Virtual Work Method (Unit Load Method - Leet ch. 10)

The most general method for finding displacements and rotations. Can be used
to find deflection and/or rotation in any type of structure due to any cause.

P-System (real): Actual loads, temperature changes, fabrication errors, or
support movements cause internal forces (moments) and deflections.

Q-System (imaginary): A unit load (moment) is applied on the pristine bare
structure and generates internal forces (moments) and deflections.

The Q-system is created as follows:

a. Aunit load is applied at the point on the pristine bare structure where
deflection is to be calculated, or a unit moment is applied where rotation is to
be calculated.

b. Support reactions are generated due to the unit load or moment.

c. Internal member forces (moments) occur due to the unit load or moment.

The virtual work method is produced by an imaginary two-step process:

1. Image the unit load(s) is applied to the pristine bare structure first, i.e. Q-
system is generated first.

2. On top of the unit load(s), the real loads and other conditions are added to
the structure so that the structure deforms furthermore. When this further
deformation occurs, components of the initially applied Q-system do work.
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Again, the virtual work method is produced by an imaginary two-step process:
1. Image the unit load is applied to the pristine bare structure first
2. On top of the unit load, the real loads are added onto the structure ...
DURING STEP-2:
Wq: External virtual work done by the unit load (and its reaction) as it moves
through the real displacement (and support settlement).
Uy: Virtual strain energy, i.e. work done by virtual internal forces (caused by unit
load) as they move through real deformations (caused by actual loads). 3

In general, W, = ¥ @4, includes work done by the unit load, and work done by

reactions in Q-System acting through support settlements in P-System.
e +§p is in the same direction as the dummy unit load (moment).
» A pair of unit loads can be used to find relative displacement (Leet, Exmp. 10.7).

Causes of displacement in P-System:
* Applied loads

* Temperature

» Fabrication error

» Support movements (settlements)

Effects contributing to virtual strain energy U,: axial, bending, torsion, and shear
deformations in the P-System:

W, =U, =ZU FodAL, +[Mod8, + [Todg +ijd5Pj
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Integral fo=0 ...dx is along the member length.




Axial Effects
W, =U, = Z[I F{dALJ+ [Mod6, + [ T.dg +ijd5P]

Fy: axial force in a member due to the unit load in Q-System (const. along member)
Oftentimes, axial deformation dALp is uniform along the entire member length:

[F.daL, = RiAL|

* +F, iftension; +AL if elongation
» P-System with temperature change: ALp=At-a - L

» P-System with fabrication error: ALp = fabr. error in length (+ if too long)

* P-System with loads causing axial force Fp :
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If const. Fp along the member: AL, = J' dAL, = Fol
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Flexural Effects

W, =U, :ZU FoOAL, + [Md8. )+ [Toda, + [Vodd,
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For the axial fiber with height y from neutral axis:
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Deformation of the fiber:
ab =—£,dx
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a.k.a, moment-curvature formula:
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dx El
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Mg and M are usually not const. along the member (unlike axial forces Fy and Fp )

Use same sign convention for Mg and Mp
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Torsional Effects w, =u, :z( [FodAL, + [Mod8, + [ Tida + IVQdJPj

X
T, o)
LSS ( {
/ /
/ /
/ /
/ /
X47/ ~— dx
z L

Shear stress at distance r from center:

T = Tel T, =Torque;, r =Radius,
J

J =Torsional constant. If sectionissolid circular, J = polar moment of inertia
For other section shapes, see handout Mechanics of Materials, Ch3.10 and 3.11

Shear strain: _T :H Voo = TeR dg = Ve dx = Te dx
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Shear modulus: G= v = Poisson’s ratio

2(1+v)
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If Tp is const. along the member: @& = Id% I dx = a
O
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Shear Effects W, =U, = Z( [ FodAL, +[Modé, + [T dg +IVQ@}
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7] : do, = ydx In P-System: do, = ydx:édxz A X
F T
' le Form factor:
l-‘;% 1.2 for rectangular section
dx f=—= 10/9 for circular section

1.12 for wide flange

Virtual work — combined effects
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movements Length change induced

by temperature and
fabrication errors




