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1-dim Schrodinger Equation

Consider the Schrédinger equation describing the evolution of a
quantum state V:

2
haa—w =HWV where H= fzh—vz + V(X)

The wave function ¥ must satisfy the unitary condition

+
/ W [2dPx =1

V(X — o00,t)=0

and boundary conditions

For simplicity, we will consider the 1-dim case, where

h2 92
A= omae Y

we will alsoseth=1and m=1/2
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A formal solution to the Schrédinger equation is

V(x,t) = e Hy(x,0)

since o
iSr = i(—i H)e=Mw(x,0) = HV
Therefore
V(x,At) = e MAly(x,0)=(1—-iHAHV(x,0)
V(x,2A1) = (1—iHAHV(x,Al)
V(x,3At) = (1—iHAH)V(x,2At1)

V(x,(n+1)At) (1 —iHAHWV(x, nAt)
but t" = nAt, so

W(x, 1" = (1 — i HAH)W(x, t")
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The approximation W(x, t"*1) = (1 — i H At)W(x, t") can be rewritten

as
n+1y _ n
i P’(X’t )At hdGlL )} = HW(x,1")

which is how we derived the Euler step.

If in addition we approximate the Hamiltonian by

—20n 4wl
AZ

Hw,":—[ £ }+vw,-"

we get that

n+1 n
\Ilj - \Uj
At

B {wlnﬂ 20+

2V g

which is a Forward-Time Centered-Space discretization of the
Schrdinger equation.
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von-Neumann stability analysis. Substitute W} = ¢"e'/* 4" into

n+1
L
At

—2WP 4 wh
= { 41 +V\U/’-’

Ax2

and determine this algorithm’s stability criterion.
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Consider instead ‘
eMw(x,t) = v(x,0)

Thus,
(1 +iHAHV(x,At) = WY(x,0)
(1 +iHAHV(x,2At) = WY(x,Af)
(1+iHAHV(x,3At) = WV(x,2A1)
(1T+iHAHV(x,(n+1)At) = VY(x,nAl)
therefore

(1 4+ i HAHW(x, ") = w(x, t")
or equivalently

n+1y _ n
i [vixt )At v(x, t") — Hu(x )

implicit evolution
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von-Neumann stability analysis. Substitute W} = ¢"e'/* 4" into

prH g
i J J

At

n+1 n+1 n+1
Vi 2V AV | L g
AXx2 J

and determine this algorithm’s stability criterion.
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However, the problem with the implicit method (1 + i H At) w7+ = w7
is that \IJ;’ x &7, therefore as n > 1

+oo
/ |W[2dx <1
also the accuracy in approximating the time derivative is O(Af)

Let’s consider the following alternative

e _ (1= 3iHA)
(1+ 3iHA)
Therefore, V(x, t"1) = e~y (x, t") yields

(1 + %iHAt) V(x, t"1) = (1 - %iHAt) W(x, t")
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A von-Neumann stability analysis yields

_(1-1iA)
R

where AAL
_ ¢ 2
A= (Ax2> sin® (k At/2) + AtV

thus |¢|?> = 1 marginally stable.
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What type of discretization is

1 1
n+1 i n+1 _ \yn i n
\Uj +§/HAt\Ilj _\Ilj félHAt\Uj

Re-write is as

n+1 _ yn n+1 n
; \IJ/ \IJ/. B \Iij —|—\Ilj
At 2
Crank-Nicolson
tn+1
1
tnrl
X1 % X1
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Solving
</+ ;iAtH> ynt = (/— ;iAtH> yn
implies 1
ytt = (/+ ;iAtH> (/ ;iAtH) yn

inverting an operator. We accomplish this by re-writing the equation

as
—1
(UL (I+;_iAtH) {2/<I+;iAtH>}\U”

-1
2(/+;iAtH> — 1w
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Given

—1
wtt — 2<I+;iAtH) — Il wn
define ] ]
SO

\Un+1 _ Qf1wn _ wn
Therefore, the integration proceeds in two steps.

@ First step: Solve the system Q¢ = W”
@ Second step: Update the solution with W' = ¢ — v,

Depending of the problem, solving the system Q¢ = W" could be
computationally expensive. Is there a way to reduce the cost?
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lterative Crank-Nicolson

Recall that the approximation to 0;V = p[V]
\Un+1 _yn wn+1 —_yn
a7 [ 2 }

will require a matrix inversion because of W"*! in the r.h.s. of the
equation. Is there a way to avoid this?

Yes, we will obtain W' from a series of intermediate steps similar to
the Runge-Kuta method.
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ICN - First Step

(l)\PnH ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘
g2 | . :
o—e . .
tn L2 t+l t
Myt — w4 Atp[w"] Euler step
(yn+1/2 1

2 () yn+1 n
2[ 1\ +\U} Average
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ICN - Second Step

\2J\l_m+l

\LW\PMIFE
|3‘|l{,|r+b‘2
-
t
@yt = yn o Atp[(DW1/2] Euler step
@ynt1/2 _ % @yt L yn Average
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ICN - Third Step

Ut = w4 At p[@W1/2)] Euler step
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ICN - Summary

Myt = yn 4 At p[W"] Euler step
(yn+1/2 % [(1)\|;n+1 T w”] Average
@yt =y Atp[(Dwn1/2] Euler step
@yn+i/2 % [(2)\u"+1 + w"} Average
W = W 4 At p[PWH1/2)] Euler step
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