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Approximating a Derivative

GOAL: Given a set of tabulated values (x;, y;), construct an
approximation to the derivative of the function y(x).

RECALL:
o & o
dy o yx+h -y o, N
a AT a0 X Xih
h—0 h
. y(x+h —y(x-h)
g, 2h

Thus, possible numerical approximation to the derivative are

ay Vi1 Vi

dx h

Yi—Yi—
h

Yit1 — Yi—1
2h

%

where Xip1 — Xi = h
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But,

@ What is the error we make by using the numerical
approximation?

@ What is the best choice?

@ Which is grid point location where a given numerical
approximation applies?

@ How to construct more accurate approximations?

@ How about higher derivatives?

The tool that we are going to use to answers all of these questions is
Taylor series expansions.

(x—x0)2 , (x—x0)°® @ 6 (x—x0)*

Y(X=X0) = Yot (X—X0)Yot~— Yo+ g Yo g Yo e
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Approximating the First Order Derivative

GOAL: Find the numerical approximation to the first order derivative
of y(x) at x; using information at the neighboring points
{Xi—2, Xi—1, Xi, Xit1, Xiy2}

From
yx-x0) = o (xxo)yp+ & = oy, _3!X°)3y33)+ x _4!)(0)4;/(5“4...
rewrite using X;.1 — X; = h
Yisr = Yithyl+ /;y,»” + g—Ty,-(s) + Z—‘:yf“) + ..
Yiei = Yyi—hy/ + g—z!y,-” - g—Ty[w) + Z—‘:y,(“) + ...
Yiez = Yi+(2h)yj + (22/!1)2}’/’ + (237)3}/,-(3) + (247)4 y@
@2, 2hP @, @h*

Vice = Yi—@Ny 4 Gy =y Ty
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One possibility is then to use

h2 hs h*
Yier = Yithy + Ey,-" + ﬁy,-(s) + ﬂy,(‘” + ...

solving for y/

po_ Ymy ho PP e P

Yi = h EJ’/N a3 EY,

Notice that at this stage there are no approximations yet since we
have kept the infinite sum. It is when we approximate

Yit1 — Vi
yi/% H—1h i

when an error is introduced.
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Therefore, from

Yier—Yi h h 3
y! %_Ey’”_ﬁf()
we have that d A
a2y ,
{dx}ii[Ax}i+gl+.
where
Ay| _ Y=Y
Ax |, h

is the finite difference approximation to y; and

h
& = *E}’i//

h

is the leading truncation error. Notice that in this case £ o« O(h). That

is, the approximation is first order accurate.
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Y=y, +hy'+h y."—k;-‘j

°|I| + E yo "";....
Jim = Y +v~7uw/.-.- v

If we use the point x;_; instead, we get
Yi—Yie1 , h 3 M
yl'/ — % + Ey/// 3|y,( )+ 4|}/,
thus o A
ayl _ 2y .
x|~ [AX i+5,+
with
ﬂ _Yi= Vi
Ax |, h
and h
&= 5}’/”

The error again is £ o« O(h).
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Finally, if we use both the point and x;, 1 and x;_, we have from

h? e h*
yj+1 = yl+h.yl/+ 2|yl + 3|yl(3)+ 4|yl(4)
h? e h*
Vier = yi—hyl+ oyl = gy 4 g+ -
J——
that
Hs i A
Yirr =Yier = 2hy{-}@... L\\H et '-'—JZ‘[
thus
A L4
dx |, |Ax];
with
Ayl _ Vit = Vi
Ax|; 2h
and 2
3
&=

The error in this case is € o« O(h?), i.e. second order accurate.
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Approximating the Second Order Derivative

From

R L
Vi = yithyi oy gy +

3 TRd

R, B Mo
vi—hy + 5yl = gy 4 g+

Yi—1

one has that

h? h
Vit +¥ier = 2y+2gy 2y +
then
i1 —2Yi+ Vi_
Vi1 h}Z// Yiei o _ v y,(4)

i”= 534—{'2-};*.7-'-/ LY 19) - -
Fr BT 4
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Then ) )
dsy| [A%y .
{dxz},‘[},”'“

Ax?
where
Azy _ Yier —2Yi + Yi-q
AX2 |, h?
and
W @
8,- - Eyi

the approximation is second order accurate.
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The approximations that we have constructed so far were found with
an educated guess. We need a general procedure that does not
involve “guessing.”

Consider again the first order derivative. Suppose we are looking for
a finite difference approximation at the grid point x; that involves only
information at the grid points x; and x;.4. That is, we are looking for
an expression of the form

Ax i_ 1 Vit o Vi
such that
ay Ay
ax|, = |ax), 7o

with ag and a; unknown coefficients to be determined.
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Substitute in

Ax /_ 1 Yi o Vi

the Taylor expansion of y;,1 around x;. That is,

Yit1 = }/i+hy,’+gj!yi“ 3|},’(3)
Then
[% ST A [y,-+hy,-’+gly, +l37.yf3) }"Faoyi
[Zﬂ,-_g’ = (@ ta)y+arhy +a [hly, +g,y,(3’ }
yi—& )= (ai+a)yi+ahy +a |:§yi//+ 3Iy’(3) }

o
I

(a1 + ao)yi + (ar h— 1)y + & + a [Ey,-” 3 y,(s) ]
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Since
h? h®
0 = (a1+a)y+(ah-1)y +&+ a {Ey{’+§y,.(3)+..}

is valid for an arbitrary function y(x), then the only way this
expression is satisfied if

0 = ai+a

0 = ah-1

H? h?
0 = &+a {Ey{#gyfsu..}

which yields
a = -1 /h
a = 1/h
h

which is the results we derived before

Ayl YtV
Ax|; h
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Finite Difference Approximations: First Derivative

FD Approximation | Truncation Error | Convergence
m}l—% %h2 y® Second
sy —1hy® First

Yo 1hy@ First
% IR y® Second
y,_rsy,-_112+h8y,+1fyl+z 3170 h y(5) Forth
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Finite Difference Approximations: Second Derivative

) ‘ FD Approximation Truncation Error | Convergence
Yie1=2Yi+Yi—1 1 p2 (4
dn g1 Hhy® Second
yi—2 }’ﬁ; +Yit2 hy(3) First
—Yi—2+16yi—1—30y;+16yis1—Yire | —1 4 (6
i e e | =Lt y(6) Forth
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Richardson Extrapolation

Consider the case of the center finite difference approximation to the
second derivative. That is, y/’ = D»(h); + &;(h) where

2y Y
Dz(h)i:.yl+1 h_}zll yl 1
and
£(h) = 1l2h2y<4>+0(h4)+0(h6)+0(h8)...

= Cgh2+C4h4+Ceh6+...
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Evaluate the derivative approximation with h and h/2; that is,

y' = Da(h)+ Coh®+ Csh® + ...

y' = Da(h/2)+Co (’;)2 e (;’)4 b

Multiply the second equation by 4 and subtract the first equation.

4
3y = 4Dy(h/2) - Da(h)+4Cy (g) — Cyh* + ...

y' = SHDu(h/2) - Da(h)] - SCuH .

Thus, we have then
y" = Dy(h) + Cah* + Ch® + ...

where now the approximation is given by (notice is 4th order)

Du(h) = 5[4 Da(h/2) — Da(h)]
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Richardson Extrapolation

Consider the case of the center finite difference approximation to the
second derivative. That is, y/’ = D»(h); + &;(h) where

2y Y
Dz(h)i:.yl+1 h_}zll yl 1
and
£(h) = 1l2h2y<4>+0(h4)+0(h6)+0(h8)...

= Cgh2+C4h4+Ceh6+...
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