Solution 6: Fourier Analysis

1 Fourier Series

1. (a) 2m, 2m, 7w, m, 2,2, 1, 1;
(b) 2x/n, 2w /n, k, k, k/n, k/n;
(c) f(z+p) = f(z) implies f(az + p) = flalz + (p/a)]) = f(az) or glz + (p/a)] = g(z),

where g(x) = f(ax). Thus g(z) has the period p/a. This proved the first statement.
The other statement follows by setting a = 1/b.

2. (a) N/A;
(b) N/A;
(c) N/A;
3. (a) %—%cosa:—%cos?)a:—%cos&:—'u
(b) 2 (cosz + gcos3x + 5= cosbr + -+ ) + 2 (sina + §sin3z + fsinbar + )
(c) %2—4(cosx—%008233—1—%00533:—%cos4x—+---)
(d) %(sina:—%sin3x+%sin5x—+---)+(%sin2x—%sin4x+%sin6x—+~')

2 Arbitrary Period. Even and Odd Functions. Half-Range Ex-
pansions

1. (a) Neither, even, odd, odd, neither;
(b) Even, even, neither, odd, even;

(¢) (*) Odd for sums and for products of an odd number 2k + 1 for factors, f(—xz) =

Ji(=z) - foppr(—x) = (=1)* T fi(z) - fapr(x) = —f(x). Even for products of an
even number of factors;

(d) (*) Odd. This is important in connection with the integrand in the Euler formulas for the
Fourier coefficients. It implies the simplification of the Fourier series of an odd function
to a Fourier sine series and of the Fourier series of an even function to a Fourier cosine
series.
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2. (a) Even, L =1.
(b) Even, L = 1. (coswa:—%cos27m:+$cos37rx—+---)
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(¢) Even, L = 1/2, full-wave rectification of a cosine current. %—I—; (13 cos 2mx — 5 cos 4T+
L cosbmr — 4+ )

(d) 0dd, L = 1. Z((n? — 4)sinwa + 5-(97% — 4) sin 3wz + 35 (257% — 4) sin b + -+ ) —
L(sin2mz + §sindrz + $sinbrz +---)
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3.

(e)
(f)

(a) L

(b)
()

(d)

Even, L = 1. %—i-fg (COS7T$—|—%COS37T$+%COS57‘(‘$+“‘)

(*)Set 2 = 1. Then 1 = f(1) = 2 + (1 +1/44+1/941/16 + 1/25+ ---). Hence, the
results.

=4, (a) 3 — %(COST—§COS3T+%COS%— ),
(b) 2 (sinZX + 2sin 3% + 2sin 2L 4 ... ) — 2 (sin T + L sin 32% + Lgin 7L 4 ...
L=m, (a)5 %(cos:n—l——cos37m+25cos57m+ ),

(b) 2(s1naz+ sin2z + 1sin3z + Isinda + - )

L=m, (a) 3“—2(cos:13—|—2cos2x—|—gcos3x+25(:085:17—1— 8cos6m+ 90087:17—1- -)
(b) (1+2 )smx Tsin2z+ (1 — &) sin3z — £ sinda + (2 +257r)s1n5a:—5s1n6x+(%—

9 o
Tor Sin 7:17)

()% — L (cos ZE + L cos 2L + Lcos 7L 4 - -
(b) 27{_3 (sm = — % sin 27er + é sin 37er — }lsm 47er +—-)

3 Forced Oscillations

1.

(a)
(b)

y = O sinwt + Cy cos wt + Sinal, 4 :;n_ﬁﬁtz ;

w2—a?
y = Cy sinwt+Cy coswt+a(w) cost, a(w) = w21_1 = —1.19,—2.78,—-5.26,4.76, 2,27,0.0417
resonating;

_ . 1 1
y—Clcoswt—kCgsmwt—i———mcos%— )cos4t—

1
35(w?—16

y = Cy coswt + Cysinwt + (L 4 ézlgn?’é + éjén%% +--)

1
57 (w2=36) 08 6t —

The Fourier series is a Fourier sine series, as given and derived in Example 1 of (k = 1)
Sec. 11.1 with coefficients b,, = 4/(nm), (n odd). Hence the ODE must be solved with the
right side r,,(t) = (4/nm)sinnt, (n odd). The steady—state solution of this ODE is y =

00 . cn _ 4 1—n?
> ne1m odd(An cosnt + By sinnt), where 4, 7(1 IR B, = W (T r et

For the right side we have the Fourier sine series %(sm t—3 Lsin 3t 4 % sin 5t —+ - -+ ) with
the coefficients b, = 4/(n?r) if n = 1,5,9,--- and b, = —4/(n’r) if n = 3,7,11,---.
Substitution of this series into the ODE gives y = A; cos t+ By sin t+ A3 cos 3t+ Bs sin 3t+

- with coefficients A,, = —ncb, /Dy, By, = (1 —=n?)b,/D,, D, = (1 —n?)? +n?c?. The
damping constant ¢ appears in the cosine terms, causing a phase shift, which is zero
if ¢ = 0. Also, ¢ increases D,,, hence it decreases the amplitudes, which is physically

understandable.

3. The ODE in Problems 3(a) and 3(b) is the same, except for the changing right sides, whose

Fourier series we use term-by-term, as in the text. The solution of the ODE is of the general
form

o0
I=A)+ Z(A" cos nt + By, sinnt)

n=1

with coefficients obtained by substitution

210 10
Ap =~ ay, By = ="a,, Dy = (n — 10)? + 10007,
D, D,

in particular, Ay = ag/10, the ODE being

I" +10I' 4+ 101 = a,, cos nt.
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For 3(b), we have the Fourier series

800 1 1
100 + 1007 — T(cost—k §cos3t+ %cos5t+---).

Hence Ay = 10 + 107 and all the other A,, and B,, with n even are zero. The formula for the
ap is —800/(mn?) where n is odd. Numerically evaluating the terms, we obtain the solution
(the current in the RLC-circuit).

I =41.416—12.662 cos t—14.069 sin ¢t —0.031 cos 3t—0.942 sin 3¢t+0.056 cos 5t —0.187 sin 5t+- - -
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