Freecalc
Homework on Lecture 15
Quiz date will be announced in class

1. Plot the number z on the complex plane (you may use one drawing only for all the numbers). Find all real numbers
¢ and p for which z = e?**. Your answer may contain expressions of the form arcsinz, arccosx, arctan z, Inx, only
if « is a real number.

(a) z=1+14V3. (e) z=—-1—1.
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Solution. ?77.

Solution I. We have that

|z|:\/§:\/(1+i\/§) (1—i\/§):\/12+\/§2:\/1:2

Recall that ePT# = eP(cos ¢ + isin ) and therefore

|z|cosp  Rez 1
cosp = = ==
’ ENEE
. |zlsing  Imz /3
sing = = =-—
’ R
sin ¢ 3
tanyp = = —
cos ¢ 3

Therefore ¢ is of the form ¢ = arctan (?) = % + km. However ¢ cannot be of the form § + (2k + 1)7 because

cos (5 + (2k 4+ 1)m) = —%. On the other hand, sin (¥ + 2k7) = ¥3 and cos (% + 2km) = 3). Therefore
<p:§—|—2k7r, forall k € Z

(Recall that Z denotes the integers).

As studied in class e? = |z| = 2, and therefore p = In(e?) = In|z| = In 2. Therefore we get the answer

1+ i3 = em2+i(5+2k7)



for all k € Z. To finish the task we need to plot the number z.
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Solution II. We draw the number z as above. We compute that sinp = IT;‘Z = @, cosp = % = % Therefore we
have that

14+4iV3 = oI |1HiV3|+i( §+2km) _ In2+i( 5 +2k)

Solution. ?7.
We draw the number as indicated on the figure. We compute that sing = —\/%, cosp = —\/%, tany = % By the

convention of our course, arctan ¢ € (—g, g) Therefore ¢ = (arctan (%) + 77) + 2k for all k € Z. Finally, we get
93 = eln |—2—3i|+i((arctan(%)+7r)+2k7r) — eln \/ﬁ+i((arctan(%)+w)+2kﬂ')
6% In 13+i((arctan(%)+7r)+2k7r)

2. Find all complex solutions of the equation. The answer key has not been proofread. Use with caution.

(a) 23 =i.
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Solution. ??. Let z = |z|(cos@ + isinf) be the polar form of |z| for which § € (—m,7]. We have |23 = |i| = 1.
Therefore |z| = 1.

We can write ¢ in polar form as ¢ = cos (g) + isin (g) Therefore

22 = use de Moivre’s formula
|2]3 (cos(36) +isin(30)) = cos (%) +isin (%) use |z| =1
when sines and cosines
cos(30) +isin(30) = cos (%) +isin (%) coincide the angles differ
by even multiple of 7
30 = 5+ 2km, k — integer
0 = %—i—k%’r 0e(—m,nm]=k=-1,0, or 1
0= C5E e

To find out the values of z in non-polar form, we simply plot the numbers z = (cosf + isinf). The three complex
solutions lie on a circle of radius 1; the numbers form an equilateral triangle, as shown on the picture. To find the
actual values for these complex numbers, we use known values of the trigonometric functions. Our final answer is as
follows.
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Solution. 77

Let z = |z|(cos 6 + isin §) be the polar form of |z| for which 6 € (=, 7]. We have |z|> = |£| = }. Since |2] is a positive
1 1
real number it follows that |z| = {'/; =3

. o
We can write —% in polar form as —é =3 (cos (—g) + 7sin (—g)) Therefore

2B = use de Moivre’s formula
|2]3 (cos(36) + isin(30)) = & (cos(—%) +isin(—%)) use [z| = 3
when sines and cosines
cos(30) +isin(3) = cos(—%) +isin(—3) coincide the angles differ
by even multiple of 7
30 = —I 4 2km, k — integer
0 = —§+k%’“ 0¢c(—mn=k=-1,0 orl
e

To find out the values of z in non-polar form, we simply plot the numbers z = %(COSG + isinf). The three complex

solutions lie on a circle of radius %; the numbers form an equilateral triangle, as shown on the picture. To find the
actual values for these complex numbers, we use known values of the trigonometric functions. Our final answer is as
follows.

. Express the number in polar form and compute the indicated power. The answer key has not been proofread, use with
caution.

(a) z=+/3+i, find 2°.
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(b) z=+/3i —1, find 2'°.

4

gATIS +ale— = (18— + %7) 018 = 017 ‘((J%) sz 4 (

(c) z=—1—1, find 22
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4. The de Moivre follows directly from Euler’s formula and states that (cos(na) +isin(na)) = (cos @+ isin «)™. Expand

the indicated expression and use it to express cos(na) and sin(na) via cos a and sin a.

You may want to use the Newton binomial formulas (derived, say, via Pascal’s triangle). The formulas you may want

to use are:
(a+b)? = a®+2ab+b?
(a+b)3 = a3+ 3a%b+ 3ab® + b3
(a+0b)* = a*+4a3b + 6a%b? + 4ab® + b*

(a) Expand (cosa + isina)?. Express cos(2a) and sin(2a) via cos o and sin a.
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(b) Expand (cosa + isina)3. Express cos(3a) and sin(3a) via cos a and sin a.
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(c) Expand (cosa + isina)*. Express cos(4a) and sin(4a) via cosa and sin a.
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