Solution 5: Second-Order and Higher Order Linear ODEs

1 Constant coefficient ODEs

1. Find general solutions of the following equations. Show the details of your calculation:

(a) ' =2y’ =3y =0

AN —22—-3=0. \=-1,\=3

Complete solution: y = cje™® + ce3®
(b) ¥ =2y + 5y =0

M —22+5=0, \o=1+£2

Complete solution: y = (¢ cos 2z + ¢ sin 2x)
(c) y" +6y" + 13y =0

M 4+6A+13=0, \12=—-3+2i

Complete solution: y = e3%(¢y cos 2z + co sin 2)
(d) 4%z —20% 4 252 =0

4>\2—20>\+25_0 A=A =

54

Complete solution: z = (¢; + czt) ot

2. Solve the ODE with the given initial values:

(a) ¥’ — 4y + 3y =0, y(0) = 6,y'(0) = 10
N —4dA+3=0, N =1 =3
Complete solution: y = cje” + coe
and we get: ¢/ = c1e® + 3cpe3”

c1+co=6 =4
>

c1+ 3cog =10 cog =2
Final result: y = 4e® + 2¢3®

(b) 4y" +4y' +y =0, y(0) =2,5'(0) =0
AN+ AN+ 1=0, Mo=—3
Complete solution: y = (¢; + cox)
and we get: y = (=9 + 2 — Gw)e”

3x

Thus

_z
e 2
z
2

¢ =2 c] =2

Thus
—%+C2—0 co=1

Final result: y = (2 +z)e 2

(c) ¥ =3y —4y =0,y(0) =0,4'(0) = =5
AN —3A—4=0,\=-1, =4
Complete solution: y = cie™ 4 e
and we get: ¢ = —cie™% + 4dcgel®

4z



2 EQUATIONS WITH NON-CONSTANT COEFFICIENTS

c1+c2=0 cg=1
Thus e ~
—c1 +4cg = =5 cog = —1
Final result: y = e % — %@
(d) y" + 4y +29y =0, y(0) = 0,4'(0) = 15
N 4+4X+29=0, N\ 2=—-2+5i
Complete solution: y = e~2%(¢y cos 5z + co sin 5x)
and we get: y' = e72*((5cg — 2¢1) cos 5 + (—5cy — 2¢3) sin 5x)
c1 = 0 c1 = 0
(a4
502—261:15 62:3
Final result: y = 3¢~ 2% sin bz
(e) ¥ — 4y + 13y =0, y(0) =0,y'(0) =3
N 4N+ 13=0, \2=2+3i
Complete solution: y = €2*(c; cos 3x + ¢ sin 3z)
and we get: 3 = €2 ((2c1 + 3c2) cos 3z + (2co — 3c;) sin 37)
cl = 0 cl1 = 0
(a4
2c1 +3co =3 co=1
2

Thus

Thus

Final result: y = e¢**sin 3z

3. Find a 2-order ODE, the solutions of which contain 1,e”, 2e".
Note: lande® are two independent solutions.
Thus, y(z) = Cp + Coee” ;
So we can get:A; = 0, Ay = 1.
M —A=0
Final result:y” — 3y’ =0

2 Equations with non-constant coefficients

Find general solutions of the following equations. Show the details of your calculation.

! _ 2
Lyt =
Answer: z(c; +c)Inz +zln’z

2. 2%y — xy + 4y = xsininx

Answer: z(c; cos(v31nz) + cosin(v3Inz)) + £ sin(ln z)

3. Prove that y; = ¢** and ys = e are solutions of the ODE ¢ — dxy’ + (42% — 2)y = 0, and

write the general solution.
Answer: y = (C1 + C’gﬂ:)e“"’2

4. Solve the ODE (2z —1)y” — (22 + 1)y’ + 2y = 0 in the general case (no initial value), knowing

that y1(x) = e is a solution.
Answer: y = C1(2z + 1) + Cae”

5. Solve the ODE 2%y” — 22y’ + 2y = 0 in the general case (no initial value), knowing that

y1(z) = x is a solution.
Answer:y = Cz + Cox?



3 NONHOMOGENEOUS ODES 3

3 Nonhomogeneous ODEs

1. Solve the following ODEs:

(a) ¥ + 3y + 2y = 10e732
y(x) = C1e™2% + Che™® + 5e =3¢
(b) " + 5y + 4y = 2?
2
y(x) = Cre™" + Coe™ + 4 — B 4 &
(¢) ¥ +4y + 4y = cosz .
y(a:) — Cle—2x + C2e—2x 4 4521% 4 3c2055:c
(d) o — 5y + 6y = xe?®
M =BA+6—-0A =2 X =3
Complete solution: Y = ¢1e?® + ¢pe3®
Particular solution: y* = z(—1z — 1)e*
Final result: y = c1*® + cpe®” — 1(2% 4 22)e*

(e) ¥ +y=waxcos2z

—_1 4
Yy = —zxcos2r + gsin2z

(f) v —y = €e® cos2x

y = cie® + coe™® + £e¥(sin 2z — cos 2z)
2. Solve the ODE with the given initial values:

(a) y" +4y = 2?,y(0) = 1,y/(0) = 0
y(z) = $(22% + 9cos(2z) — 1)

(b) y" — 2y = 6e** —4e72* y(0) = —1,5/(0) = 6
y(x) — e2m(3x 4 1) . 5722»@ . %

(¢) ¥+ 2y 4+ 0.75y = 2cosx — 0.25sinz + 0.09z, y(0) = 2.78,¢y'(0) = —0.43
y=31e 5 +sinz+0.122 — 0.32

4 High order ODE

1. y® — 290 45" =0
M —2)\3 45X 2 =0
AN(A2 =20 +5)=0
M=X=0,A34=1£2
Complete solution: y = ¢; + cox + €”(c3 cos 2z + ¢4 sin 2x)

2. y(4) +y=0
M+1=0
Mgt =X 42026824 51 —2M2 82 = (A2 4 52)2 — 2022 = (A2 — V28X + B%) (A +V28A + 5?)

Thus, A2 = F5(1£1), \ga = — (1 +4)
8 ~ e

B
Complete solution: y = ¢v2"(c; cos %az + co sin ﬁzn) +e vZ7(c3cos %:17 + ¢4 sin %:p)
3. y" = e* — cosx
Note: Intergrate 3 times
Complete solution:y = %62:0 + sinx + C122 4 Cox + C3(C = %)



4 HIGH ORDER ODE

4.y +3y" +3y +y=0
Note: (A+1)3 =0
y(z) = C3e 2% + Coe %z + Cre*
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