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1-dim Schrödinger Equation

Consider the Schrödinger equation describing the evolution of a
quantum state Ψ:

i !
∂Ψ

∂t
= H Ψ where H = − !2

2 m
∇2 + V ("x)

The wave function Ψ must satisfy the unitary condition
∫ +∞

−∞
|Ψ|2d3"x = 1

and boundary conditions

Ψ("x → ∞, t) = 0

For simplicity, we will consider the 1-dim case, where

H = − !2

2 m
∂2

∂x2 + V (x)

we will also set ! = 1 and m = 1/2
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What type of discretization is

Ψn+1 =

(
I +

1
2

i ∆t H
)−1 (

I − 1
2

i ∆t H
)
Ψn

Re-write is as

i

[
Ψn+1

j −Ψn
j

∆t

]
= H

[
Ψn+1

j +Ψn
j

2

]

Crank-Nicolson
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Iterative Crank-Nicolson

Recall that the approximation to ∂tΨ = ρ[Ψ]

Ψn+1 −Ψn

∆t
= ρ

[
Ψn+1 −Ψn

2

]

will require a matrix inversion because of Ψn+1 in the r.h.s. of the
equation. Is there a way to avoid this?

Yes, we will obtain Ψn+1 from a series of intermediate steps similar to
the Runge-Kuta method.
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