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Example (A finite sequence)

1,2,3,4,5

is an example of a finite sequence. So is
-1,-2,-3,...,—10000.

Definition (Finite sequence, Infinite sequence)

A finite sequence is a sequence that ends. It is possible to write down
all the terms in a finite sequence. A sequence that is not finite is called
an infinite sequence.

Math 141 Lecture 10 Spring 2015



Example (A finite sequence)

1,2,3,4,5

is an example of a finite sequence. So is
-1,-2,-3,...,—10000.

Definition (Finite sequence, Infinite sequence)

A finite sequence is a sequence that ends. It is possible to write down
all the terms in a finite sequence. A sequence that is not finite is called
an infinite sequence.

Example (An infinite sequence)

2,4.6,8,...

is an example of an infinite sequence.
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Sequences

Example (Sequence notation)

Consider the sequence
2,4,6,8,....

We can express this sequence more compactly using the notation
an = 2’77
where a, denotes the nth term.

So g4=2-1=2
a=2-2=4
a3=2-3=6
a=2-4=28
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Sequences

Example
The sequence

—1,1,—-1,1,—-1,1,...

can be written b, = (—1)".

Example
The sequence

1,2,4,8,16,...

can be written ¢, = 2" 1.

Example
The sequence

1
5

NI =
ENI
| —

can be written dp = —( — )"

=
SN—
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Sequences

Example (Given a formula, find the terms)
Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

9 bn:1

Qcr=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)
Find the first five terms of each of the following sequences.
o an = 3 . 2—[’1

9 bn:1

Qcr=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)
Find the first five terms of each of the following sequences.
o an = 3 . 2—[’1

9 bn:1

Qcr=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)
Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

9 bn:‘I

Qcr=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)

Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

3333 3
2’4’87 167 32’
9 bn:‘I
1,1,1,1,1,...

Qcr=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)

Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

33383 3
2’4’8 16’ 32’
9 bn:1
1,1,1,1,1,...

Q@ c,=-3n-1)+5

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)

Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

3333 3

2’4’87 167 32’
ebn:1

1,1,1,1,1,...
Q@ c,=-3n-1)+5

52 —1,-4,-7,...

0 dn:n2+1
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Sequences

Example (Given a formula, find the terms)

Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

J28 9 2
24’8167 32’
9 bn:1
1,1,1,1,1,...
Qcr=-3n-1)+5
5,2, —1,-4,-7,...

o dn:n2+1
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Sequences

Example (Given a formula, find the terms)

Find the first five terms of each of the following sequences.
o an = 3 . 2—!7

ERCRCN

2’4’87 167 32’
9 bn:1

1,1,1,1,1,...

Qcr=-3n-1)+5

52,-1,-4 -7,...
o dn:n2+1

2,5,10,17,26,...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

Qa-=
11

2, 3277287

)

N —
| —

9 bn:
—1,4,-9,16,-25, ...

~1,5,11,17,23, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

ean:

1 1
327128

2,

| —

)

N —

9 bn:
—1,4,-9,16,-25, ...

Qcn=
-1,5,11,17,23, ...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

@ a2 ()
1

1
2, I T IR

)

N —
| —

9 bn:
—1,4,-9,16,-25, ...

~1,5,11,17,23, ...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

Q a=2-())"
11

2, 3277287

)

N —
| —

9 bn:
—1,4,-9,16,-25, ...

~1,5,11,17,23, ...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

Q@ a=2-(""

1 1
’327128"

)

N —
| —

2,

—1,4,-9,16,-25,...

~1,5,11,17,23, ...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

Q a=2-())"
11

2, 3277287

)

N —
| —

Q b, = (—1)"n?
—1,4,-9,16,-25, ...

Qc =
—-1,5,11,17,23, ...
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Sequences

Example (Given the terms, find a formula)
Find a formula for the nth term of each of the following sequences.

Q a=2-())"
11

2, 3277287

)

N —
| —

Q b, = (—1)"n?
—1,4,-9,16,-25, ...

Q@c=-1+6(n-1)

~1,5,11,17,23, ...
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Sequences

Definition (Arithmetic sequence)

An arithmetic sequence is one in which successive terms differ by a
constant number. This constant is called the difference of the
arithmetic sequence.

Example (Which are arithmetic?)

1, 2, 3, 4, 5, ... s arithmetic with difference 1.
23, 16, 9, 2, -5, ... s arithmetic with difference —7.
8, 9, 12, 17, 24, ... isnotarithmetic.

(9—8=1but12—-9=3)
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Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic?

Difference

First term

nth term

17_1717_

I

Math 141
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Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic?

Difference

First term

nth term

1,-1,1,—1

Y

Math 141
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,—-1,1,—1,... no —
11573
6'2'676727"
2,2,2,2,..
Math 141
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,—-1,1,—1,... no —
11573
6'2'676727"
2,2,2,2,..
Math 141

Lecture 10

Spring 2015



Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic?

Difference

First term

nth term

1,-1,1,—1

Y

no

1
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Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic?

Difference

First term

nth term

1,-1,1,—1

Y

no

1

Math 141
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 =
115 7 3
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
11573
6'2:62672"
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3
6’26672 yes
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3
6’26672 yeS
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
1157 3 1
6:2:67672" JES 3
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1
5216612 yes 3
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic? | Difference | First term nth term
1, -1,1,-1,... no — 1 (—1)”+1
115 7 3 1 1
626762 yes 3 6
2,2,2,2,..
Math 141
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Sequences

Example (Which are arithmetic?)

Sequence

Arithmetic? | Difference | First term nth term
1, -1,1,-1,... no — 1 (—1)”+1
115 7 3 1 1
626762 yes 3 5
2,2,2,2,..
Math 141

Lecture 10
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
6121662 yes 3 5 s ta(n—1)
2,2,2,2,.
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,.

Math 141 Lecture 10
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
52862 yes 3 5 s t3(n—1)
2,2,2,2,. yes
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,. yes
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
1157 3 1 1 1 1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,. yes 0

Math 141
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
1157 3 1 1 1 1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,. yes 0

Math 141
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,.. yes 0 2
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,.. yes 0 2

Math 141 Lecture 10
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Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
115 7 3 1 1 1.1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2,.. yes 0 2 2

Math 141 Lecture 10

Spring 2015



Sequences

Example (Which are arithmetic?)

Sequence Arithmetic? | Difference | First term nth term
1,-1,1,-1,... no — 1 (=P
1157 3 1 1 1 1
£:2:86 2" yes 3 5 s 3(n—1)
2,2,2,2, yes 0 2 2+0(n—-1)

If an arithmetic sequence has difference d, then the nth term has

formula

ap=a;+dn-1),

where a; is the first term.

Math 141
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Sequences

—
-

Definition (Geometric sequence

A geometric sequence is one in which each term is obtained by
multiplying the previous one by the same constant. This constant is
called the ratio of the geometric sequence.

Example (Which are geometric?)

2, 4, 8, 16, 32, ... isgeometric with ratio 2.
1, =3, 9, -27, 81, ... is geometric with ratio —3.
—42, —14, -21, 31, —-22, ... isnotgeometric.

14 _ 1 21 _ 3
(Zz =3z but =53 = 3.)
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Sequences

Example (Arithmetic and geometric)

Sequence

Arithmetic/
geometric | Diff.

Ratio

ai

an

2.4 8 16
392787 -

7,3,-1,-5,...

4,444, ...

3 4

7, —m2,we, —m, ..

1,1,2,2,3,3,...

Math 141
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Sequences

Example (Arithmetic and geometric)

Sequence

Arithmetic/
geometric | Diff.

Ratio

ai

an

2 4 8 16
309270810 -

7,3,-1,-5,...

4,444, ...

3 4

7, —m2,we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2385, 8, .. geometric | —
7,3,—-1,-5,...
4,4.4.4,...

3 4

7, —m2,we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2385, 8, .. geometric | —
7,3,—-1,-5,...
4444 ...

3 4

7, —m2,we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015




Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2385, 8, .. geometric | — 2
7,3,—-1,-5,...
4444 ...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015




Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
2385, 8, .. geometric | — 2
7,3,—-1,-5,...
4444 ...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10
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Sequences

Example (Arithmetic and geometric)

Arithmetic/

Sequence geometric | Diff. | Ratio | a

2 4 8 16 F 2
§7§7f78717"‘ geometrIC — a

7.3,-1,-5,...
4.4 4 4 ...
T, —7r2,7r3,—7r4,...

1,1,2,2,3,3,...

an

—_

wind
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Sequences

Example (Arithmetic and geometric)

Arithmetic/

Sequence geometric | Diff. | Ratio

2 4 8 16 F 2
§7§7f78717"‘ geometrIC — a

7.3,-1,-5,...
4.4 4 4 ...
T, —7r2,7r3,—7r4,...

1,1,2,2,3,3,...

&

dan

[¢S]])V)
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Sequences

Example (Arithmetic and geometric)

Arithmetic/

Sequence geometric | Diff. | Ratio

2 4 8 16 F 2
§7§7f78717"‘ geometrIC — a

7.3,-1,-5,...
4.4 4 4 ...
T, —7r2,7r3,—7r4,...

1,1,2,2,3,3,...

&

dan

[é5]
wind
—~
wind
S—
S
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2 4 8 16 : 2 2 2\n
N geometric | — | 5 | 5 | (5)
7,3,—1,-5,...
4.4.4.4,...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2 4 8 16 : 2 2 2\n
N geometric | — £ 1 (%5)
7,3,—1,-5,... arithmetic —
4.4.4.4,...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — | 2 | 2| (&))"
7,3,—1,-5,... arithmetic —
4444 ...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a an
2 4 8 16 : 5 > 7avh
3799277877 geometnc —_— 3 3 (g)
7,3,-1,-5,... arithmetic | —4 | —
4,4,4,4,...

3 4

7[-’_7[-2,77 5 =W gcoo

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
2 4 8 16 , 5 T 5
3799277877 geometnc —_— 3 3 (g)
7,3,—1,-5,... arithmetic | —4 —
4,4,4,4,...

3 4

7[-’_7[-2,77 5 =W gcoo

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
2 4 8 16 : 2 2 2\n
N geometric | — £ 1 (%5)
7,3,—1,-5,... arithmetic | —4 — 7
4444 ...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
2 4 8 16 : 2 2 2\n
515 27 8- geometric | — s 1515
7,3,—1,-5,... arithmetic | —4 — 7
4444 ...

3 4

7, —m2, we, —m, ..

1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—-1)
4444 ...
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,4,4.4, ...
™, —7'['2,71'3, —7'['4, 000
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,4,4.4, ... both
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both
T, —7r2, 7r3, —7r4, ce.
1,1,2,2,3,3,...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both 0
T, —7r2, 7r3, —7r4, ce.
1,1,2,2,3,3,...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both 0
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both 0 1
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both 0 1
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,444, ... both 0 1 4
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,4,4.4, ... both 0 1 4
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,4,4.4, ... both 0 1 4 4
T, —7r2, 7r3, —7r4, R
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
44,44, ... both 0 1 4 4
T, 771'2,71'3, 77T4, e
1,1,2,2,3,3, ...

Math 141 Lecture 10 Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
44,44, ... both 0 1 4 4
7, —m2, w3, —m4, ... | geometric | —
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —714, ... | geometric | —
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —714, ... | geometric | — | —=x
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —714, ... | geometric | — | —=«
1,1,2,2,3,3, ...

Math 141

Lecture 10

Spring 2015



Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —m*, ... | geometric | — | —w | 7
1,1,2,2,3,3, ...
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —m*, ... | geometric | — | —7 | 7
1,1,2,2,3,3, ...
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —714, ... | geometric | — -7 T 7(—m)"
1,1,2,2,3,3, ...
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
44,44, ... both 0 1 4 4
m,—m2, 73, —74 ... | geometric | — | -7 | 7 n(—m)"1
1,1,2,2,3,3, ...
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Sequences

Example (Arithmetic and geometric)

Arithmetic/

Sequence geometric | Diff. | Ratio | ay an
2 4 8 16 ; 2 2 2\N
N geometric | — £ 1 (%5)
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
AL A A both 0 1 4 4
m,—m2, 73, —74 ... | geometric | — | -7 | 7 n(—m)"1
1,1,2,2,3,3, ... neither — =
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Sequences

Example (Arithmetic and geometric)

Arithmetic/

Sequence geometric | Diff. | Ratio | a; an
2 4 8 16 : 2 2 2\n
N geometric | — | 5 | 5 | (5)
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4,4,4,4,... both 0 1 4| 4
m,—m2, 73, —74 ... | geometric | — | -7 | 7 n(—m)"1
1,1,2,2,3,3, ... neither — —
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a; an
248,888 ... geometric | — 2 | 21(8)"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
m,—m2, 73, —74 ... | geometric | — | -7 | 7 n(—m)"1
1,1,2,2,3,3, ... neither — — 1

Math 141
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —14, ... | geometric | — - |7 7(—m)"!
1,1,2,2,3,3, ... neither — — 1
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | ay an
288 e geometric | — 2 21 (®"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—1)
4444 ... both 0 1 4 4
7, —m2, w3, —14, ... | geometric | — - |7 7(—m)"!
1,1,2,2,3,3,... neither — — 1 (2]
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Sequences

Example (Arithmetic and geometric)

Arithmetic/
Sequence geometric | Diff. | Ratio | a4 an
2852 . |oeomeric| — | 2 [ 2[(B)=3})"
7,3,—1,-5,... arithmetic | —4 — 7 7—4(n—-1)
4,444, ... both 0 1 4 4 =4(1)"1
m,—m2, 73, —74 ... | geometric | — | -7 | 7 n(—m)"1
1,1,2,2,3,3,... neither — — 1 (3]

If a geometric sequence has ratio r, then the nth term has formula

an:a'Ir

where a; is the first term.
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Sequences

Sequences

Definition (Sequence)
A sequence is a list of numbers written in a definite order:

ai,a2,a3,84,...,4an, ...

The number a; is called the first term, as is called the second term,
and in general a, is the nth term.

We will always deal with infinite sequences, in which each term a, has
a successor ap. 1.

Notation:
The sequence {aj, a0, as, .. .} can also be written

{an} or {an}nzs

Math 141 Lecture 10 Spring 2015



Sequences

Example (A sequence)
1,2,3,4,5,...

is an example of a sequence.
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Example (A sequence)

1,2,3,4,5,...

is an example of a sequence.

Definition (Sequence, Terms)

A sequence is a list of numbers written in a definite order. The
individual numbers in the sequence are called the terms of the
sequence.
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Example (A sequence)

1,2,3,4,5,...

is an example of a sequence.

Definition (Sequence, Terms)

A sequence is a list of numbers written in a definite order. The
individual numbers in the sequence are called the terms of the
sequence.

Example (More sequences)

1, 2, 4, 8, 16, 32, ... isasequence.
-1, 1, -1, 1, -1, 1, ... isasequence.
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Example (A sequence)

1,2,3,4,5,...

is an example of a sequence.

Definition (Sequence, Terms)

A sequence is a list of numbers written in a definite order. The
individual numbers in the sequence are called the terms of the
sequence.

Example (More sequences)

1, 2, 4, 8, 16, 32, ... isasequence.
-1, 1, -1, 1, -1, 1, ... isasequence.
1, -1, 1, -1, 1, —1, ... isadifferent sequence.
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Sequences

Some sequences can by defined by giving a formula for the nth term
an. This example expresses four different sequences in three different
ways: first, by using the preceding notation; second, by giving a
formula; and third, by writing out the terms of the sequence.

Example
n __n 123 4
{m} an = niT {2:5%5 )

{(—1);(nn+1)} a, = E1n+1)

(0.@)
n=0

{
{Vn=38} ", an=vn-3,n>3 {0,1,\@,\/5,...}
{

{cos & ap=cos . n>0

Math 141 Lecture 10 Spring 2015



Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

Math 141 Lecture 10 Spring 2015



Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g B= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g @= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, @2=y B= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g &= g A=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =y B= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g @= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g @= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g @= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =g @= g &=

87 Ea a5:_3727

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

Math 141 Lecture 10 Spring 2015



Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, @=g B= g &=

87 %7 352—372,

@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.
@ The denominators start at 2 and double with each term.
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

Ea a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2= 8= -5 &=

Ea a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, &= -5 &=

Ea a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, =4, 8= g5 &=

%7 a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

Ea a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

Ea a5 - - 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

Ea as = — 3727
@ The numerators start at 0 and go up by one with each term.
@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator 2.

n—1
2n
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

16’ as = — 32’
@ The numerators start at 0 and go up by one with each term.

@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator 2".

@ The signs of the terms alternate between positive and negative.

n—1
2n
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

16’ as = — 32’
@ The numerators start at 0 and go up by one with each term.

@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator 2".

@ The signs of the terms alternate between positive and negative.

@ We take this into account by multiplying by (—1)".

n—1
(1)
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Sequences

Find a formula for the general term a,, of the sequence

gl 28 & 5
"4 8'16’ 32647

1 2 3 4 5

a; =0, 2=, 8= -5 &=

16’ as = — 32’
@ The numerators start at 0 and go up by one with each term.

@ The nth term has numerator n — 1.

@ The denominators start at 2 and double with each term.

@ The nth term has denominator 2".

@ The signs of the terms alternate between positive and negative.
@ We take this into account by multiplying by (—1)".

n—1
an:(_1)n on
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,

Math 141 Lecture 10 Spring 2015



Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,95,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,5,

Math 141 Lecture 10 Spring 2015



Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,5,8,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,5,8,
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1)172)375-,8,13,...
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Sequences

Not all sequences can be represented by a simple formula.

Example (Sequences without a simple formula)

@ Consider the sequence (p,), where pj is the population of the
world as of January 1 of year n. This has no simple formula.

@ Let a, be the n'" digit of the number e. The first few terms of (ap):
7,1,8,2,8,1,8,2,8,4,5,...
© The Fibonacci sequence (f,) is defined recursively by

fi =1 fo=1 fo="fq1+fho n>3

The first few terms are
1,1,2,3,5,8,13,. ..
The Fibonacci sequence can be described by a formula, but not a

O]

Math 141 Lecture 10 Spring 2015




Sequences

a

T

@ The sequence {ﬁ} can be plotted on a number line or using

Cartesian coordinates.
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Sequences

@ The sequence {ﬁ} can be plotted on a number line or using

Cartesian coordinates.
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Sequences

a

T
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Il
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n+1
Cartesian coordinates.

@ The sequence {L} can be plotted on a number line or using
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Sequences

a

[ g
V

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.
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Sequences

a

[
'

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.
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Sequences

a

IR
'

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.
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Sequences
a

~No

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.
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Sequences
a

IR
'

@ The sequence {ﬁ} can be plotted on a number line or using

Cartesian coordinates.
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Sequences
a

}

@ The sequence {ﬁ} can be plotted on a number line or using

Cartesian coordinates.
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Sequences

a

TR
|

@ The sequence {ﬁ} can be plotted on a number line or using

Cartesian coordinates.
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Sequences
a

B -,
d
|
|

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.
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Sequences

a

B -,

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.

@ From the pictures, the terms in the sequence appear to approach
1 as n gets larger.
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Sequences

a

B -,
d
|
|

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.

@ From the pictures, the terms in the sequence appear to approach
1 as n gets larger.

n
o1 -5 =
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Sequences

a

B -,
d
|
|

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.

@ From the pictures, the terms in the sequence appear to approach
1 as n gets larger.

n 1
o1 n+1 = n+1-
Math 141 Lecture 10
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Sequences

a

B -,
d
|
|

%

@ The sequence {ﬁ} can be plotted on a number line or using
Cartesian coordinates.

@ From the pictures, the terms in the sequence appear to approach
1 as n gets larger.

n _ 1
°1—5H = m

@ This can be made arbitrarily small by choosing n large enough.
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Sequences

a

B -,
d
|
|

%

@ The sequence {n+1 } can be plotted on a number line or using
Cartesian coordinates.

@ From the pictures, the terms in the sequence appear to approach
1 as n gets larger.

_ 1
°1- n+1_n+1'

@ This can be made arbitrarily small by choosing n large enough.

@ We express this by writing I|m % =1.
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Definition (Limit of a Sequence)

A sequence {an} has the limit L, and we write

lim a, =1L or an— Lasn—
n—oo

if we can make a,, as close to L as we like by taking n large enough.

Definition (Convergent)

A sequence that has a limit is called convergent. A sequence that has
no limit is called divergent.

. . .
- — ﬁ.?', AT SONIYL a4 FOSEPOY X1 IN

v 5 v !
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Sequences

If you compare the definition of the limit of a sequence with the
definition of the infinite limit of a function, you’ll see that the only
difference between

lim ap =L and lim f(x) =L

n—oo X—00

is that n is required to be an integer.

a
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Sequences

If you compare the definition of the limit of a sequence with the
definition of the infinite limit of a function, you’ll see that the only
difference between

lim ap =L and lim f(x) =L

n—oo X—00

is that n is required to be an integer.

a
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Sequences

If you compare the definition of the limit of a sequence with the
definition of the infinite limit of a function, you’ll see that the only
difference between

lim ap =L and lim f(x) =L

n—oo X—00

is that n is required to be an integer.

a

n
Theorem

Iflimy_ f(x) = L and f(n) = a, for all integers n, thenlim,_,. an = L.
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Sequences

Find limp_ oo #
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Sequences

Example

Find limp_ oo #
Divide numerator and denominator by the highest power of n, and use
the limit laws:
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Sequences

Example

Find limp_ oo #
Divide numerator and denominator by the highest power of n, and use
the limit laws:

Si=|si=
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Sequences

Example
Find limp_ oo #

Divide numerator and denominator by the highest power of n, and use
the limit laws:

. 1
= lim —
n—>c><>1_|_ﬁ

S|

1

3

S

+
STENISTEN
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Sequences

Example

Find limp_ oo #
Divide numerator and denominator by the highest power of n, and use
the limit laws:

. n 1 . 1
im ——- % = lim —
n—oo N+ o n—oo { 4 o
lim 1
_ n—o0
: .1
lim 1+ lim —
n—o0 n—oo N
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Sequences

Example

Find limp_ oo #
Divide numerator and denominator by the highest power of n, and use
the limit laws:

. 1
= lim —
n—>c><>1_|_ﬁ

lim 1
n—oo

STENISTEN

. .1
[im 14+ lim —
n—o0 n—oo N

1
1+0
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Sequences

Example

Find limp_ oo #
Divide numerator and denominator by the highest power of n, and use
the limit laws:

. 1
= lim —
n—>c><>1_|_ﬁ

lim 1
n—oo

STENISTEN

. .1
[im 14+ lim —
n—o0 n—oo N

1

1+0
1
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Sequences

Just like for functions, there is a notion of sequences tending to infinity:
If a, grows large as n becomes large, we write lim,_, ., a, = oo.
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Sequences

Just like for functions, there is a notion of sequences tending to infinity:
If a, grows large as n becomes large, we write lim,_, ., a, = oo.
You can probably guess what lim,_,, a, = —oo means.
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Sequences

The Limit Laws from section 2.3 also hold for sequences:
If {an} and {bn} are convergent sequences and c is a constant, then

n—oo n—oo n—oo
Q Iim (an—bn) = Iim anp— lim by
n— oo

Q@ lmeca,=c I|m an

n—oo
Q lim (anby) = I|m an- lim b,

n—oo n—oo n—oo

an nILmoo an
Q nI|_>moo by = Tm b b, if imp_00 bp #0
n—oo
. . P,

Q Iim &= [hm an} if p>0and a, > 0.

n—oo n—oo
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Sequences

The Squeeze Theorem also works for sequences:

Theorem (The Squeeze Theorem for Sequences)

Ifan, < b, < ¢, forn> ng andlim,_. an = L = limu_,, Cn, then
Ilmn_>oo bn = L.

l..
oo,
, . .:Oozoo.c.o‘oo.oooouo..o.t

Cn o
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Sequences

The Squeeze Theorem also works for sequences:

Theorem (The Squeeze Theorem for Sequences)

Ifan, < b, < ¢, forn> ng andlim,_. an = L = limu_,, Cn, then
||mn_>oo bn = L.

Cn

LY

Lbn o. '::oo::ocn.:‘o..oo.o-o|.o|o
. 0...0003003000'°".........
00

Cn..o'.

L]

Corollary

Iflim,_ |an| = 0, thenlim,_,~ an = 0.
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Sequences

Calculate lim,_,o. 122

Math 141 Lecture 10 Spring 2015



Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.

@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.
@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.
e Define f(x) = "X. Now use L'Hospital's Rule:
In x

im — = lim —
X—o00 X X—00
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.

@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.

@ Define f(x) = '”TX Now use LHospital’s Rule:
In x

im — = lim —
X—o00 X X—00
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.

@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.

@ Define f(x) = '”TX Now use LHospital’s Rule:
In x . 1/x
im —

lim — = |
X—o00 X X—00
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.

@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.

@ Define f(x) = '”TX Now use LHospital’s Rule:
In x . 1/x
im —

lim — = |
X—o00 X X—00
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.
@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.
@ Define f(x) = 'TX Now use LHospital’s Rule:
In x . 1/x

lim — = lim
x—o0 X x—oo 1
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.
@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.
@ Define f(x) = TX. Now use L'Hospital’s Rule:
In x 1/x

im — = lim — =0
X—oo X x—oo 1
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Sequences

Calculate lim,_,o. 122

@ Both Innand n go to co as n gets bigger.

@ We can’t use LHospital’s Rule directly, because LHospital’s Rule
is for functions.

@ Define f(x) = TX. Now use L'Hospital’s Rule:

||m Inix = || ﬂ = 0
X—oo X x—oo 1
@ Therefore
. Inn .
lim — = lim f(x)=0
n—oo N X—00
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Sequences

Is the sequence a, = (—1)" convergent or divergent?
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Sequences

Is the sequence a, = (—1)" convergent or divergent?

a @ The terms oscillate between
1 % . . . y —1 and 1 infinitely many times.

|
T T
$ 1 2
1 .

ow
IS

e
o

N
o]
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Sequences

Is the sequence a, = (—1)" convergent or divergent?

a @ The terms oscillate between
1 % . . . y —1 and 1 infinitely many times.

|
T T
$ 1 2
1 .

—n @ Therefore the sequence
. doesn’t approach any number.

ow
IS

e
o

N
o]
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Sequences

Is the sequence a, = (—1)" convergent or divergent?

a @ The terms oscillate between
1 % . . . y —1 and 1 infinitely many times.

|
T T
$ 1 2
1 .

—n @ Therefore the sequence
. doesn’t approach any number.

@ {a,} is divergent.

ow
IS

e
o

N
o]
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Sequences

p— n .
Is ap = ( ,1) convergent or divergent?

l123
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Sequences

p— n .
Is ap = (=1) convergent or divergent?

n ‘(—n"

n

lim =
n—oo

l123
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Sequences

p— n .
Is ap = (=1) convergent or divergent?

n ‘(—n"

n

1
= |im — =
n—oco N

lim
n—oo

l123
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Sequences

p— n .
Is ap = (=1) convergent or divergent?

n ‘(—n"

n

= lim 1:0
n—oo N

lim
n—oo

l123
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Sequences

p— n .
Is ap = (=1) convergent or divergent?

n ‘(—n"

1
= lim —=0
n—oo N

lim
n—oo

n

Therefore, by the corollary to the Squeeze Theorem,

lim (=17 _ 0

n—o00 n
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Sequences

Is a, = = ) convergent or divergent?

o

1
= lim —=0
n—oo N

lim
n—oo

Therefore, by the corollary to the Squeeze Theorem,

lim (=17 _ 0

n—o00 n

Therefore {( } is convergent.

a

|
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Sequences

Iflim,_.~ an = L and the function f is continuous at L, then

nILmoo f(an) = f(L)
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(m/n).
nli_)moo sin(m/n) nIi_)moo cos(m/n)
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(m/n).
Sine is continuous at 0.

nli_)moo sin(m/n) lim cos(7/n)

= sin (nli_>moo(7r/n)) o
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0.

nli_)moo sin(m/n) nIi_)moo cos(m/n)
= sin (nILmoo(w/n))
= sin
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0.

nli_)moo sin(m/n) nIi_)moo cos(m/n)
= sin (nILmoo(w/n))
= sin0
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0.

nli_)moo sin(m/n) nIi_)moo cos(m/n)
= sin (nli_>moo(7r/n))
= sin0

0
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0. Cosine is continuous at 0.
nl|_>moo sin(m/n) nI|_>moo cos(m/n)
= sin (nli_>moo(7r/n)) = Cos (nli_>moo(7r/n))
= sin0
0

Math 141 Lecture 10 Spring 2015



Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0. Cosine is continuous at 0.
nl|_>moo sin(m/n) nI|_>moo cos(m/n)
= sin (nli_>moo(7r/n)) = COS (nli_>moo(7r/n))
= sin0 = COS
0

Math 141 Lecture 10 Spring 2015



Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0. Cosine is continuous at 0.
nl|_>moo sin(m/n) nI|_>moo cos(m/n)
= sin (nli_>moo(7r/n)) = COS (nli_>moo(7r/n))
= sin0 = cos0
0
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Sequences

Find limp_oo Sin(m/n). Find limp_, cos(w/n).
Sine is continuous at 0. Cosine is continuous at 0.
nl|_>moo sin(m/n) nI|_>moo cos(m/n)
= sin (nli_>moo(7r/n)) = Cos (nli_>moo(7r/n))
= sin0 = cos0
0 = 1
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Sequences

Discuss the convergence of the sequence a, = 2, where

e
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Sequences

Discuss the convergence of the sequence a, = 2, where

il
@ Both the top and the bottom go to infinity as n — oc.
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Sequences

Discuss the convergence of the sequence a, = 2%, where

il
@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).
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Sequences

Discuss the convergence of the sequence a, = 2%, where

il
@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).
1.2 1.2.3

a:1 = =
L 2=55 BdT333
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Sequences

Discuss the convergence of the sequence a, = 2%, where

e

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

1.2 1.2.3
a =1 a = —F as =
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Sequences

Discuss the convergence of the sequence a, = Z;, where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

nns

a1:1 a = g 33:1'2.3
2.2 3-3-3
. _ 1:2834...n
" 7 n-n-n-n-
1234
- n(nnn )
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Sequences

Discuss the convergence of the sequence a, =

n”’ where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

1.2 ~1.2.3

7% O aaw

n-
4
n-

a =1 a =

4;
S

2
a _ 3-
no- n-
-3
n-n-n-----n

2-
-2
n

3\—"3 =

()
3N
INA
—_
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Sequences

Discuss the convergence of the sequence a, =

n”’ where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

a1:1 a = g 33:1'2.3
2.2 3-3-3
. _ 1:2834...n
" 7 n-n-n-n
1234
- n(nnn )

()
]| \V)
INA
—
Sl
INA
—

Math 141 Lecture 10 Spring 2015



Sequences

Discuss the convergence of the sequence a, =

n”’ where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

a1:1 a = g 33:1'2.3
2.2 3-3-3
. _ 1:2834...n
" 7 n-n-n-n
1234
- n(nnn )

()
]| \V)
IN
—
Slw
IA
—
STES
IA
—
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Sequences

Discuss the convergence of the sequence a, =

n”’ where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

=i e 2 gy oERE
1 2722 $73.3.3
1.2.3.4..... n
an:
n-n-n-n-
71234
~ n\n-n-n--
@ 2<1,2<cq,4<,...0<
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Sequences

Discuss the convergence of the sequence a, =

n”’ where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

a; =1 a il a—1'2'3
1= 2= 2.2 $73.3.3
1.2.3.4..... n
an =

n-n-n-n-:

1 2.3.4.

~ n\n-n-n-----n
02<1,3<1,4<1,...2<1. Therefore0 < a, < 1.
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Sequences

Discuss the convergence of the sequence a, = Z;, where

@ Both the top and the bottom go to infinity as n — oc.

@ We can’t use LHospital’s Rule, because we have no function
corresponding to n! (x! isn’'t defined if x isn’t an integer).

nns

a =1 a = g 83:1'2.3
2.2 3-3-3
. _ 1:2834...n
"~ n.n-n-n-
1/2-3-4.
- n(nnn )

02 1,4 <1,... 2 <1. Therefore 0 < a, < 1.
@ Since ‘ﬁ — 0 as n — oo, by the Squeeze Theorem a, — 0 as
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Sequences

a

For what values of r is the sequence {r"}
convergent?
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Sequences

a

For what values of r is the sequence {r"}

convergent?

Consider the exponential function y = r*.
im X — { it r>1
X—00 if 0<r<1
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Sequences

a

For what values of r is the sequence {r"}

convergent?

Consider the exponential function y = r*.
im X — { it r>1
X—00 if 0<r<1
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Sequences

a

For what values of r is the sequence {r"}
convergent?

Consider the exponential function y = r*.
{ oo it r>1

. x
i % = if 0<r<1

X—00
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Sequences

a

For what values of r is the sequence {r"}
convergent?

Consider the exponential function y = r*.
{ oo if r>1

. x
i % = if 0<r<1

X—00

Math 141 Lecture 10 Spring 2015



Sequences

a

For what values of r is the sequence {r"}
convergent?

Consider the exponential function y = r*.
{ oo if r>1

o
lim i = 0 if O0<r<1

X—00
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Sequences

a

For what values of r is the sequence {r"}
convergent?
Consider the exponential function y = r*.

im ¥ =d if r>1
x—=c0 | 0 if O0<r<1
Therefore .
lim " — it r>1 1 i
N—00 if 0<r<1
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Sequences

a

For what values of r is the sequence {r"}
convergent?
Consider the exponential function y = r*.

im ¥ =d if r>1
x—=c0 | 0 if O0<r<1
Therefore .
lim " — it r>1 1 i
N—00 if 0<r<1
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Sequences

a

For what values of r is the sequence {r"}
convergent?
Consider the exponential function y = r*.

im ¥ =d if r>1
x—=c0 | 0 if O0<r<1
Therefore .
lim " — if r>1 1 A
N—00 if O0<r<i
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Sequences

a

For what values of r is the sequence {r"}
convergent?

Consider the exponential function y = r*. s
lim X =4 if r>1
meoor_{O if 0<r<1
Therefore ' J -
i 7 — & &9 it r>1 ;'--..r<1. ‘n
n—oco 0 if O0<r<1
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Sequences

a

For what values of r is the sequence {r"}
convergent?

r>1

Consider the exponential function y = r*. -

lim rx=d ® it r>1

x—oo | 0 if O0<r<i
Therefore A

lim r" = oo if r>1 Tt e e . argty o

oo |0 if O0<r<i -
Also, lim 17 = and lim 0" =

n—oo n—oo
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Sequences

For what values of r is the sequence {r"}

convergent?

Consider the exponential function y = r*.

lim r)‘:{OO if

X—»00 0 if
Therefore

lim r" = i

n—oo 0 if

r>1
O0<r<1

r>1
0O<r<1

Also, lim 1" =1 and lim 0" =
n—oo n—oo

Math 141
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Sequences

For what values of r is the sequence {r"}

convergent?

Consider the exponential function y = r*.

lim r)‘:{OO if

X—»00 0 if
Therefore

lim r" = i

n—oo 0 if

r>1
O0<r<1

r>1
0O<r<1

Also, lim 1" =1and |im 0" =
n—oo n—oo

Math 141
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Sequences

a

For what values of r is the sequence {r"}
convergent?

Consider the exponential function y = r*. s
lim X =4 if r>1
meoor_{O if 0<r<1 .
Therefore ' o=
[T it r>1 ;'--..r<1. ‘n
n—o0 0 if O0<r<1

Also, lim 1" =1and lim 0" = 0.
n—oo n—oo

Math 141 Lecture 10 Spring 2015



Sequences

a

For what values of r is the sequence {r"}
convergent? o
Consider the exponential function y = r*.
im ¥ =d if r>1
x=oo | 0 if O0<r<i .
Therefore o=
lim r" = oo if r>1 Tt e e g, .
nsee O if O0<r<i -
Also, lim 1" =1and lim 0" =0.
n—oo n—oo
If -1 <r<0,then0 < |r|] <1, and
lim |r"| = lim |r]"=0 ;
n—o0 n—oo —-1<r<0
Therefore lim r” = 0. i —
n—oo
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Sequences

a

For what values of r is the sequence {r"}
convergent? o
Consider the exponential function y = r*.
lim X =4 if r>1
x=oo | 0 if O0<r<i .
Therefore o=
im =4 if r>1 e e rst
nsoo |0 if 0<r<i v
Also, lim 1" =1and lim 0" =0.
n—oo n—oo r<—1
If -1 <r<0,then0 < |r|] <1, and )
lim |r"| = lim |r]"=0 .
n—o0 n—oo —-1<r<0
Therefore lim r" = 0. i -
n—oo .
If r < —1, then r" diverges.
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Sequences

a

For what values of r is the sequence {r"}
convergent? o
Consider the exponential function y = r*.
lim X =4 if r>1
x=oo | 0 if O0<r<i .
Therefore B
im =4 if r>1 LTRSS F
nsoo |0 if 0<r<i v
Also, lim 1" =1and lim 0" =0.
n—oo n—oo r< —1
If -1 <r<0,then0 < |r|] <1, and .
lim |r"| = lim |r]"=0 B
n—o0 n—oo : —1<r<0
Therefore lim r" = 0. i -
n—o00 d .
If r < —1, then r" diverges. In particular,
(—1)" diverges.
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Sequences

This theorem summarizes the results of the previous example.

Theorem (Convergence of Geometric Sequences)
The sequence {r"} is convergent if —1 < r < 1 and divergent

otherwise. 0 1 1
. i if -1<r<
7 _{1 if r=1
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Sequences

Definition (Increasing and Decreasing)

A sequence {a,} is called increasing if a, < a1 for all n > 1. In other
words, {anp} isincreasingifa; < ap < az < ---.

A sequence {a,} is called decreasing if a, > a1 foralln>1. In
other words, {a,} is decreasing if a; > a> > as > ---.

A sequence is called monotonic if it is either increasing or decreasing.
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Sequences

1 . .
The sequence {2n g } is decreasing because

1 1 1
on+1 T2y +1 2n+3

an:

and
1 1

2n+ 1~ 2n+3
because the denominator of the latter is bigger.
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Sequences

Definition (Bounded Sequence)

A sequence {ap} is called bounded above if there exists a number M
such that

an< M for all n>1.

It is called bounded below if there exists a number M such that
an>M for all n>1.

A bounded sequence is a sequence that is bounded below and above.
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Sequences

Theorem (Monotonic Sequence Theorem)
Every bounded, monotonic sequence is convergent.
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