

T

����
Z +T/2

�T/2

X(t)eiWt

dt

����
2

+
(19)

D f · t ⇠ 1 (20)

Y(t) =
Z +•

�•
K(t � t

0)X(t0)dt

0
(21)

˜

Y(W) = ˜

K(W) ˜

X(W) (22)

S

Y

(W) = | ˜

K(W)|2S

X

(W) (23)

hX(t)X(t0)i = S

X

d(t � t

0) (24)

f

max

=
2

Dt

(25)

y = n +
ig

W + ig
x (26)

¯

x =
W + ig

ig
y = x +

W + ig

ig
n (27)

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

Set detection threshold of 

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)false-alarm probability:

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
(39)

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
=

1

2

erfc


erfc

�1(2e)� Sp
2s

�
(39)

Probability for detection, !
when signal present.

3

S

¯

x

= 1 +

✓
W
g

◆
2

(28)

h ˜

X(W) ˜

Y

⇤(W0)i = 2pd(W � W0)S
XY

(W) (29)

x = n + h (30)

r =
Z +•

�•
x(t)y(t)dt (31)

r = N + S (32)

N =
Z +•

�•
n(t)y(t) dt , S =

Z +•

�•
h(t)y(t) dt . (33)

p

N

(x) =
1p
2ps

e

� x

2

2s2

(34)

s2 ⌘ hN

2i =
Z +•

�•
| ˜

y

2(W)|S
n

(W)
dW
2p

(35)

r > r⇤ (36)

e =
1

2

erfc

✓
r⇤p
2s

◆
(37)

S⇤ = r⇤ =
p

2serfc

�1(2e) (38)

1

2

erfc


r⇤ � Sp

2s

�
=

1

2

erfc


erfc

�1(2e)� Sp
2s

�
(39)

need to adjust y(t) to maximize S/σ,!
signal-to-noise ratio
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A and Ω are slowly varying compared with Ω

The Fourier transform 
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Searching for signals with unknown arrival time and phase
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signal filtered using templates with different arrival times!
!

also an inverse Fourier transform!
(can be done numerically with FFT, much faster than doing integrals for each t0.)
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No need to search over different values of φ

As multiple templates are used, threshold must be reset. to keep the same false-alarm probability.



Searching for signals with unknown frequency

�19

50 100 150 2000

2

4

6

8

10

f

nHfL

50 100 150 2000

2

4

6

8

10

f

xHfL



Summary
❖ Stationary (Gaussian) Noises can be described (fully) by their spectral densities."

!
❖ Spectral Density characterizes noise power per unit frequency band."

!
❖ Signal with known shape should be extracted from noisy data with an optimal filter.
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Projects
1. Gravitational waveforms from compact binaries."

A. Write a code generates gravitational waveforms from binaries in circular orbits. 
[Here we need to express time and distance in physical units.]!

B. Fourier transform this waveform numerically, and compare with the 
“Stationary-Phase Approximation”."

2. Generating Gaussian Noise."
A. Write a code that can generate “white noise”.  Filter your white noise, and 

measure the noise spectrum of the output of the filters."
B. Find the “Advanced LIGO noise spectrum”, and approximate it by sections of 

power laws."
C. Generate Advanced LIGO noise."

3. Matched filtering."
A. Add the compact-binary waveform onto Advanced LIGO noise, and use a 

matched filter to search for this waveform.
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