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@ Integrals of form [ R(x,v/ax? + bx + ¢)dx, R - rational function
@ Transforming to the forms vx2 +1,v/—x2 +1,v/x2 — 1
@ Table of Euler and trig substitutions
@ Thecase Vx2+1
@ The case v —x2 + 1
@ Thecase vVx2 —1
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@ Integrals of form [ R(x,v/ax? + bx + ¢)dx, R - rational function
@ Transforming to the forms vx2 +1,v/—x2 +1,v/x2 — 1
@ Table of Euler and trig substitutions
@ Thecase Vx2+1
@ The case v —x2 + 1
@ Thecase vVx2 —1

e Rationalizing Substitutions
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
J R(x,vx2+ 1)dx,
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:

J R(x,vx2+1)dx, [R(x,vV—x?+ 1)dx,
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:

[ R(x,vx2+1)dx, [R(x,v—x2+1)dx, [R(x,vx2—1)dx.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
J R(x,vx2+1)dx, [R(x,v—x?+1)dx, [ R(x,vx?—1)dx.
e Use trigonometric substitution or Euler substitution to transform to
trigonometric or rational function integral (no radicals).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
J R(x,vx2+1)dx, [R(x,v—x?+1)dx, [ R(x,vx?—1)dx.
e Use trigonometric substitution or Euler substitution to transform to
trigonometric or rational function integral (no radicals).
e Solve as previously studied.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, vax2 + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
J R(x,vx2+1)dx, [R(x,v—x?+1)dx, [ R(x,vx?—1)dx.
e Use trigonometric substitution or Euler substitution to transform to
trigonometric or rational function integral (no radicals).
e Solve as previously studied.
@ We motivate why we need such integrals by examples such as

computing the area of an ellipse.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute

[ va? — x?dx.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.
@ For [ xva? — x2dx, the substitution u = a® — x2 would work.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.

@ For [ xva? — x2dx, the substitution u = a® — x2 would work.

@ For [ va? — x?dx, we need a more elaborate substitution.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ Va? — x2dx.

@ For [ xva® — x2dx, the substitution u = a® — x2 would work.

@ For [va® — x2dx, we need a more elaborate substitution.

@ Instead, substitute x = asiné.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ Va? — x2dx.

@ For [ xva® — x2dx, the substitution u = a® — x2 would work.

@ For [va® — x2dx, we need a more elaborate substitution.

@ Instead, substitute x = asiné.

2 x2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ Va? — x2dx.

@ For [ xva® — x2dx, the substitution u = a® — x2 would work.

@ For [va® — x2dx, we need a more elaborate substitution.

@ Instead, substitute x = asiné.

Va2 —x2=1/a2 — a82sin’0 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ Va? — x2dx.

@ For [ xva® — x2dx, the substitution u = a® — x2 would work.

@ For [va® — x2dx, we need a more elaborate substitution.

@ Instead, substitute x = asiné.

Va —x2=1/a - asin0 = \/a2(1 —sin?0) =

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.
@ For [ xva? — x2dx, the substitution u = a® — x2 would work.

@ For [ va? — x?dx, we need a more elaborate substitution.
@ Instead, substitute x = asind.

Va —x2=1/a - asin0 = \/a2(1 —sin?0) = v/ a2 cos2 6 = a| cos .
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.
@ For [ xva? — x2dx, the substitution u = a® — x2 would work.

@ For [ va? — x?dx, we need a more elaborate substitution.
@ Instead, substitute x = asind.

Va —x2=1/a - asin0 = \/a2(1 —sin?0) = v/ a2 cos2 6 = a| cos .

@ With u = a® — x2, the new variable is a function of the old one.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.
@ For [ xva? — x2dx, the substitution u = a® — x2 would work.

@ For [ va? — x?dx, we need a more elaborate substitution.
@ Instead, substitute x = asind.

Va —x2=1/a - asin0 = \/a2(1 —sin?0) = v/ a2 cos2 6 = a| cos .

@ With u = a® — x2, the new variable is a function of the old one.
@ With x = asin 6, the old variable is a function of the new one.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function  Transforming to the forms v/x2 + 1, v/—x2 + 1, /x2 — 1

Linear substitutions to simplify radicals /ay? + by + ¢

@ Using linear substitutions, radicals of form y/ay? + by + ¢, a # 0,
b? — 4ac +# 0 can be transformed to (multiple of):
o VxZ4+1
o V—x?+1
o Vx%2 —1.
@ We already studied how to do that using completing the square
when dealing with rational functions.
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.
VX2+x+1 =
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.
1
VX2+x+1 = \/x2+22x+ ?2— ?2+1
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 — 7 +1
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 —2 +1

_ \/<x+ ?>2+?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Transforming to the forms \/x2 + 1,/ —x2 + 1, /x2 — 1
Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 —— +1

4
= Xt 2+ °
a 2 4
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 —2 +1

)
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 —2 +1
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1 1
VX2 +x+1 = \/x2+22x+4 —2 +1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Transforming to the forms \/x2 + 1,/ —x2 + 1, /x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

VX2 +x+1

whereu2<x+
V3 2
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
vV-2x2+x+1 =
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform \/—2x2 + x + 1 to multiple of v —u? + 1.

Vo2 txt1 = 4/-2(x-jx—})
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.

vV —2x2 4 x + 1 \/ (x2 - 3x—1)
= J-2(e-2ix+? -7 -}
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.

vV —2x2 4 x + 1 \/ (x2—1x-1)
= J-2(e-2ix+? -7 -}
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.

vV —2x2 4 x + 1 \/ (x2—1x-1)
= 208 -2t - -}
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—%)

= 208 -2+ - )
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—%)

= J/-2(@-2}x+

= /2= 97
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—1)
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—%)
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—%)
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x2+x+1 = \/—2(X2—%x—%)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
VvV —2x2 + x +1

Math 141
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:
J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.

@ So far, with linear transformations we converted all integrals of the
form / R(x, v ax? + bx + c)dx to one of the three forms:
J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.

@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotfd; x =sinf, x = cosh; x =csch, x =sech.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.

@ So far, with linear transformations we converted all integrals of the
form / R(x, v ax? + bx + c)dx to one of the three forms:
| R(x,vx2+1)dx, [ R(x,v—x?+ 1)dx, [ R(x,vx? —1)dx.

@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:
x =tand, x = cotd; x =sinf, x = cosh; x =csch, x =sech.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.

@ So far, with linear transformations we converted all integrals of the
form / R(x, v ax? + bx + c)dx to one of the three forms:
J R(x,vx2+1)dx, [ R(x,v—x?+1)dx, [ R(x,Vx?—1)dx.

@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotf; x = sinf, x = cosf; x =csch, x =sech.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.

@ So far, with linear transformations we converted all integrals of the
form / R(x, v ax? + bx + c)dx to one of the three forms:
J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx? —1)dx.

@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotd; x =sinf, x = cosh; x =csch, x = sech.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.

@ So far, with linear transformations we converted all integrals of the
form / R(x, v ax? + bx + c)dx to one of the three forms:
J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.

@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotfd; x =sinf, x = cosh; x =csch, x =sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.

@ Each of the above integrals can be transformed to a rational
trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotfd; x =sinf, x = cosh; x =csch, x =sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

| R(x,vx2+1)dx, [ R(x,v—x?+ 1)dx, [ R(x,vx? —1)dx.

@ Each of the above integrals can be transformed to a rational
trigonometric integral using 3 pairs of substitutions:
x =tand, x = cotd; x =sinf, x = cosh; x =csch, x =sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x?+ 1)dx, [ R(x,vx?—1)dx.

@ Each of the above integrals can be transformed to a rational
trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotf; x = sinf, x = cosf; x =csch, x =sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctan t); x = csc(2arctan t), x = sec(2arctan t).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx? —1)dx.

@ Each of the above integrals can be transformed to a rational
trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotd; x =sinf, x = cosh; x =csch, x = sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.

@ Each of the above integrals can be transformed to a rational
trigonometric integral using 3 pairs of substitutions:
x =tané, x = cotfd; x =sinf, x = cosh; x =csch, x =sech.

@ We studied that trigonometric integrals are converted to rational
function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).

@ The Euler substitutions directly transform the integral to a rational
function integral.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.
@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:

x =tan#, x = coth; x =sinf, x = cosf; x = csch, x = sech.
@ We studied that trigonometric integrals are converted to rational

function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).

@ The Euler substitutions directly transform the integral to a rational
function integral.

@ We will demonstrate that the Euler substitutions are rational.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Table of Euler and trig substitutions

Trigonometric substitution and Euler substitution

Expression | Substitution | Variable range Relevant identity
x=tand  |0€ (-%,5) 1+tan®0 = sec?
A/ x2 272
T~ coto 6 € (0,7) 1 +cot?d = csc? 6
; T T ) 2
—5 = | X=sind 0ecl-% 3] 1 —sin“4 = cos? 9
X1 — coso 0 € (0,7) 1 —cos? = cos? 0
x=cscld [0€[0,5)U[r, %) |csc?d—1=cot?d
Jy2 L 2 L7 2
=1 sech 0e(0,2)umr F) |sec?d—1=tan’0
Euler substitution by applying in addition # = 2 arctan t
of
JEET X=1%z —1<t<A (?)
x=3(F-tlo<t (?)
X2 1 1 x = —1<t=<t (?)
_ 12
X=1e 0<t (?)
e—7 |¥x=z(+[te(-00,-1)U[0.1) (?)
x=1L e (—00,~1)U[0,1) (?)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

VX441 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, § € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot?0+1

cos2 6
= - +1
sin< 6
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

cos2 6
= A\ w2, T
sin< 6

B \/0032 0 + sin® 0
B sin® g
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

B 00520

B sin? 0

B \/00320+S|n 9
a sin? ¢

B 1

B sm29 sin ¢
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

cos2 0
sin? 0

+1

\/0032 0 + sin® ¢
sin 6
when 6 € (0, 7) we have
1/ sinf > 0 and so
sin” Vsin?g V/sin®0 = sin 6

sm@
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

cos2 6
= A\ w2z,
sin“ 0

B \/00329+ sin® 9

sin® 6
1 1 when ¢ € (0, 7) we have
_ \/T _ sing > 0 and so
sin®0  \/sin%¢ Vsin?6 = sing
1
= Snd= csch
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

cos2 6
= (w2, T

sin< 6
. \/COSQHS'”Z@
- sin® 6

1 1 when ¢ € (0, 7) we have
_ \/j: sing > 0 and so

sin®0  \/sin%¢ Vsin?6 = sing

1
— m_csce
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

1
vVx24+1 = —— =csch

sind
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VX241 = .L:csce

sinf
The differential dx can be expressed via df from x = coté.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VX241 = L =csch
sin 6
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, 0 € (0, ) for v'x2 + 1 is given
by:

X = cotf
VX241 = —.1 =csch
sinf
dx = ?d6
§ = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VXxe+1 = L =cscf
sinf
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, 0 € (0, ) for v'x2 + 1 is given
by:

X = cotd
VXe+1 = L = csch
siné
dx = ?d6
# = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cotd, § € (0, ) for v x2 + 1:

VX241 = L =csch
sin 6
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, § € (0, ) for v'x2 + 1 is given
by:

X = cotf
VX241 = —.1 =csch
sinf
dx = ?d6
# = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VX241 = L =csch
sin 6
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, 0 € (0, ) for v'x2 + 1 is given
by:

X = cotf
VX241 = —.1 =csch
sinf
dx = ?d6
§ = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VX241 = L =csch
sin 6
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, 0 € (0, ) for v'x2 + 1 is given
by:

X = cotf
Vx2+1 = S|1W = csch
do
dx = - ——— =-—csc?0 do
sin© 6
§ = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1
i¢] J

1
—dx
X2/ x2 4+ 9
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/1dx— /1dx
xX2V/x?+9 x23 /(%)2+1

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

1 1 Set
—————dx = /dx X = coté
/x2\/x2 +9 x23 /(%)2+1 ’
6 € (0,m)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case v/ x2 + 1

/ 1 1 Set

— L _dx= /dx X = cotd

X2VX2+9 X231/ (£)2 + 1 X =3coth
6 € (0,7)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
—dx = /dx % = cotf
X2VX2 19 %231/ (%)% +1 X =3coth
1
= d(3cotd 0 e (0,
/(300’[0)23\/ cot20 + 1 ( ) (0,)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
—dx = /dx g — cotd
X2Vx2+9 x23\/(’3()21+1 x = 3coth
= d(3cotd 0 e (0,
/ (3cot#)23+/ cot26 + 1 ( ) (0,)
1
= ? do
/ 27 cot? 6/ ? ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
—dx = /dx g — cotd
X2Vx2+9 x23\/(’3()21+1 x = 3coth
= d(3cotd 0 e (0,
/ (3cot )23+ cot?0 + 1 ( ) (0,)
1
= ? do
/ 27 cot? 6+/? ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
—dx = /dx g — cotd
X2Vx2+9 x23\/(’3()21+1 x = 3coth
= d(3cotd 0 e (0,
/ (3cot )23+ cot?0 + 1 ( ) (0,)
1
= ? do
/27 cot® v/ csc2 6 ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
—dx = /dx g = cotd
X?Vx2+9 x23 /(§)21+ 1 x = 3cotf
= d(3cotd 0 e (0,
/ (3cot#)23+/ cot26 + 1 ( ) (0,)
1
= ? do
/27 cot® 6/ csc2 6 ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/ 1 1 Set
——dx= /dx X — cotf
X?Vx2+9 x23 /(§)21+ 1 x = 3cotf
= d(3cotd 0 e (0,
/ (3cot#)23+/ cot26 + 1 ( ) (0,)
1
= —3csc?6) do
/ 27 cot? 9/ csc? 6 ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Set
/ / dx g = coté
2/x2+9
X X3 g +1 x =3cotd
3cotd e (0,
/ (3cotd 23\/cot20+ A ) (0,7)
= —3csc?6) do
/27cot29\/ csc? 6 ( )
/ —csc? 6
"9 cot200300
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

/2 / —F——dx
X x23 X +1

(3)
d(3cotf)

/ (3cotd 23\/ cot26 + 1
—3csc?6) do
/ 27 cot? ev csc2 6 ( )

/ —csc? 6
"9 cot200309

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,7)=
cscld >0

X
3
X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Set
/ 2\/27 / 5 = cotd
o x23\/%7 X =3cotd
/ (300t9)23\/m d(3cotd) |0 ¢€(0,m)
- 1 2 0 €(0,m)=
_/27cot29W<_SCSC 9>d9 sale
1 —csc?d
?/cot%cso@
9/ 00329
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )
/ —csc? 6
cot2 9 esc 9 1

9 0032 6 ‘cos 20

d(3cotf)

(')

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )
/ —csc? 6
cot2 9 esc 9

9 00326 9/ cos26

d(3cotf)

Math 141 Lecture 7

d( cos )

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/x2\/x2 /x23 /( %
/(300t9)23\/cot20+
1
= —3csc?6) do
/ 27cot20\/ csc? 6 ( )
/ —csc? 6
9 cot200300 1

9 00326 ~ 9/ cos2p

_1/“
9 ) W2

d(3cotf)

d( cos )

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cos 0

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/x2\/x2 /x23 /( %
/(300t9)23\/cot20+
1
= —3csc?6) do
/ 27cot20\/ csc? 6 ( )
/ —csc? 6
9 cot200300 1

9 00326 ~ 9/ cos2f

1 u
:9,/112:"’ O

d(3cotf)

d( cos6)

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/x2\/x2 /x23 /( %
/(300t9)23\/cot20+
1
= —3csc?6) do
/ 27cot20\/ csc? 6 ( )
/ —csc? 6
9 cot200300 1

9 00326 ~ 9/ cos2f

1 u
—9,/112— gyt O

d(3cotf)

d( cos6)

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

d(3cotf)

1

A - 0
9 00326 9 coszed(cos)
1 u sect
—9/[,2—‘911”3—‘ g C

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cos 0

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

d(3cotf)

1
— 0
9 00326 9 coszed( Gesb)
1 u sect
—9/,,2— — g O=—" 4G
Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

pd

?

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

d(3cotf)

1
— 0
9 00326 9 coszed( Gesb)
1 u sect
—9/,,2— — g O=—" 4G
Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

pd

X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

d(3cotf)

1
— 0
9 00326 9 coszed( Gesb)
1 u sect
—9/,,2— — g O=—" 4G
Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

’
2 d

X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/ x2\/x2 /
X234/ ( %
/ (3 cot 9)23\/ cot?6 + 1
1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

d(3cotf)

1

A - 0
9 00326 9 coszed(cos)
1 u sect
—9/[,2—‘%”3—‘ g C

Math 141 Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

m‘s

X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/x2\/x27 /Xzs\/T

Math 141

3cot
/(300t9)23\/ cot?6 + 1 A )

1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

1
A - 0
9 00326 9 coszed(cos)
1 u sect
—9/[,2—‘%”3—‘ g C
2

Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

m‘s

X

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 = 2arctant, transforms dé, cos 6, sin 6 to rational form.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 = 2arctant, transforms dé, cos 6, sin 6 to rational form.

What if we compose the above?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cotd
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 = 2arctant, t > 0 transforms df, cos 8, sin 8 to rational form.

What if we compose the above? We get the Euler substitution:

X = cotd

= cot(2arctant)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(22)
sin(2z)

= cot(2arctant) |Recall: cot(2z) =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cotd

2 1 — tan?
= cot(2arctant) |Recall: cot(2z) = c;?;((zzz)) = 2tanzz

1 — tan?(arctant)
2tan(arctan t)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)
2tan(arctant)
112
2t
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)

2tan(arctant)
1-#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)

2tan(arctant)
12
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)

2tan(arctant)
1-7
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)

2tan(arctant)
1-#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—ll—t
o2\t
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

VX241 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—ll—t
o2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
G+ =1+1¢
because t > 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2

(1+0° =1+t

because t > 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2

(+0° =1+t

because t > 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1
v/ x2 - _ (=
X +1 5 (t + t)
Finally compute

dx =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—ll—t
o2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute

- o(3(1)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute

« = o(3(i-1)-
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute

= o(3 ) dE)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute
dx = d —
1 /1 1
t = 2<t“) _Z(t_t>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute
dx = d —
1 /1 1
L= 2<t+t) 2(tt>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute
dx = d —
1 /1 1
t = 2<t+t)2(z‘_t>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't

Finally compute
1 /1 1 /1
(2(t-1) = al@r)e
1

d
t = 1 1+t - 1—t =Vx2+1—-x
2\t 2\t N

dx =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—ll—t
o2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't
Finally compute

1 /1 1 /1
1/1 1 /1
— _ | _ _ _ — 2 _
t = 2<t+t) 2(2‘ t> vxe+1—-x
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—ll—t
o2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't

Finally compute
1 /1 1 /1
(2(:-1)) = 2(err)e
1

d
t = 1 14—2‘ - = 1—1‘ =Vx2+1-—x
o2\t 2 \ 't B

dx =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

The Euler substitution for v'x2 + 1 corresponding to x = cot 6 is given
by:

1 /1
X = 5 ?—t, t>0
1 /1
Vx2i1 = (-
X<+ 5 t+t
1 /1
= ——|=+1
dx 2<t2+ )dt
t = Vx2+1-x
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = (3 — 1), VX2 +1 =1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/;<1+t>%<:—2+1>dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1—x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/%GH);(;H)M

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/;(1+t);<:2+1>dt

1 1 1
= —4/<t3+2t—|—t>dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example
/\/x2+1dx = —/;(1+t);<:2+1>dt

1 1 1
- 1 (e ea
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/;(1+t);<:2+1>dt

1 1 1
= _4/<t3+2f+t>dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example
/\/x2+1dx = —/;(1+t) ; <:2+1>dt

1 1 1
~ 1 (e e)a
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/;(1+t);<:2+1>dt

1 1 1
= —4/<t3+2t—|—t>dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/1 (
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example

/\/)Tﬂdx: /2( ) <t12+1>dt
— —1/<ts+21t+t>dt

1 - t
= —4<—2—|—2Int|+2)+0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example

/\/)Tﬂdx: /2( ) <t12+1>dt
- —l/<t3+21+t>dt

2 t2
(o s ) s

-M—~
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/;(1+t);<:2+1>dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/)Tﬂdx: /2( ) <1+1>dt

1 1
= _4/<t3+2+t>dt

t2
(—+mm+)+c

(Vﬂ+z—xﬁ_(Vﬂ+1xf>

In<\/x2+1—x)+C

i
8

N m_’;‘ -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/)Tﬂdx: /2( ) <1+1>dt

1 1
= _4/<t3+2+t>dt

t2
(—+mn+)+c

(«ﬂ%_x)Z‘(sz+1‘x)2>

In<\/x2+1 —x)+C

i
8

N m_’;‘ -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

/\/x2+1dx = ( ) <t12+1>dt

/2
1/( +2- +t>dt

t2
(—+2lnm+ )+c

(m_x)f(”z“‘x)z)
In<\/x2+1—x)+C

8

Il
N _L/_\_p\ —_
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = —/%(17+t);<:2+1>dt
- [ (et )

t2
(——+2In|t!+ )+C

T (sz“x)2>
In(\/x2+‘| —x)+C

5

I
l\)\—k/_\-hl—h
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function

Recall Euler substitution: x =} (1

(G- Veer1=5(F+1),
t=Vx2+1—x,dx=-}(5+1)dt

The case v/x2 + 1

1 1 2
> v _ 2 _
/\/x + 1dx 3 (m—x)Q (\/x +1 x) )

—éln(\/x2+1—x>+c

The answer is good. However, let’s simplify.
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function

Recall Euler substitution: x =} (1

(=0, VX2 1=5 (7 +1),
t=Vx2+1-x,dx=—3(5+1)dt

The case v/x2 + 1

1 1 2
VX% +1dx = — (VXx2+1—x
/ 8\ (Vx2+1—-x)2 ( ) )
—éln <\/x2+1 —x) +C
The answer is good. However, let’s simplify.
1 2
—(VXx2+1-—x
(Vx%2+1—x)2 ( )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx _ ] L 5~ (\/X2+1—X>2>

8\ (Vx2+1—x)
—éln <\/x2+1 —x) +C
The answer is good. However, let’s simplify.

T ()

_ WHTaxP e e
= AT R T VR
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1—-x,dx=— 5(2 +1)dt

Example
1 1 2
VX2+1dx = —(Vx24+1—x
—éln <\/x2+1 —x) +C
The answer is good. However, let’s simplify.

T ()

B (VX T +x)2 N e T
T (1 xR(VE 1+ x)? (he =]

(VX2 + 1+ x)? 2
— (TR =2y - (\/ x2+1- x)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1—-x,dx=— 5(2 +1)dt

Example

1 1 2
/\/x2+1dx = 3 T (\/X2+1—X>>
—§In<\/x2+1—x)+c
The answe1r is good. However, let’'s sirznplify.
T —(\/x2+1—x>
= G/ U ) ( x2 41— )
(Vo241 = xP(VoP 1+ xP
_ (\/X2 —|-x) _( X2—|—1—X)2
(V12— 522 = 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1—-x,dx=— 5(2 +1)dt

Example
1 1 2
VX2+1dx = —(Vx24+1—x
—éln <\/x2+1 —x) +C
The answer is good. However, let’s simplify.

T ()

B (VX2 + 1 + x)? (a2
_(W—X)Z(W+x)2 ( . X>
(VX2 +1+x) = 2

:((\/x2+1)2—x2)21_< X2+1_X)

:( x2+1+x>2—(m—x>2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1—-x,dx=— 5(2 +1)dt

Example
1 1 2
VX2+1dx = —(Vx24+1—x
—éln <\/x2+1 —x) +C
The answer is good. However, let’s simplify.

T ()

B (VX T +x)2 N e T
T (1 xR(VE 1+ x)? (he =]

(VX2 + 1+ x)? T J\2
T (VXEL1)2 - x2)2 - (Ve +1-x)

:( x2+1+x>2—(m—x>2 —4xV/x2+1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vVx24+1—x,dx =— 2(2 +1)dt
1 2
vV x2 +1dx — — (\/x2+1—x>
/ 8 (VX2 +1—x)?
—éln <\/x2+1 —x) +C

The answer is good. However, let’s simplify.
1

2
T (VT )
(VX2 5T + x)?

2
(VX211 = x2(Vx@+ 1+ x)2 (=2
(VA2 1+ x)?

s (G
:( X2 +1 +X>2— (\/)(27+1—x>2 — 4x\/x2 41

Math 141

Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

Example
/\/x2+1dx = %X\/X2—|—1
—%In(x/x2+1—x)+c

The answer is good. However, let’s simplify.

T ()

B (VX T +x)2 N e T
T (1 xR(VE 1+ x)? (he =]

(VX2 + 1+ x)? T J\2
T (VXEL1)2 - x2)2 - (Ve +1-x)

:( X2+1+X>2—<m—x>2 — 4x\/x2 41

Math 141 Lecture 7 Spring 2015




Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example

/\/x2+1dx = 1X\/x2+1

2

—1In(\/m—x>+0

2
The last expression can be transformed to:
(\/ x2+1-— x)
In =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example

/\/x2+ dx = —xx/x2+1

2

—1In<\/x27+1—x)+0

2
The last expression can be transformed to:

. (VEHT-x) (VEiiex))

VXxZ+1+x
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 3 (3 — 1), VX2 +1=3 (3 +1),
t=vx2+1-x,dx=—} (:—2+1)dt.

Example

/\/x2+ dx = —xx/x2+1

2

—1In<\/x27+1—x)+0

2
The last expression can be transformed to:
(\/x2 +1 ) (\/x-? +14+ x) | 1
VX2 + 1+ x (x/erx)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

Example

/\/x2+1dx = 1X\/x2+1

2

—1In<\/x27+1—x)+0

2
The last expression can be transformed to:
(m—x) <\/x2+1+x> I 1
In = n({f ——
VX2 + 1+ x <m+x>
= —lIn (\/x2+1+x)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

Example

/\/x2+1dx = 1X\/x2+1

2

—1In(\/m—x>+0

2
The last expression can be transformed to:
(m—x) <\/x2+1+x> I 1
VX2 + 1+ x (x/erx)
= —lIn (\/x2+1+x)

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Recall Euler substitution: x = 1 (+ — ), Vx2+1=1 (1 +1),
t=vVx2+1-x,dx=-} (:—2+1)dt.

/\/x2+1dx = %X\/X2+1
1
- 2

+2In< X +1+x)+C
The last expression can be transformed to:
(Vi@+T-x) (V5T +x) | ’
In = n({f ——
VX2 + 1+ x (x/erx)
= —lIn (\/x2+1 +x)

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +1/x2 + 1 and x = £2v/2.
y=Vx24+1

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +1/x2 + 1 and x = £2v/2.
y=Vx2 41

why do we call
y = vx2 + 1 hyperbola?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.
y=Vx24+1

We studied v = # is called a
hyperbola: why do we call
y = vx2 + 1 hyperbola?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y
xX>+1 = y?

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y
xX>+1 = y?
y2 . X2 - 1

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX2r1 =y
xX>+1 = y?
y2_X2 - 1
y—x) (y+x) = 1

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y
xX2+1 = y?
y2_X2 - 1
5 =% (+x) = 3

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y
xX2+1 = y?
y2_X2 — 1
Fy-02y+0 = }
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =

xX2+1 =

y2—x? =
y—Xx)R(y+x) =
uv =

2(

(VB NTEE T NS
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =y

xX>+1 = y?

y2_X2 - 1

2o -02y+x = }
uw = 3

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

VX241 =
X2 +1 =
y2_x2 —

y-x)2(y+x) =

uv =

v2(

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.
5 We studied v = # is called a

hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

. x)

VX241 =y
xX2+1 = y?

y2 . X2 — 1

P02y 0 =}

uw = 3

v 1u27
= (y—x) :
where \2[ . Consider
V=% (y+x)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
oY) We studied v = # is called a
hyperbola: why do we call
y = v x2 + 1 hyperbola? Compute:
Q. x)
VX241 =y
X241 = y?
y—x= y2 _ X2 = 1
P02y 0 =}
uv = %
v 1u27
— V2 (y _
where| = \2[ (=) . Consider
V=% (y+x)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.
59 We studied v = # is called a

hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:

. x)
VX241 =y
xX>+1 = y?
y2_X2 - 1
P02y 0 =}
uw = 3
v 1u27
_\/
where *\[(y X). Consider
V=% (y+x)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

We studied v = 1{12 is called a
hyperbola: why do we call
y = vx2 4+ 1 hyperbola? Compute:
. x)
VX241 =y
X241 = y?
y2 . X2 — 1
Ry -2y +x) = }
uw = 3
y 1u27
_ f
where| = f (V=) . Consider
V=% (y+x)
an arbitrary point (x, y).
Math 141 Lecture 7

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.
X, ) We studied v = # is called a
(ox yax, hyperbola: why do we call
: ’ y = v/x2 + 1 hyperbola? Compute:
Y, x)
VX241 =y
X241 = y?
y2 . X2 — 1
Fy-0Fy+0 = }
distance b-n (x, y) and line =g
1/2
u =0 equals 4 U
_ f
where| = f (=) . Consider
v=2%(y+x)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
(ox yax, hyperbola: why do we call
: ’ y = vx2 + 1 hyperbola? Compute:
Y, X)
VX241 =y
X241 = y?
y2 . X2 — 1
Fy-0Fy+0 = }
distance b-n (x, y) and line =y
1/2
u =0 equals 4 U
2 2
(x+y) (x+y)
X—352) 4+ |y— 5 _ f
\/ < ? > ( ? ) where f (=) . Consider
V=% (y+x)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
(ox yax, hyperbola: why do we call
: ’ y = vx2 + 1 hyperbola? Compute:
Y, X)
VX241 =y
X241 = y?
y2 . X2 — 1
Fy-0Fy+0 = }
distance b-n (x, y) and line =y
1/2
u =0 equals 4 U
2 2
(x+y) (x+y)
x— 2 ) 4 (v -2 _ 2y
\/< ? > ( ? ) where \2[ (=) . Consider
= 3(y — x)? V—Q(Y‘H()

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
(ox yax, hyperbola: why do we call
: ’ y = vVx2 + 1 hyperbola? Compute:
Y, X)
VX241 =y
X241 = y?
y2 . X2 — 1
Fy-0Fy+0 = }
distance b-n (x, y) and line =y
1/2
u =0 equals 4 U
2 2
(x+y) (x+y)
X— =) +y— =5 — V2 (y, _
\/( 2 ) ( ? > where \2[ (=) . Consider
= 3y —xP=+2(y—x v="3 y+Xx)

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
(rox o) hyperbola: why do we call
: ’ y = vVx2 + 1 hyperbola? Compute:
Y, x)
VX241 =y
X241 = y?
y2 . X2 - 1
Fy-0Fy+0 = }
Signed distance b-n (x, y) and line b = 2,
u =0 equals 4 U
2 2
jE\/X(Hy) Ly ) By,
( 2 ) ( ? > where| = \2[ (=) . Consider
== \hly-x2= FU-»0 V=5 T

an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
DG o i hyperbola: why do we call
: ’ y = vVx2 + 1 hyperbola? Compute:
Y, x)
VX241 =y
X241 = y?
y2 . X2 _ 1
Fy-0Fy+0 = }
Signed distance b-n (x, y) and line b = 2,
u =0 equals 4 U
2 2
jE\/X(Hy) Ly ) B
( 2 ) ( ? > where| = \2[ (=) . Consider
= +/3y-x2= Z2(y-x= V=" X
uU. an arbitrary point (x, y).
Math 141 Lecture 7

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
(%) We studied v = # is called a
DG e vixy hyperbola: why do we call
: ’ y = vVx2 + 1 hyperbola? Compute:
Y, x)
VX241 =y
X241 = y?
y2 . X2 _ 1
Fy-0Fy+0 = }
Signed distance b-n (x, y) and line b = 2,
u=0equals u. v =
_ f
where| = f (=) . Consider
V=% (y+x)

an arbitrary point (x, y).

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 + 1 hyperbola? Compute:

VX241 =y
xX2+1 = y?
y2 —x2 = 1
Fy-0Fy+0 =}
Signed distance b-n (x, y) and line v = 2
N 1/2
u=0equals wu. Similarly 4 U
compute that signed distance b-n f
(x,y) and the line v = 0 equals v. where| Y= f (y —x) _ Consider
v="%(+x)

an arbitrary point (x, y).

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

We studied v = # is called a
hyperbola: why do we call
y = vx2 + 1 hyperbola? Compute:

VX241 =y
xX2+1 = y?
y2 —x2 = 1
Fy-0Fy+0 =}
Signed distance b-n (x, y) and line v = 2
N 1/2
u=0equals wu. Similarly 4 U
compute that signed distance b-n f
(x,y) and the line v = 0 equals v. where| Y= f (y —x) _ Consider
v="2(y+x)

an arbitrary point (x, y).

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
We studied v = % is called a

hyperbola: why do we call
y = vx2 + 1 hyperbola? Compute:

VX241 =y
xX2+1 = y?
y2—x®> = 1
Fy-0Fy+0 =}
Signed distance b-n (x, y) and line . = 3
N 1/2
u=0equals wu. Similarly 4 U
compute that signed distance b-n f
(x,¥) andzthe Ilpe v=0equalsv. Lo lU= f (y —x) _ Consider
= y? — x2 =1 is the hyperbola v="Y2(y+X)

v = 2 in the (u, v)-plane. an arbitrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

The area in question is:
2

/ 2V x2 + 1dx

?

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola
V= # in the (u, v)-plane.

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

The area in question is:
2

/ 2V x2 + 1dx

—2v/2

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola
V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Example

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 + 1dx
—2v/2

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola
V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 + 1dx
—2v/2

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola

V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 + 1dx
—2v/2

B R

n (Vs 1+x)]"

—2v2

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola
V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 + 1dx
—2v/2

~2[x/iEH

n (Ve + 1 +x)]*

Signed distance b-n (x, y) and line
u=0equals u. Similarly
compute that signed distance b-n
(x,y) and the line v = 0 equals v.
= y? — x2 =1 is the hyperbola
V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 + 1dx
—2v/2

2 fxviesi
n (Ve + 1 +x)]2

Signed distance b-n (x, y) and line =2 (2\/§ (2v2)2 + 1
u=0equals u. Similarly

compute that signed distance b-n ~ +In ( (2v2)2 +1+ 2\/5))
(x,y) and the line v = 0 equals v.

= y? — x?> =1 is the hyperbola

v=12inthe (u, v)-plane.

v
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:
2y2
/ 2V x2 +1dx
—22

—2[x/iEe

n (Vs 1+x)]2"

Signed distance b-n (x, y) and line =2 (2\/§ (2v2)2 + 1
u=0equals u. Similarly

compute that signed distance b-n ~ +In ( (2v2)2 +1+ 2\/5))
(x,y) and the line v = 0 equals v. _

= y? — x?> =1 is the hyperbola = 12v2+2in (3 * 2\@)
V= # in the (u, v)-plane.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:
2y2
/ 2V x2 +1dx
—22

—2[x/iEe

n (Vs 1+x)]2"

Signed distance b-n (x, y) and line =2 (2\/§ (2v2)2 + 1
u=0equals u. Similarly

compute that signed distance b-n ~ +In ( (2v2)2 +1+ 2\/5))
(x,yz) andzthe Ilpe v = 0 equals v. —12v/3 4 2In (3 n 2\@)

= y< — x= = 1is the hyperbola

V= # in the (u, v)-plane. = Ebasl
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1
{¢] J

H X
Find [ mdx.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find [ \/X’(Z_de.

@ We could use the trig substitution x = 2tan 6.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=

@ du=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=

@ du=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

@ uU=x°+4.

@ du=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du = 2xdx.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.
@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:
o u=x%+4,

@ du = 2xdx.

[ g -
N
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du = 2xdx.

/de_l g _
VXe+4 2] Vu o
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

@ uU=x°+4.

@ du = 2xdx.

/de_l du _
vVx2+4  2) vu o
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ mdx.

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du = 2xdx.

VXe+4 2] Vu o
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ \/X2_+4dx

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du = 2xdx.

/ de
N \/_
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ \/X2_+4dx

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

@ uU=x°+4.

@ du = 2xdx.

/ de
N \/_

L _Vu+C=vVxet4+C
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Trigonometric substitution x = cos 6 for v/ —x2 + 1
The trigonometric substitution x = cos @, 6 € [0, 7] for vV —x2 + 1:

V=x2+1 =
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Trigonometric substitution x = cos 6 for v/ —x2 + 1
The trigonometric substitution x = cos ¥, 6 € [0, 7] for vV —x2 + 1:

V—=x2+1 = +/1- cos?d
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Trigonometric substitution x = cos 6 for v—x2 + 1
The trigonometric substitution x = cos @, 6 < [0, ] for v —x2 4 1:
VRETT = Vi oo
= Vsin?g

= siné
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Trigonometric substitution x = cos 6 for v/ —x2 + 1
The trigonometric substitution x = cos @, 6 € [0, 7] for vV —x2 + 1:
V—=x2+1 = +/1- cos?

_ VsnZe when ¢ € [—%, 3] we have
N sin® > 0 and so Vsin?0 = sind

= siné
To summarize:
Definition

The trigonometric substitution x = cos @, 6 € [0, n] for vV—x2 + 1 is
given by:

X = cosf
vV—x24+1 = sinf
dx = —sin6dd
# = arccosx
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L)’(Q’(zdx.
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.
@ Letx =

@ Thendx =

9-—x2=
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.
@ Letx =

@ Thendx =

9-—x2=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate | L;dex.

@ Let x = 3sind, where
—m/2<6<m/2.
@ Thendx =

9-—x2=
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—7m/2 <60 <m/2
@ Then dx =

9-—x2=
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—7m/2 <60 <m/2
@ Then dx = 3 cos 6do.

9-—x2=
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—m/2<6<m/2.
@ Then dx = 3 cos 6d6.

V9 —x2=1/9—-9sin°0 =
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—7m/2 <60 <m/2
@ Then dx = 3 cos 6d6.

V9 —x2=1/9—9sin?0 = \/9cos26 =
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—7m/2 <60 <m/2
@ Then dx = 3 cos 6d6.

V9 —x2 =1/9—9sin?0 = \/9cos2 6 = 3|cosf| =
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate | L;dex.

@ Let x = 3sind, where
—m/2 <60 <m/2
@ Then dx = 3 cos 6d6.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

/O _ x2
/9X2xdx = /3C08930059d9

9sin? 0
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 = m: vV 9cos26 = 3|cosf| = 3cos ¥

/O _ y2
/9X2xdx = /3003030059d0

9sin? 0
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

V9 _ x2
/9X2xdx = /BCOSQSCosedH

9sin? 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sind, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

/O _ x2
/gxzxdx = /BCOSQSCosﬁdH

95sin¢
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6d6.
V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

V9 x2
/ LZde = 30_0293005 6de = / cot? 6dd
X 9sin< 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

= /(csc20 —1)do
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

= /(03020—1)d9: —coth—0+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sind, where 3 X
—m/2<6<m/2. 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

= /(03020—1)d9: —coth—0+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sind, where 3 X
—m/2<6<m/2. 7
V9 — x2

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

= /(03020—1)d9: —coth—0+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sind, where 3 X
—m/2<6<m/2. 7
V9 — x2

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

_ /(03020—1)d9: _cotd—0+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sind, where 3 X
—m/2<6<m/2. 7
V9 — x2

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0

_ /(03020—1)d9: _cotd—0+C

- — gxxz—arcsin@)ntc
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.

Math 141

Express y via x:

Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.

Express y via x:

x> y2 .
a2
2 2
yo_ 4%
b2 a2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.

Express y via x:

X2 y: .
A
> 2
yo_ 4. x
b2 a2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.

Express y via x:

b% y2_1
N
2 2
b a )
2 2 X
F - (-2
X2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse 2 —yi =1,ab>0.
a2 b
y=by/1— ’;é

il

Express y via x:

X2 )P

Z 42— A9

a2 b2
2 2
b a )
2 2 X
F - (-2

X2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse ;‘2—2 + %—2 =1,ab>0.

il B
|

¥ o_ g
s 2 >
y=—by/1 - X a }92 X2
z -2
2 2 X
F - (-2
X2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse {‘? + {72 =1,ab>0.

Express y via x:

AV
a? }tjg 2
The area in question is 2 - 1—?
y = xby1-5
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;‘2—2 + § =1,ab>0.

Express y via x:

2 2
S+l =
a b2
y? x?
The a;ea in question is 2 - 1— =z
) 2
2 2 5 X
/2b\/1—%dx y? = b (1_?>
? X2
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;‘2—2 + § =1,ab>0.

Express y via x:

2 2
S+l =
a b2
y? x?
The a:ea in question is 2 - 1— =z
. 2
2 2 5 X
/2b\/1—%dx y? = b (1_?>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the ellipse ;‘2—2 + § =1,ab>0.

Express y via x:

2 5
S+l =
a bg )
b a )
2 42 X
ye = b<1—?>
X2
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;‘2—2 + }é—z =1,ab>0.

, o y x?
The area in question is 2 = 1— Z
3 2
2 2 5 X
/2b 1 25dx y: = b<1—32>

a y = —
2 22
:4/b\/1 - X dx.
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse {‘? + {72 =1,ab>0.

a X2
/o /1 —?dx

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;2—2 + {72 =1,ab>0.

Trig subst.: set x = asind, 6 € (0,%).

a X2
/o /1 —?dx

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the elllpse >+ y =1,ab>0.

—pbf1— 22
y_b1—‘32

Trig subst.: setx = asma g€ (0,%).

Compute: \/ \/ 1— azs'”
a X2
/o /1 —?dx

2
—by1- 2

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the elllpse >+ y =1,ab>0.
Trig subst.: set x = asma g€ (0,%).

Compute: \/ \/1 - azs'“ =
V1 —sin?6

a X2
/o /1 —?dx

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the elllpse >+ y =1,ab>0.
Trig subst.: set x = asma 9€(0,%).

Compute: \/ \/1 - 325'” —

V1 — sin? 9:0039.

a X2
/o /1 —?dx

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the elllpse >+ y =1,ab>0.
Trig subst.: set x = asind, 0 € (0,%).

Compute: \/1 a2_\/1 325'“ —

V1 — sin?6 = cos .

a x2 .
/0 1—?dx = /cosed(asme)

The area in question is

a
2
/2b\/1—x—2dx
a
—a
2 2
:4/b\/1 ~ X dx
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case \/—x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: setx = asma g€ (0,%).
Compute: \/1 \/1 325'” —

V1 —sin? 9_0030. Whenx_O,H—Oand
whenx =a,0 =73

x2 X2 2
= / \/1——dx = cosd d(asin9)
The area in question is
a
2
/ 2by/1 — 2 dx
a
—a
y 2
— 4 / by/1 — Z5dx
a
0

Math 141

Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: setx = asma g€ (0,%).
Compute: \/1 \/1 325'” —

V1 —sin? 9_0030. Whenx_O,H—Oand
whenx =a,0 =73

a X2 3
/ 1—5dx = / cos 6 d(asinf)
The area in question is 0 a 0 s
N = a/ cos?0dd
/2b 1— —dx 0
a
—-a
7 2
—4 / by/1— = dx
a
0

Math 141
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: setx = asma g€ (0,%).
Compute: \/1 \/1 325'” —

V1 —sin? 9_0030. Whenx_O,H—Oand
whenx =a,0 =73

a x2 2
/ 1—5dx = / cosd d(asinf)
The area in question is 0 a 0 s
N = a/ cos?0dd
/2b 1— —dx 0
a
—-a
7 2
—4 / by/1— = dx
a
0

Math 141
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —
m_cose. When x = O, 0 =0 and

whenx =a,0 =73

a X2 . z
/ 1—-5dx = / cosd d(asin9)
0 a 0

The area in question is

a 2 = a/ cos?0dd
J1-5 0,
/2b aZdX 2 cos(26) + 1
—a

Mol

— a — 7 db
a b=
/ X2
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.
Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —

V1 —sin? 9_0030. Whenx_O,H—Oand

whenx =a,0 =73

a X2 . z
/ 1—-5dx = / cosd d(asin9)
0 a 0

The area in question is
aZde = a/o cos20dd
/ 2% 2 cos(26) + 1
¢ X2 2 (20) 0=%
_ Sin Q
:4/b\/1—?dx = a[T +2]9:0
0

Mol

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.
Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —

V1 —sin? 9_0030. Whenx_O,H—Oand

whenx =a,0 =73

a X2 . z
/ 1—-5dx = / cosd d(asin9)
0 a 0

The area in question is
aZde = a/o cos20dd
/ 2% 2 cos(26) + 1
_ = a ng
a 32 0 - o=1
\/ = sinlz¢) , 0
0

Mol
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —
m:cose. When x = O, 0 =0 and

whenx =a,0 =73

a X2 . z
/ 1—-5dx = / cosd d(asin9)
0 a 0

The area in question is
aZde = a/o cos20dd
/ 2% 2 cos(26) + 1
_ = a ————df
a > 0. 2 9==
—4 [ by/1-Xdx = a[= ]
22 0=0
0 0+0

= a(0+%-(0+0))

Mol
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —
m:cose. When x = O, 0 =0 and

whenx =a,0 =73

2
/\/1—X—dx = zcosad(asme)

The area in question is x
2 \/7 = a/ cos20dd
_ 0,
/ =91 a2 e 2 cos(26) + 1
_ = a —————df
a > 0. 2 9==
—4 [ by/1-Xdx = a[= ]
22 0=0
0 0+0

a(0+7%—(0+0))
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asma g€ (0,%).
Compute: \/1 \/1 325'” —
m:cose. When x = O, 0 =0 and

whenx =a,0 =73

2
/\/1—de = zcosad(asme)

The area in question is

g a : cos?0do
X2d - 0
/Zb\ﬂ_?x 2 cos(26) + 1
0
Sl

a
2 . ==
:4/b\/1—);2dx — a3 ]
a(0+z-(0+0
= 4be" = &
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asm@ g€ (0,%).
Compute: \/1 \/1 325'” —
m:cose. When x = O, 0 =0 and

whenx =a,0 =73

2
/\/1—X—dx = zcosad(asme)

The area in question is

a 2 2
2b\/17d = a/o cos“fdf

/ 2% 2 cos(26) + 1
Za = a —————dfb

2 2 0 2 =%

- X _ g[sn@o) | 0]°72

_4/b\/1—?dx — o@D g

0+0

0 a(0+7%—-(0+0)
= 4b% = rab . 2l0+3 )
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Integrals of form [ R(x, v/ax2 + bx + ¢)dx, R - rational function The case v/ —x2 + 1
i¢] J

Evaluate fﬁdx.
—2X—X
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
@3-2x—x%=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
@3-2x-x2=3 —(x¥*+2x )=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03-2x—x2=3+1-(x*+2x+1)=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u = .Thendu= and x =

X — X —
B Byl e

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u = .Thendu= and x =

X — X —
B Byl e
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute v = x+1. Thendu= and x =

X — X _
SR - el e -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u=x+1. Thendu= and x =

X — X _
SR - el e -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u = x+ 1. Then du =dx and x =

X — X _
SR - el e -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u = x+ 1. Thendu =dx and x =

X — X _
SR - el e -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u=x+1. Thendu =dx and x = u — 1.

X — X _
SR - el e -
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X _
* |t = e =

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?

@ Substitute u=x+1. Thendu =dx and x = u — 1.
u—1 du

X — X _
* |t = e = s
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu =dxand x = u — 1.
u—1 du

X — X _
* | ot = e = e
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?

@ Substitute v = x +1. Thendu =dx and x = u — 1.
u—1 du

X — X _
* |t =l =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u=x+1. Thendu=dx and x = u — 1.

X — X — u—1
* [ ¥ = [ i = o=y
o Letu= Then du =

0 V4 — 12 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u=x+1. Thendu=dx and x = u — 1.

X — X — u—1
* [ ¥ = [ i = o=y
o Letu= Then du =

0 V4 — 12 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X _
* |t = e =

@ Let u=2sinf, where —7/2 <0 < /2. Thendu =

0 V4 — 12 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X _
* |t = e =

@ Let u=2sinf, where —7/2 <0 < /2. Then du =

0 V4 — 12 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < /2. Then du = 2 cos /db.

0 V4 — 12 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sind, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.

@ V4— 12 =+/4—4sin?0 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.

0 V4—(2=+/4—4sin’0 = V4cos2h =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.

@ V4 — 12 =+/4—4sin?9 = V4cos?h = 2|cosf| =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 0 < 7/2. Then du = 2 cos 0d6.

@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:
03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?
@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1
du

B S N N SR
* |t =l e = e
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

X —_ u—1
I = I e
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

u—l _dy = [ 25n9-15 o5 Adh

[ =E—=dx= |
Vi2x—x? Vo 2c0s?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sind, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

u—l _duy = [ 250012 o5 Adh

[ =E—=dx= |
Vi2x—x? 7 2c0s?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < /2. Then du = 2 cos /db.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

ul _dy = [25in0-15cp54dd

[ =E—=dx= |
Vi2x—x? Vo 2c0s?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* | et = e = s
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 — 12 =+/4—4sin?0 = V4cos?h = 2|cosf| =2cos b

u—l _dy = [ 25915 o5 Hdh

[ =—=dx= [
Va—2xx? Va2 2cos0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b
u—1l_qy = [ 28n9-15 cosHdl

fmdxzf\/m 2cosf
= [(2sinf —1)df
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/—x2 + 1

Evaluate [ ﬁdx
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.

© V4 —12=1/4—-4sin?0 =4cos20 =2|cosf| =2cost
f\/ﬁ —f “1 _du = [ 2505512 cos Adf
X—X

2cosf

= f23|n9—1)d9: —20039 0+ C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/—x2 + 1

Evaluate [ ﬁdx
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
© V4 —12=1/4—-4sin?0 =4cos20 =2|cosf| =2cost

fﬁdx:f\/“idu: 2sin0-12 cos fdo
= [(2sing—1)dd = —2cosf -0+ C

= —V4—w2-sin' (¥)+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ﬁdx
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 — 12 =1/4—-4sin?0 =4cos20 =2|cosf| =2cosl

fﬁdx:f\/“idu: 2sin0-12 cos fdo
= [(2sing—1)dd = —2cosf -0+ C

= —V4—w2-sin"' (¥)+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ﬁdx
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sind, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
© V4 —12=1/4—-4sin?0 =4cos20 =2|cosf| =2cost

fﬁdx:f\/“idu: 2sin0-12 cos fdo
= [(2sing—1)dd = —2cosf -0+ C

= —V4-12-sin"' (§)+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/—x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

f\/ﬁdx:fﬁdu: 2sin0-12 cos fdo
= [(2sinf —1)d§d = —2cosf—0+C

= -V4d—w2-sin' (¥)+C

= —v3-2x—-x2—sin"' (&) +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x®=3+1—-(x°+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

f\/ﬁdx:fﬁdu: 2sin0-12 cos fdo
= [(2sinf —1)d§d = —2cosf—0+C

= —V4—w2-sin' (¥)+C

= —v3-2x—-x2—sin"' (&) +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/—x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03 -2x—x2=3+1-(x®+2x+1)=4—(x+1)?

@ Substitute v = x +1. Thendu =dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

f\/ﬁdx:fﬁdu: 2sin0-12 cos fdo
= [(2sinf —1)d§d = —2cosf—0+C

= —V4d—w2-sin' (¥)+C

= —v3-2x—x2—sin"' (&) +C
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 = 2arctant, transforms dé, cos 6, sin 6 to rational form.
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 = 2arctant, transforms dé, cos 6, sin 6 to rational form.

What if we compose the above?
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X =
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 = 2arctant, t > 0 transforms df, cos 8, sin 8 to rational form.

What if we compose the above? We get the Euler substitution:
X = cosf

= cos(2arctant)
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
X = cosé

= cos(2arctant) cos(2z) =
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
1 —tanz

= cos(2arctant cos(2z) = — — ©
( ) (22) 1+tanz
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
1 —tanz

= cos(2arctant cos(2z) = — — ©
( ) (22) 1 +tan?z

1 — tan?( arctan t)
1+ tan?(arctant)
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
1 —tanz

= cos(2arctant cos(2z) = — — —
( ) (22) 1+tanz

1 — tan?(arctan t)
1 + tan?(arctan t)
112
1+12
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
1 —tanz

= cos(2arctant cos(2z) = — — —
( ) (22) 1+tanz

1 — tan?(arctan t)
1+ tan?(arctan t)
1-1
1+1£2
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
11

X = —
142
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
14
‘/_X2+1 _
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 12
14 P
- 1—12\?
V—=xc+1 = 1—
1412
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

1—1‘2
X =

+t2
1+t2 —(1-1)2
(1+12)2

-
\/TH:\/ 1—’2
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

1—1‘2
X =

1+ t2
(1+ t2 (1-12)2
1+ t2)2

-
VR = \/ 1—’2
\/ |(1+22—-(1-R)2=2
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1—1‘2
14
1—t2
V—x24+1 = 0
—i—t
2)2 172
\/ H L N A
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1—1‘2
1+
1—t2
V—x24+1 = 5
—i—t
1 2)2 172
\/ +t t2)2 t) ‘(1«}»1‘2)27(1*1'2)2:41'2

V@ +t2
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
14 P
V—x2 +1 1 1- )"
— — _
1+12
2)2 _ (1 _ {2)2
\/(Ht() té)z t) (1 + 22— (1 - 17)2 =4
4¢2
= ETaL ‘\/41‘ = 2t because t > 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
14
- 1-12\?
V-x2+1 = L
1+12
2)2 _ ({1 _ f2)2
\/(Ht() té)z t) (1 + 22— (1 - 17)2 =4
4t2
= EN3E ‘\/41‘ = 2t because t > 0
2t
o1+
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
14
- 1-12\?
V-x2+1 = 1%
1+12
2)2 _ ({1 _ f2)2
\/(Ht() té)z t) (1 + 22— (1 - 17)2 =4
4t2
— VAR =
EN3E ‘ 412> = 2t because t > 0
B 2t
1+
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14
2t

V—x24+1 =
1412
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

1=

1+

2

‘/_X2+1 — 71‘
1+12

A+8)x = 1-F
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
 14f

2

V—x24+1 = et
1+12

A+)x = 1-+¢
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14 f

2t

‘/—X2+1 — -
1+12

A+2)x = 1-#
P(x+1) = 1-x
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14 P

2t

‘/—X2+1 — -
1+12

A+)x = 1-+¢
P(x+1) = 1-x
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14 f

2

‘/_X2+1 — 71‘
1+12

A+)x = 1-+f
Px+1) = 1-x
2 _ 1—x

1+ X
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
1412

2

V—x24+1 = t
1+12
A+)x = 1-+f
P(x+1) = 1-x
2 _ 1—x
14+ x
V1=

t = \/# here we use t > 0
X
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
1+
2
‘/_X2+1 — 72‘
1+12
A+8)x = 1-£
P(x+1) = 1-x
2 _ 1—x
14+ x
VI—x /1
t = \/#\/% here we use t > 0
X X
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
1+
2
‘/_X2+1 — 72‘
1+12
A+)x = 1-+f
P(x+1) = 1-x
2 _ 1—x
14+ x .
t = VI—xyVitx  Vox2+f here we use t > 0

VI rxvVIrx  x+1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14 P
2t
‘/—X2+1 — -
1+12
(1 + 2)x 11
P(x+1) = 1-x
2 _ 1—x
iy VR
1—xv1+x —X<+ 1
= = hereweuset >0
Vi+xvi+x  x+1
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14 P
2t
‘/—X2+1 — -
1+12

. V—x2 1

X+ 1
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
1412
2t
‘/—X2+1 — -
1+12
A
X +1
dx
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14
2t
‘/—X2+1 — -
1+12
A
B x+12
1-—t
dx = d(+—
* <1+t2>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
141
2t
‘/—X2+1 — -
1+12
A
B x+12 ,
B 1-—t B 2—(1+t)
dx = d<1+t2>_d< 142 )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
14
2t
‘/—X2+1 — -
1+12
A
_ X+ ,
1—¢ 2-(1+5)
= ) =g
dx d 1+t2> ( 1+ )
2
= < 1
d 1412 )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12

141

2t

-x2+1 = ——

1412

A
B x+12 ,
- 1-2\ _ [2-(1+PB)
dx = d 1+t2>_d< 142 )
2 4t

= d{—"o-1) =——"__dt
1412 ) (1 + 12)2
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
1+ £
. 2t
Vex2+1 = =
14122
. V—x2 1
_ X+ 1 ,
1t 2—(1+ )
— df{— ) =g(&2—2" """/
o 1+t2> ( 1+ )
2 4t
= d{+—5-1) =————dt
1412 ) (1 +12)2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

The Euler substitution for v/—x2 + 1 corresponding to x = cos @ is
given by:

112
= t>0
_ T
—x2+1 =
“r 1+t24t
dX = —mdt
VX2 +1
X+ 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

X2 -1 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1
The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2—1 = +/sec?0 —1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2—1 = +/sec?0 —1

~ Vcos26
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

™, 3

The trigonometric substitution x = sec6, 6 € [0,5) U |

x2—1 = +/sec?0 —1

~ Vcos?6

sin ¢
cos2 6
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = sec?f — 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = sec20

when ¢ € 6 € [0,5) U [, %) we have
tan® > 0 and so Vtan?60 = tan#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = sec20

when ¢ € 6 € [0,5) U [, %) we have
tan® > 0 and so Vtan?60 = tan#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = sec20

when ¢ € 6 € [0,5) U [, %) we have
tan® > 0 and so Vtan?60 = tan#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2—-1 = tand
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tané

The trigonometric substitution x = sec?, 6 € (0, ) for v x2 + 1 is given
by:

1 s 37
X o= secefm S [0,§>U[W,?>
x2—1 = tané
dx = ?do
60 = arcsecx
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tand

The trigonometric substitution x = sec¥, 6 € (0, ) for v x2 + 1 is given
by:

1 T 37
X = sech= m S |:0, §> U |:7T, ?>
x2—1 = tané
dx = ?do
60 = arcsecx
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tané

The trigonometric substitution x = sec?, 6 € (0, ) for v x2 + 1 is given
by:

1 T 37
X = sech= m S |:0, §> U |:7T, ?>
x2—-1 = tand
dx = ?do
0 = arcsecx

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tané

The trigonometric substitution x = sec¥, 6 € (0, ) for v x2 + 1 is given
by:

1 s 37
X o= secefm S [0,§>U[W,?>
x2—1 = tané
dx = ?2d6
60 = arcsecx
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tané

The trigonometric substitution x = sec¥, 6 € (0, ) for v x2 + 1 is given

by:
1 T 37
X = Sece—m S |:0,§>U |:7T,?>
x2—-1 = tand
dx = sm29 dd = secOtanf do
cos< 0
60 = arcsecx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1
{¢] J

Find f\/%, a>o0.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1
{¢] J

Findf\/%,a>0.
@ X =

0
@ dx =

Vx2 _ g2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1
{¢] J

Findf\/%,a>0.
@ X =

0
@ dx =

Vx2 _ g2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ X = asecd,
0<6<m/20r
T <6 <3r/2. 0

@ dx =

Vx2 _ g2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx =

Vx2 _ g2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asectan0do.

Vx2 _ g2 —
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ X = asecd,
0<6<m/20r
T <6 <3r/2. 0

@ dx = asecdtanddf.
VX2 — a2 = \/a2sec?) — a? =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asecftan6dd.

Vx2— a2 = a2sec?0 — a2 = Va2tan?h =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a> 0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asecftan6dd.

VX2 — a2 = \/a?sec?d — & = Valtan?6 = atanf| =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find f\/%, a>o0.

@ x = asecd,
0<f<m/20r
T <6 <3m/2. 0

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

: d

F'”df¢xzx_7’a>o'

@ x = asec,
0<6<m/20r

T <6 <3r/2. [
@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

asecdtan6do

dx
/\/x2—a2 B / atand
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

: d

F'”df¢xzx_7’a>o'

@ x = asec,
0<6<m/20r

T <6 <3r/2. [
@ dx = asecftan6dd.

VX2 — a2 =+/a?sec?d — & = Va2tan?0 = a|tang| = atand

asecdtan6do

dx
/\/x2—a2 B / atané
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

: d

F'”df¢xzx_7’a>o'

@ x = asec,
0<6<m/20r

T <6 <3r/2. 9
@ dx = asectan0do.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

asecdtanfdo

dx
/\/x2—a2 B / atand
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ %, a> 0.

bl
222

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

= In|secd + tanf|+ C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X = asecd,
0<6<m/20r
T <6 <3r/2. 0

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

= In|secd + tanf|+ C

a
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

= In|secd + tanf|+ C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

= In|secd+ tanf|+ C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X
S+
a

2 _ 22

= In|secfd+ tand|+ C = In +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X = asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 0
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X X2 — a2
i_‘_i
a

= In|secd+ tanf|+ C = In +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X X2 — a2
i_‘_i
a

= In‘x+\/x2—a2’ —lna+C

= In|secfd+ tand|+ C = In +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X X2 — a2
i_‘_i
a

= In‘x+\/x2—a2’ —lna+C

= In|secfd+ tand|+ C = In +C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd, X
0<f<m/2o0r VX2 — &
T <6 <3r/2. 9
a

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X
S+
a

X2 _ 2

= In|secfd+ tand|+ C = In +C

= In‘x+\/x2—a2’ + Cy
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ §=2arctant, rationalizes dé, cos 8, sin 6.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ §=2arctant, rationalizes dé, cos 8, sin 6.

What if we compose the above?
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = secd transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = secl=——
cos 6
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ (0 =2arctant, t € (—oo,—1)U[0,1) rationalizes df,cos6,sinb.
What if we compose the above? We get the Euler substitution:

X = secl=——
cos

cos(2arctan t)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
X = secl=——
cos

= cos(2arctant) cos(2z) =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
X = secl=——
cos
1—tan’z

~  cos(2arctan ) cos(22) = 1 +tan?z

cos(2arctan t)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = secl=——
cos 6
1 —tanz

~  cos(2arctan ) cos(22) = 1 +tan?z

cos(2arctan t)
1+ tan?(arctan t)

1 — tan?(arctan t)
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = secl=——
cos 6

1 —tan?z

~  cos(2arctan ) cos(22) = 1 +tan?z

cos(2arctan t)
1 + tan?(arctan t)

1 — tan?(arctan t)
1412

1-12
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = secl=——
cos 6

1 —tan?z

= cos(Zarctan?) c08(22) = a2

cos(2arctan t)

1 + tan?(arctan t)

1 — tan?(arctant)
1+ 2-(1-13)
11— 1-f
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case V/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X

Math 141

secl) = ——
cos 6

cos(2arctan t)

1 + tan?(arctan t)

1 — tan?(arctant)
1+ 2-(1-13)

11— -

S T
e

Lecture 7

1 —tan?z

cos(22) = 1 +tan?z

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case V/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X

Math 141

secl) = ——
cos 6

cos(2arctan t)

1 + tan?(arctan t)

1 — tan?(arctant)
1+ 2-(1-13)

11— 1-f

B T
e

Lecture 7

1 —tan?z

cos(22) = 1 +tan?z

Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 1-—1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 1-—1

X2 -1 =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
2

-
X 1 e

14 12\?
21 = LERELI
X ¢<1ﬂ>
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
2

S .
X 1

2
()
(1+2)2—-(1-12)2
(1-t2)2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 11

14 12\?

21 — LERNLI

X ¢<1—ﬁ>
(1+)2—-(1-12)2

= ¢ ARy |1+ )2 —(1-12)2=2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 11

14 12\?

21 — LERNLI

X \/(1—t2>
(1+)2—-(1-12)2

= \/ (aE | (1+ 22— (1 — 12)2 = 4
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
2

S .
X 1

14 12\?
21 — By
X \/(1—t2>

= \/(1 - t22—tg2— > | (1+82)2 = (1 - 2)2 = 4f
B 42
- Va-ep
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
2

S .
X 1

14 12\?
21 — By
X ¢<1—ﬁ>

14 2)2 _ (1 — {2)2
= \/( +t(3t£)2 %) (1482 —(1-P)2=4p
B 4f2 t,1 — t2 have same sign
- (1 —1t2)2 when t € (—oo0, —1)U[0,1)
2t
o1t
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 1-—1

2t

2_1 — _
X 1-
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

2
= 14+
X e
2t
2_1 — _
X 1-
1+
1=
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

2

= —1+—

X e
2t
2_1 — _
X 1-
1+ P
12
(1-)x = 1+
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

X = 1+72
_ 1-—1
2t
2_1 — _
X 1-
. 1+
1=t
(1-)x = 141+
1+x)° = x—1
(
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

x = -1+
1-¢2
ot
-1 = e
. o 1+f
1-p
(1-—)x = 1+
A+x)2 = x—1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

2

= 14—

X e
2t
2_1 — _
X 1-
1+
1-12
(1-)x = 1+
(1+x) = x—1
2 _ x—1
x4+ 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

2
= 14+
X e
2t
2_1 — _
X 1-
. 1+
1=
(1-)x = 1+
1+ = x—1
( )
2 _ x—1
X+
X —1
t = =+
X+1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+72
_ 1-—1

ot
2_1 — _
X 1-

t — :l:
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

X — _1+L
1-1
2t
S
P jE\/x—1
X +1
dx =
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 14 2
_ 1-¢
2t
2_1 — _
X 1-
\/x—1
tr = +£
X+ 1
dx = d( -1+ 2
- 1-1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 1+ 2
_ 1-£
2t
2_1 — _
X 1-
\/x—1
I = =
X+ 1
dx = d| -1+ 2
- 1-1
= ?dt
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

X = 14 2
_ 1-£
2t
2_1 — _
X 1-
P jE\/x—1
B X+ 1 .
dx = d<1+1_ﬂ>
4t
S LN
(1 )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X = 14+ 2
_ 1-¢
2t
21 — _“°
X 1-
.o jE\/X—1
B X+ 1 .
= — 1
dx d( +1—t2>
4t
= —— dt
(1 —12)2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

The Euler substitution for v'x2 — 1 corresponding to x = sec 6 is given
by:

i 2
x = 1i7t2 t € (—o0,—1)U[0,1)
2t

29 — _“°
X T=F

dX = mdt

n X2 —1

- X+ 1
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Rationalizing Substitutions

Rationalizing Substitutions

Some nonrational fractions can be changed into rational fractions by
means of appropriate substitutions. In particular, when an integrand

contains an expression of the form {/g(x), the substitution u = {/g(x)
may be effective.
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Rationalizing Substitutions

Example (Example 9, p. 517)
Find [ YXHdx.
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Rationalizing Substitutions

Example (Example 9, p. 517)
Find [ YXHdx.

Letu=+vx+4. Then 2 = x +4,s0 x = and dx =
/\/x+4 /
N
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Letu=+/x+4. Thent® =x+4,s0 x = and dx =

[
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Letu=+vx+4. Then t® = x +4,s0 x = and dx =

[N
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Letu=+vx+4. Thent? =x+4,s0x = u? —4anddx =

[ [

u? —4
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Letu=+vx+4. Thent? =x+4,s0x =u?—4anddx =

[ - [

u?—4
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Letu=+x+4. Then 3 = x +4,s0 x = u?> — 4 and dx = 2udu.

/ X+4dx = /2u 2udu
X uc—4
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+vx+4. Then 12 = x + 4, so x = u?® — 4 and dx = 2udu.

2
/VX+4dx - /2u2udu:2/ L du
X us — 4

4 u? —
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+vx+4. Then 12 = x + 4, so x = u?® — 4 and dx = 2udu.

2
/VXX+4dx _ / u 2udu:2/ “4du

u?—4 u? —

4
= efffrr g

(long division)
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+vx+4. Then 12 = x + 4, so x = u?® — 4 and dx = 2udu.

2
/VXX+4dx _ / u 2udu:2/ v du

u?—4 u? —4

4 du
= 2/(1+U2_4>d“—2/d“+8/uz_4

(long division)
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+vx+4. Then 12 = x + 4, so x = u?® — 4 and dx = 2udu.

2
/VXX+4dx _ / u 2udu:2/ v du

u?—4 u? —4

4 du
= 2/(1+U2_4>d“—2/d“+8/uz_4

(long division)

11 11
- 2/O'“JFS/(Lu—2_4'u+2)d“

(partial fractions)
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+vx+4. Then 12 = x + 4, so x = u?® — 4 and dx = 2udu.

2
/VXX+4dx _ / u 2udu:2/ v du

u?—4 u? —4

4 du
= 2/(1+U2_4>d“—2/d“+8/uz_4

(long division)

1 1 1 1
= 2/du+8/(4-u_2—4-u+2>du
(partial fractions)
= 2u+2(nju-2|—-Inju+2))+C
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Rationalizing Substitutions

Example (Example 9, p. 517)

Find [ ¥Xtdx.
Let u=+/x+4. Then 12 = x + 4, so x = u? — 4 and dx = 2udu.

2
/VXX+4dx _ / u 2udu:2/ v du

u?—4 u? —4

4 du
= 2/(1+U2_4>d“—2/d“+8/uz_4

(long division)

1 1 1 1
- 2/d“+8/(4'u—2_4'u+2)d“
(partial fractions)

= 2u+2(nju-2|—-Inju+2))+C

vX+4-2
= 2vx+4+2In|—m—|+C
\/x+4+2‘
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