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1. Tracing Execution. [25 pts.]

a. Using the graph below', illustrate the action of a breadth-first search with a as the source. Label each vertex with its
appropriate colors and attributes. Stop after you have 3 black vertices. You may cross out attributes as you change
them. [5]

a

b. Using the graph below, illustrate a depth-first search with a as the source. Trace the algorithm up to and including
time 10. Label each vertex with its appropriate colors and attributes. [5]

1 Taken from that game at Planarity.net I sent you a while back. It proved so very helpful for this.
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c. Trace topological sort (to the level of detail done in class) on this DAG*: [5]

d. Using the graph shown, trace Prim’s algorithm using vertex s as a source. Label each vertex with a circled number
as it is added and show the level of “implementation” detail shown in lecture. [5]

2 This comes from Wikimedia Commons.
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e. Determine a shortest path between s and 7 using the algorithm we studied. Show work in as much detail as we did in
class; if it is possible to stop early, you may. [5]




CMPSC 465 Exam 4 — Spring 2013 — Page 5 Last 4 Digitsof ID:

2. Short Answer Questions — Traversals [15 pts.]
a. Concisely contrast BFS and DFS. (Your response must comfortably fit in the space given.) [3]
b. An elementary data structure is used in BFS. Which one, how is it used, and why does it make sense? [3]

c. Throughout the entire execution of a breadth-first search, how much time is spent adding and removing data to the
data structure from the last question? Why? [2]

d. Draw an directed graph on 4 or 5 vertices and illustrate a depth-first tree within it. Point out an example of a tree
edge, a back edge, and a forward edge and explain. [4]

e. In a depth-first search of G, vertex x has a discovery time of 10 and a finishing time of 19. What can you say about
discovery and finishing times of its ancestors? [3]
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3. Short Answer Questions — Topological Sort [10 pts.]

a. Inrecitation, we explored an alternate topological sort algorithm. Explain how this algorithm gets around using
finishing times as in our algorithm, yet still produces a correct order. (You don’t need to explain the whole
algorithm; you only need to talk about finishing times.) [4]

b. Explain why the running time of our topological sort algorithm is what it is. [3]

c. Letuand v be vertices of a DAG G and let (1, v) be an edge in G we’re exploring during topological sort. Suppose v

is BLACK. Why does topological sort produce correct results in this case? [3]

4. Short Answer Questions — MSTs [11 pts.]
a.  Write an invariant for the loop in Kruskal’s algorithm involving a cut. You may assume you’re working with a

graph G, but otherwise must define any necessary quantities. [4]

b. Rigorously derive the running time of Prim’s algorithm, implemented as we did in lecture. [4]

c.  Why is Prim a greedy algorithm? [3]
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5. Short Answer Questions — Dijkstra’s Algorithm [10 pts.]

a. Suppose you run Dijsktra’s algorithm on an expanded graph model of our entire campus and it suggests optimal
travel time between IST and Thomas is 14 minutes. What does this say about other routes between IST and
Thomas? [2]

b. Suppose you have a working implementation of Prim’s algorithm. What changes would you have to make to turn
this into an implementation of Dijsktra’s algorithm? [4]

c. Explain, at a high level of abstraction in three or fewer sentences (or, better, bullet points), the outline of the proof
that Dijsktra’s algorithm is correct [4]
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6. Uniqueness of MSTs. First, you may use the following theorem as a known fact you will likely need:
If G is a graph with spanning tree 7 and e € E(G) but e ¢ E(T), then the graph obtained by adding e to T contains
one and only one set of edges that forms a circuit.
Prove the following claim:
If G is a connected, weighted graph and no two edges of G have the same weight, there exists a unique minimum
spanning tree for G. [10 pts.]
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7. Challenge Problem Follow-Up. [20 pts.]
a. Spanning Trees. In one of the challenge problems, you were presented with three “maybe” MST algorithms.

i.  Pick one that worked and trace it on the graph below”. Define a numbering system for your steps, explain
what you are doing and, either in pseudocode or formal language, summarize the loop in the algorithm. [6]
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ii. Recall that we can write a generic MST algorithm with a loop invariant that an edge set A4 is a subset of
some MST’s edge set. Does that invariant apply to your algorithm or not? Explain. [2]

iii. Suppose you are proving the correctness algorithm you selected. Outline the termination part of your proof
only. In other words, what can you take as fact for this subproof, what can you use to reason through it, and
what are you trying to prove? [4]

iv. Suppose the input to an MST algorithm is G and that algorithm removes edges that form cycles. How many
edges does such an algorithm remove? Explain. [3]

3 This is a model of the DC Metro we drew up last semester for a Kruskal’s algorithm problem on 360’s Exam 3. Forgive me for recycling it. An interesting
consequence: you can look up the solution to that problem and compare the result to this. What should happen?
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b. Classifying Edges in a BFS. A problem had you consider classification of edges in a BFS as we did in DFS. Prove
or disprove each claim.

i. InaBFS of a directed graph, V tree edges (u, v), v.dist = u.dist + 1. [2]

ii. Ina BFS on a simple undirected graph, there are no back edges and no forward edges. [4]

You don’t need that much room. Here’s something about graphs from Spiked Math to fill the space:
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"MATHEMATICS IS THE ART OF GIVING THE SAME NAME TO DIFFERENT THINGS."
JULES HENRI POINCARE (1854-1912)

IMPORTANT NOTES:

e This last problem must be solved in the first 30 minutes of the exam period.
e Remove this sheet. Listen for time to be called to pass it in.

e Make sure the last 4-digits of your ID number on this sheet match the rest of your exam or you First Letter of
will not get credit for this problem. Last Name:

Write the first letter (only) of your last name in the box to the right to assist us with sorting exams
while relatively maintaining anonymity during grading.




