Problem Set 1: Complex Analysis-I

Kreyszig | Topics

Section

No.s

13.1 Complex Numbers and Their Geometric Representation
13.2 Polar Form of Complex Numbers, Powers and Roots
13.5 Exponential Function

13.6 Trigonometric and Hyperbolic Functions, Eulers Formula
13.7 Logarithms. General Powers. Principal Values

1 Complex Numbers and Their Geometric Representation

Complex Numbers

Plotting complex numbers on the complex plane

1. Let z; = —24 54, 20 = 3 —i. find solutions of the following questions and write the answer in
the form of = + iy:

(a) 2122, (2122);

(b) Re(2{), Re(21)%;

(¢) (21 +22)(21 — 22), 27 — 23
(d) £/, (21/22);

2. Let z = z + 1y, find solutions of the following questions in terms of x and y:
(a) Im(1/z),Im(1/2);
(b) Re[(1+1)'%2%);
(c) Im(1/2%);

3. Plot the solutions in Question 1 and 2 in the complex plane. Calculate the value or formula
in Q1 and Q2 by Matlab (hint: try function “real”, “imag”) or Wolfram Alpha (hint: just
enter the complex number; use "re(z)” and ”im(z)” to get the real and imaginary parts)

2 Polar Form of Complex Numbers. Powers and Roots

Example: Complex roots for a quadratic

Fuler’s Formula and Fuler’s Identity



https://www.khanacademy.org/math/algebra/complex-numbers/complex_numbers/v/complex-numbers
https://www.khanacademy.org/math/algebra/complex-numbers/complex_numbers/v/plotting-complex-numbers-on-the-complex-plane
https://www.khanacademy.org/math/algebra/complex-numbers/complex_numbers/v/complex-roots-from-the-quadratic-formula
https://www.khanacademy.org/math/calculus/sequences_series_approx_calc/maclaurin_taylor/v/euler-s-formula-and-euler-s-identity

3 EXPONENTIAL FUNCTION

1. Represent in polar form and graph in the complex plane.

(Hints: Try to use abs() and angle() in Matlab; abs() and arg() in Wolfram Alpha)

(a) (") 1+3;
(b) (*) 2i;
(c) (*) =5;
(d) (%) 2L

2. Determine the principal value of the argument and graph it.

(a) (%) =1 +3;

(a) (%) V1+3;
(b) (*) V216
(c) (*) Vi;
(d) (*) V-1

W

. (*) Verify triangle inequality for z; = 3 + ¢ and z9 = —2 + 4i.

5. (**) Parallelogram equality. Prove and explain the name.

21+ 2 + 21 = 2 =2 (Jar? + |22

3 Exponential Function

Fxponential form to find complex roots

1. Function Values. Find e? in the form u + iv and |e?] if z equals
(a) (%) 2mi (1 +4);
(b) (*) 2+ 3mi;
(©) (%) VE+ bris

2. Polar Form. Write in exponential form z = re®

(a) (*) 4+ 3i;
(b) (*) =6
(c) (**) Vi

3. Real and Imaginary Parts. Find Re and Im of


https://www.khanacademy.org/math/trigonometry/imaginary_complex_precalc/complex_analysis/v/exponential-form-to-find-complex-roots

4 TRIGONOMETRIC AND HYPERBOLIC FUNCTIONS. EULEROS FORMULA

(©) () el

4. Equations. Find all solutions and graph some of them in the complex plane.

(a) (*) e =1;

(b) (*) e* =4+ 33;
(c) (**) e* = 0;
(d) (%) e* = =2

4 Trigonometric and Hyperbolic Functions. Euleros Formula

Hyperbolic Trig Function Inspiration

Trigonometric Identities

1. Find the values of following functions, in the form w + v,
(a) (*) sin2mi;
(b) (*) cos (=2 —1i);
(c) (*) cos [3m(1+1)].

2. Show that,
(a) (*) cos(—z) = cos z;
(b) (*) sin(—z) = —sinz;
(c) (*) Resin z is harmonic;
(d) (*) Imcos z is harmonic;
(e) (*) sinzy cos 2o = % [sin (21 + 22) + sin (21 — 22)];
(f) (**) sinnz = 2coszsin(n — 1)z — sin(n — 2)z;
(2) (**) tan2s = 2lanz

3. Find the solutions,
(a) (*) sin (—z) = 100;
(b) (**) cos(2z) = —33.
4. Find the values of following functions, in the form u + iv,
(a) (*) sinh (3 + 7i);
(b) (*) cosh (1 — 7i);
(¢) (*) tanh (2 4 4mi).
5. Show that,

(a) (*) coshz = coshzcosy + isinh xsiny;

(b) (*) cosh (21 + z2) = cosh 21 cosh z2 + sinh z; sinh 2»;


https://www.khanacademy.org/math/trigonometry/hyperbolic_trig_topic/hyperbolic_trig_intro/v/hyperbolic-trig-function-inspiration
https://www.khanacademy.org/math/trigonometry/less-basic-trigonometry/trig_iden_tutorial/v/trigonometric-identities

5 LOGARITHMS. GENERAL POWERS. PRINCIPAL VALUES

(c) (**) |sinhy| < |cos z| < coshy;
(d) (**) [sinhy| < [sinz| < coshy;

(e) (**) the complex cosine and sine are not bounded in the whole complex plane.
6. Find the solutions,

(a) (**) sinh z = 0;
(b) (**) sinhz = i.

5 Logarithms. General Powers. Principal Values

Powers of complex numbers

1 as the Principal Root of -1 (a little technical)

1. (*) What is the imaginary part of i'?
2. Find the principal values,
(a) (*) Ln (44 4i);
(b) (*) Ln (ed);
(¢) (*) Ln (0.6 + 0.84).
3. Find all values,
(a) (%) In(e");
(b) (*) In (i%);
(c) (*) In(24).
4. Compare the values of the following pairs,
(a) (*) Inz2, 2Inz;
(b) (*) Iny/z, lnz.

5. Find the principal value,

(a) () (1+2)"75
(b) (*) (1 —9)""
(c) (*) (&)

(d) () (3+4i)3

6. (***) Let z be defined as €™/, Prove that 1 + z + 22 4 ... + 2"~ ! equals 0.


https://www.khanacademy.org/math/trigonometry/imaginary_complex_precalc/complex_analysis/e/powers_of_complex_numbers_1
https://www.khanacademy.org/math/algebra/complex-numbers/imaginary_unit_i/v/i-as-the-principal-root-of--1--a-little-technical
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