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The formal definition of class IP

Definition 8.6 (Probabilistic verifiers and the class IP) For an integey k > 1 (that
may depend on the input length), we say that a language L is in(IP[k])if there is a
probabilistic polynomial-time Turing machine V' that can have a k-round interaction

with a function P: {0, 1}* — {0, 1}* such that
(Completeness) x € L Pr[outV(V,P)(x) = 1] @

(Soundness) @- VP Priouty (V. P)(x) = 1] < 1/3

where all probabilities are over the choice of r.
We define IP = U >11P[n¢].
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Some Points

* The definition is not symmetric (just like NP)
If x € L then there is no honest prover strategy defined
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* Honest Prover (defined for x € L) can be assumed to be determin%tic
sends what maximizes verifier’s accept probabilit
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* |If zero-error (deterministic verifier) > L € NP Veevee X \J-erd,e.
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° 1/3 is called (Completeness) x € L = 3P Prlouty(V,P)(x) = 1|=2A :_l
soundness error:  (Soundness) x & L= YPPrlouty(V,P)(x) = 1] < 1/3
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Why not allowing error on both sides?

?
e Recall: It is not known whether RP = BPP
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 However: the following two give the same class IP

(Completeness) x € L = 3dPPrlouty(V,.P)(x) =1] =1
(Soundness) x &L =VPPrlouty(V,P)Y(x)=1] <1/3
(Completeness) x € L = 3dPPr[outy(V,.P)(x) =1] > 2/3

(Soundness) x &L =VPPrlouty(V,P)Y(x)=1] <1/3



Shamir’s Theorem:|P)= PSPACE "/ @ va
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IP = PSPACE

* PSPACE € IP
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* Note: even showing TAUTOLOGY € IP is highly nontrivial!
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* Idea: write a CNF formula ¢ as a polynomial py () such that
Py (b) is 1iff gb(b) =1 then Prover proves the value of
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Another magic of interaction:
/ero-Knowledge Proofs

* You know a secret w that could be “verified” and you want to sell it
(w is a withess for some NP statement x)
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