Computational Physics and Astrophysics

Numerical Intergration

Kostas Kokkotas
University of Tibingen, Germany

and

Pablo Laguna
Georgia Institute of Technology, USA

Spring 2012

Kokkotas & Laguna Computational Physics and Astrophysics



Numerical Integration

Ay
GOAL: To estimate the numerical A
value of the definite integral )
b
| = / f(x) dx S
a
a b x
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@ Subdivide the range of integration [a, b] into
n equal subintervals [X;;1, X]j—o,...n—1 such
that h = (b — a)/nand x; = xo + i h with

Xo = aand x, = b.
@ The integral of interest can then be rewritten .
as
Xl+1 n-1
l_/f dx_Z/ x)ax =Y
i=0
such that T

Xit1
i = / f(x)dx
Xi
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One can also rearrange the integration to be

b n/m-—1 Xim(i41) n/m-—1
| = / f(x) ax = Z / f(X)dX = Z Ii,m
a i=0 Xmi i=0

where

Xm(i+1)
lim= / f(x)dx
X

mi
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@ Our goal now is to find an approximation for /; ,

Xm(i+1)
li,m = / f(X)dX
Xmi

@ Since the interval of integration [Xy;, Xm(i+1)] contains m points,
the first step is to construct a Lagrange interpolating polynomial
of degree Pp(x) to approximate the integrand f(x).

@ That s,
Xm(i+1) Xm(i+1) i)
/ f(x)dx = / Pm(x dX—/ ZfL
Xmi Xmi X
m Xm(/+1)
= Z’? / (x) dx
/ /TH
where
Li(x) = (X = X0)(X — X1)eee(X — X_1)(X = Xj11)--(X — Xm)

(X5 = %0) (X5 = X1)--(X = X—1) (% = Xj1)--(Xj = Xm)
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Trapezoidal Rule

Consider the case when m = 1 and for simplicity only focus on the
first interval (i = 0). That is,

P1(X) =fo Lo+ f1 Ly

where Y x Y x
Lo = ! and Ly = 0
Xo — Xq X1 — Xo
thus
X — Xq X — Xo
P = f; f
1(X) Xo — Xq 0+X17X01
X—Xo—h X — Xo
~h o+ o
— X Xo, X
= Zh—f)+(b+Ph—"FH)
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Trapezoidal Rule

/XX1 f(x) dx

X1

Pi(x) dx
Xo
rx Xo Xo
/XO X(h )+ (b + 226~ 201)] ox
[Xz]m X X
st —1o) + (lo+ o= 2 ) XT3
= Xop X
7 (fr— o)+ (b + 2 h hn)h
X1—£X0(f1—fo)+hfo+Xofo—X0f1
h
W(ﬁ—fonhfoﬂo(fo—n)
1
E(ﬁ +fo)
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Trapezoidal Rule

Therefore
h
| / [ fgax =3 (6 +0)

The error introduced is found from
fA(¢)
2!

with xp < ¢ < x7. Which can be rewritten, with the help of
X =Xo+ Sh, as

Ei(x) = f(x) — P1(x) = (x — X0)(x — X1)

Ei(s) = ps(s— 1) R 1)
Thus

&

/X1 E;(x) dx = h/1 Ei(s) ds = h/1 %S(s — 1)K F"(€)ds
0

- pre(2-%) =L
6 4), 12
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Newton — Cotes Formulae

Following a similar procedure, but with 3 and 4 points, one gets

X h 1
/XO f(x)dx = 5 (fo+ f) — ﬁhsf<2>(g)

Trapezoidal rule

/ f(x g b+ 4f + 1) — —h5f(4)(§)

Xo

Simpson’s rule

/ f(x (fo+3f1 +3h+ 1) — *hsf )(€)
. 80

Simpson’s 3/8 rule
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Trapezoidal rule

n—1

h

5 (fi + fix1)
i=0

/ab_xn f(x)dx = Z/XM

2(6+2ﬁ+2&+2@+ A 2f o+ 2fg + )

= <h+§:ﬁ+ )

Integration Global Error:

b—
12

N

E=— f@(e) for xp < €< xp
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Simpson’s 1/3 rule

b=x, nj/2 Xo(i+1) n/2—1 h
f(x)dx = / P2(x)dx = = (Bi + 4bhisy + bit2)

h
3 (fo +4fy + 26 +4f 4+ ...+ 2f_o +4f_1 + f,-,)

Integration Global Error:

b—a
£=-"g0 o (E) for xo < €< X,
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Simpson’s 3/8 rules

b=x, n/3 Xa(i11) n/3—1 3h
f(x)dx = / Po(x)dx = — (f3i + 3301 + 3fzi40 + f3
3h
= B (fo +3fi +3fhb +2f3+ ... + 2f,_3 + 3fp_o + 3f_1 + fn)

Integration Global Error:

£= LB for <<
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Summary of Formulas for integration

Xn h
/ fX)de = 2 (h+2h + 26+ .+ 26 +1)
X0
b—a
_ > h2f(2)(£)
Xn h
/ f(x)dx = 3 (h+4fi+2L+4K+ ... + 2fh_o + 4fy + for1)
X0
- b1;03 h*f* (&) requires an even number of subintervals
Xn h
/ f(X)dX = 3g(f()+3f1 +3fh +2f +3f +3fs + .... + 3f,_o + 3fr_1 +fn)
Xo
b—a 4 £(4) . . L
Wh (&) requires a number of subintervals divisible by 3
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Romberg integration

@ Recall that the errors in numerical integration have the form
& = ¢ h" with ¢ a constant that depends on the derivatives of the
integrand.

@ Therefore, if A= f: f(x)dx denotes the exact value of the
integral and / its numerical approximation, then A= 1+ &

@ Consider two evaluations of the integral A with errors such that
n = 2. One evaluation has step h and the other a step k h. Thus,

A = li+ch® forsteph
A = Il+c(kh)? forstepkh

@ The solution to these equations is

K2l — I h— Ik
A1 A ST e 1)
@ For the general case in which the error is O(h")
KMl — b=
A1 @9 O 1)
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Romberg integration

@ Consider the case of the trapezoidal rule with a step h. That is

n—1
h
h = 5 (fi+ fit1)
i=0 2
b—a
51 - _?hzf(z)(g)zchz
@ And with a step 2 h.
n/2—1
b= > h(fi+hie)
=0
b—a
2 = —Zop (A = c(2h?
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Then

22 —h A
A= S =s@h—k)
1 [ n-1 h n/2—1
= 3 4Z§(ﬁ+l’/+1)— > h(fi+ fis2)
i~0 i=0

i=0
(n/2—1 nj/2—1 ]

h _n_1 n/2—1
= 3 Z2(f,-+f/+1) - Z (foj + oit2)
i—0

h
= 3 > 2(hi+2hiv1 + hirz) — Y, (foi+ fais2)
i=0 i=0

n/2—1

h
= 3 Z (hi + 411 + bito2)
i=0

We get the Simpson’s 1/3 rule! Recall this rule has errors O(h*).
Therefore, there is not a free lunch. We just have eliminated the
Trapezoidal error O(h?) in favor of the Simpson error O(h*).
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Splines and integration

For every interval [x;, x;.1], approximate the integrand by a cubic
spline. That is

/ dX—E:/I+ ai(x — x;)* + bi(x — x;)? + ci(x — x;) + di] ax
Xo

Xi1

(= )"+ 3100 x)F + G x = 2+ dx = )]

Xi

3

X/+1 - XI

I
- >
Il |
_. o —_
| — L —|
-Mm

.Mm

b- Ci
3' (X1 = X + 5 (X1 = %) + (X1 — Xi)}

I
o

“lx
HM|

h - h - i,
P P P
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