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@ Integrals of form [ R(x,v/ax? + bx + ¢)dx, R - rational function
@ Transforming to the forms vx2 +1,v/—x2 +1,v/x2 — 1
@ Table of Euler and trig substitutions
@ Thecase Vx2+1
@ The case v —x2 + 1
@ Thecase vVx2 —1

e Rationalizing Substitutions
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Integrals of form [ R(x,v'ax®+ bx + c)dx, R - rational

function

Let R(x, y) be an arbitrary rational expression in two variables
(quotient of polynomials in two variables).

Can we integrate / R (x, v ax? + bx + c) dx?

@ Yes. We will learn how in what follows.
@ The algorithm for integration is roughly:
e Use linear substitution to transform to one of three integrals:
J R(x,vx2+1)dx, [R(x,v—x?+1)dx, [ R(x,vx?—1)dx.
e Use trigonometric substitution or Euler substitution to transform to
trigonometric or rational function integral (no radicals).
e Solve as previously studied.
@ We motivate why we need such integrals by examples such as

computing the area of an ellipse.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Trigonometric Substitution

@ To find the area of a circle or ellipse, one needs to compute
[ va? — x?dx.
@ For [ xva? — x2dx, the substitution u = a® — x2 would work.

@ For [ va? — x?dx, we need a more elaborate substitution.
@ Instead, substitute x = asind.

Va —x2=1/a - asin0 = \/a2(1 —sin?0) = v/ a2 cos2 6 = a| cos .

@ With u = a® — x2, the new variable is a function of the old one.
@ With x = asin 6, the old variable is a function of the new one.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function  Transforming to the forms v/x2 + 1, v/—x2 + 1, /x2 — 1

Linear substitutions to simplify radicals /ay? + by + ¢

@ Using linear substitutions, radicals of form y/ay? + by + ¢, a # 0,
b? — 4ac +# 0 can be transformed to (multiple of):
o VxZ4+1
o V—x?+1
o Vx%2 —1.
@ We already studied how to do that using completing the square
when dealing with rational functions.
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Integrals of form [ R(x, V/ax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear substitution to transform v/ x2 + x + 1 to multiple of v u? + 1.

1 1

]
VX2+x+1 = \/x2+2-2x+44+1

whereu—2<x+
V3
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Integrals of form [ R(x, Vax2 + bx + c)dx, R - rational function Transforming to the forms v/x2 + 1, v/—x2 + 1, v/x2 — 1

Recall: linear substitution is subst. of the form u = px + q.

Use linear subst. to transform v/ —2x2 + x + 1 to multiple of v —u2 + 1.
V-2x24+x+1 = \/ 2(x2—1x-1)

= V(G0
= SVt T,
whereu=%(x— 1) =3x—1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function Table of Euler and trig substitutions

@ Let R be a rational function in two variables.
@ So far, with linear transformations we converted all integrals of the

form / R(x, v ax? + bx + c)dx to one of the three forms:

J R(x,vx2+1)dx, [ R(x,v—x2+1)dx, [ R(x,Vx?—1)dx.
@ Each of the above integrals can be transformed to a rational

trigonometric integral using 3 pairs of substitutions:

x =tané, x = cotfd; x =sinf, x = cosh; x =csch, x =sech.
@ We studied that trigonometric integrals are converted to rational

function integrals via ¢ = 2 arctan t.

@ The resulting 3 pairs of substitutions are called Euler substitutions:
x =tan(2arctant), x = cot(2arctant); x = sin(2arctan t),
x = cos(2arctant); x = csc(2arctant), x = sec(2arctan t).

@ The Euler substitutions directly transform the integral to a rational
function integral.

@ We will demonstrate that the Euler substitutions are rational.
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

Table of Euler and trig substitutions

Trigonometric substitution and Euler substitution

Expression | Substitution | Variable range Relevant identity
x=tand  |0€ (-%,5) 1+tan®0 = sec?
A/ x2 272
T~ coto 6 € (0,7) 1 +cot?d = csc? 6
; T T ) 2
—5 = | X=sind 0ecl-% 3] 1 —sin“4 = cos? 9
X1 — coso 0 € (0,7) 1 —cos? = cos? 0
x=cscld [0€[0,5)U[r, %) |csc?d—1=cot?d
Jy2 L 2 L7 2
=1 sech 0e(0,2)umr F) |sec?d—1=tan’0
Euler substitution by applying in addition # = 2 arctan t
of
JEET X=1%z —1<t<A (?)
x=3(F-tlo<t (?)
X2 1 1 x = —1<t=<t (?)
_ 12
X=1e 0<t (?)
e—7 |¥x=z(+[te(-00,-1)U[0.1) (?)
x=1L e (—00,~1)U[0,1) (?)
Math 141 Lecture 7 Spring 2015




Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1
The trigonometric substitution x = cot#, 6 € (0, ) for v x% + 1:

Vx2+1 = +/cot20+1

cos2 6
= A\ w2z,
sin“ 0

B \/00329+ sin® 9

sin® 6
1 1 when ¢ € (0, 7) we have
_ \/T _ sing > 0 and so
sin®0  \/sin%¢ Vsin?6 = sing
1
= Snd= csch
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Trigonometric substitution x = cotd for v/ x2 + 1

The trigonometric substitution x = cot#, 6 € (0, ) for v x2 + 1:

VX241 = L =csch
sin 6
The differential dx can be expressed via df from x = cotd. To
summarize:

The trigonometric substitution x = cotd, 0 € (0, ) for v'x2 + 1 is given
by:

X = cotf
Vx2+1 = :;WZCSCQ
do
dx = - —— =—csc?02do
sin“ 0
§ = arccotx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

/x2\/x27 /Xzs\/T

Math 141

3cot
/(300t9)23\/ cot?6 + 1 A )

1
= —3csc?6) do
/ 27 cot? 9\/ csc? 6 ( )

/ —csc? 6
9 cot200300

1
A - 0
9 00326 9 coszed(cos)
1 u sect
—9/[,2—‘%”3—‘ g C
)

Lecture 7

Set
— cotd
= 3cotd

6 € (0,7)

6e(0,m)=
cscd >0

X
3
X

Set u = cosd

m‘s

X
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:
x = cotd

cos(2z) 1—tan’z
sin(2z)  2tanz

= cot(2arctant) |Recall: cot(2z) =

1 — tan?(arctan t)

2tan(arctant)
1-#
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

1 /1 2

(+0° =1+t

because t > 0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case v/x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

x—llt
-2\t

We can furthermore compute

Vxet+t1 = 1<1+t)

2\ 't

Finally compute
1 /1 1 /1
(2(t-1) = al@r)e
1

d
t = 1 14—2‘ - = 1—l‘ =Vx2+1-—x
o2\t 2 \ 't B

dx =

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1

Euler subst. for v/ x2 + 1 corresponding to x = cot ¢

@ x = cotd transforms dx, x, v x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

The Euler substitution for v'x2 + 1 corresponding to x = cot 6 is given
by:

1 /1
X = é ?—t, t>0
1 /1
2 - _ | =
vV X%+ 1 5 t+t
1/1
t = V@FT—x
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function ~ The case /x2 + 1
Euler substitution: x = 3 (3 — 1), vVx2 + 1=} (1 +1),
t=vx2+1—-x,dx=-}(%+1)dt Recall t > 0.

t t

v
o

:;(;(t1—t>;(t1+t)> —%Int+C

= /i1 i (Vaet1—x) 4 C

1~ 1 VX2 4+1+x

_EX X2 +1+=In +C
.
2

27 (Ver1—x) (Ve +1 +x)
X x2+1+%ln( x2+1+x>+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

Example
Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.

We studied v = % is called a
hyperbola: why do we call
y = vx2 + 1 hyperbola? Compute:

Vx2+1 = y
x2+1 = y?

y2 . X2 - 1

Fy-0Fy+0 = 4

Signed distance b-n (x, y) and line w- = 2
u =0 equals v = 2

_ (o) 2 _ L) 2
: \/<X ) " (y > where| © — F(y=x) Consider
V2 — 2 '
/3y —xP2=xE(y-—x) = (v +x)

u. an arbltrary p oint (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 4+ 1 and x = +2v/2.
We studied v = % is called a

hyperbola: why do we call
y = vx2 + 1 hyperbola? Compute:

VX241 =y
x> 4+1 = y?
y2 . X2 - 1
Fy-0Fy+0 = 4
Signed distance b-n (x, y) and line w- = 2
u=0-equals wu. Similarly v = 2
compute that signed distance b-n
(x,y) and the line v = 0 equals v. — 2 (y—x) )
= y? — x2 =1 is the hyperbola where ‘f(y+x) - Consider

V= 1/2 in the (u, v)-plane. an arbltrary point (x, y).
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

Find the area locked b-n the hyperbolas y = +v/x2 + 1 and x = £2v/2.

The area in question is:

2V2
/ 2V x2 4+ 1dx
—2V2

:2[xm

sm(VeEr T )2
:2(2&@
+In( (2v2)2 + 1 +2\/§))

—12y/2 4+ 2In (3+2f2)
~ 20.496
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ x2 + 1

H X
Find [ \/X2_+4dx

@ We could use the trig substitution x = 2tan 6.
@ But there is an easier way:

o u=x%+4,

@ du = 2xdx.

/ de
N \/_

Y Vu+C=Vx2+4+C
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Trigonometric substitution x = cos 6 for v/ —x2 + 1
The trigonometric substitution x = cos @, 6 € [0, 7] for vV —x2 + 1:
V—=x2+1 = +/1- cos?

— Vsin?o when 6 € [0, 7] we have
N sind > 0 and so V/sin2# = sin @

= siné
To summarize:
Definition

The trigonometric substitution x = cos @, 6 € [0, n] for vV—x2 + 1 is
given by:

X = cosf
vV—x24+1 = sinf
dx = —sin6dd
# = arccosx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Evaluate [ ?;Xz dx.
@ Let x = 3sin#, where
—7m/2 <60 <m/2 7

@ Then dx = 3 cos 6do.

V9 —x2 =1/9—9sin?0 = \/9cos?§ = 3|cos | = 3cos

Jo %2
/gxzxdx = /BCOSQSCOSHdﬁ_/cot"’HdH

9sin? 0
= /(03020—1)d9:—cot0—c9+0
JI %2
= —g—arcsin@)ntc
X 3
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1
i¢] J

Find the area enclosed by the ellipse ;2—2 + {72 =1,ab>0.

Express y via x:

2 2
S+l =
a b2
y? x?
The area in question is 2 - 1— =z
2 2
2 2 5 X
/2b\/1—%dx y2 = b (1_?>

a X2 y = :l:b 1—?
a
0
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Find the area enclosed by the elllpse >+ y =1,ab>0.

Trig subst.: set x = asm@ g€ (0,%).
Compute: \/1 \/1 325'” —
m:cose. When x = O, 0 =0 and

whenx =a,0 =73

2
/\/1—X—dx = zcosad(asme)

The area in question is

a 2 2
2b\/17d = a/o cos“fdf

/ T2 2 cos(26) + 1
Za = a —————dfb

2 2 0 2 =%

- X _ g[sn@o) | 0]°72

_4/b\/1—?dx — o@D g

0+0

0 a(0+7%—-(0+0)
= 4b% = rab . 2l0+3 )
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/—x2 + 1

Evaluate fﬁdx.
—2X—X

@ Complete the square under the root sign:

03-2x—x2=3+1—-(x*+2x+1)=4—(x+1)2

@ Substitute u=x+1. Thendu=dx and x = u — 1.
u—1 du

X — X —
* |t = e =
@ Let u=2sin#, where —7/2 < 6 < 7/2. Then du = 2 cos 0d6.
@ V4 —u2=+/4—4sin?9 = V4cos?h = 2|cosf| =2cos b

f\/ﬁdx:fﬁdu: 2sin0-12 cos fdo
= [(2sinf —1)d§d = —2cosf—0+C

= -V4d—w2-sin' (¥)+C

= —v3-2x—-x2—sin"' (&) +C
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Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

X = cosf
1 —tanz

= cos(2arctant cos(2z) = — ——
( ) (22) 1 +tan®z

1 — tan?(arctan t)

1 + tan?(arctan t)
1-12

14
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 11
14
- 1-12\?
V-x2+1 = L
1+12
2)2 _ ({1 _ f2)2
\/(Ht() té)z t) (1 + 822 — (1 - 122 = 42
4t2
= 2
EN3E ‘\/41‘ = 2t because t > 0
2t
o1+
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

. - 1-12
1+
2t
,/_X2_|_1 _
1+12
t = VI XVitx  vox2+t weuset>0
B \/1+x\2/1+x_ X +1 ,
B 1—t B 2—-(1+19)
dx = d 1+t‘2>_d<1+t2)
2 4t
= 7—1 = ————F=
ire ) 1+ 2™
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/ —x2 + 1

Euler subst. for v/—x2 + 1 corresponding to x = cos 6

@ x = cosf transforms dx, x, v —x2 + 1 to trig form.
@ 0 =2arctant, t > 0 transforms df, cos 8, sin § to rational form.

What if we compose the above? We get the Euler substitution:

The Euler substitution for v/—x2 + 1 corresponding to x = cos @ is
given by:

X = -t t>0
1&1‘2’
VR =
4t
dx = —mdt
VRl
X+ 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = sec20

when ¢ € 6 € [0,5) U [, %) we have
tan® > 0 and so Vtan?60 = tan#

Math 141 Lecture 7 Spring 2015



Integrals of form [ R(x, \/ax2 + bx + c)dx, R - rational function ~ The case v/x2 — 1

Trigonometric substitution x = sec for v x2 — 1

The trigonometric substitution x = sec?, 6 € [0, %) U [r, 3F):

x2 -1 = tané

The trigonometric substitution x = sec¥, 6 € (0, ) for v x2 + 1 is given
by:

1 T 37
X = Sece—m S |:0,§>U |:7T,?>
x2—-1 = tand
dx = Sty df = secftan 6do

cos2 6
60 = arcsecx
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Find [ \/Xdzx? a>o0.

@ X — asecd,
0<6<m/20r
T <6 <3r/2. 9

@ dx = asecftan6dd.

VX2 — a2 =+\/a?sec?d — & = vV a2tan?0 = altang| = atané

/ dx B /asecetanede_/seceda
Vxe—a atang

X
S+
a

X2 _ 2

= In|secfd+ tand|+ C = In +C

= In‘x+\/x2—a2’ + Cy
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function

The case V/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

X

Math 141

secl) = ——
cos 6

cos(2arctan t)

1 + tan?(arctant)

1 — tan?(arctant)
1+ 2-(1-13)

11— 1-f

S T
e

Lecture 7

1 —tanz

cos(22) = 1 +tan?z
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case V/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:
2

S .
X 1

14 12\?
21 — By
X ¢(1—ﬁ>

14 2)2 _ (1 — {2)2
= \/( +t(3t£)2 %) [(1+ )2 —(1-P)2=4p
B 4t2 t,1 — t? have same sign
- (1 —1t2)2 when t € (—oc0,—1)U[0,1)
2
R
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

2

= 14—

X e
2t
2_1 — _
X 1-
. 1+
1=t
1-B)x = 1+
1+x)2 = x—1
2 _ x—1
o oXx+1

b 4 x—1

X+ 1
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case V/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.

What if we compose the above? We get the Euler substitution:

X = 1+ 2
_ 1-£
2t
2_1 — _
X 1-
P jE\/x—1
B X+ 1 .
= — 1
dx d( +1—t2>
4t
= ——_dt
(1—1)2
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Integrals of form [ R(x, v/ax2 + bx + c)dx, R - rational function The case v/x2 — 1

Euler substitution x = secd, 0 = 2 arctant

@ x = sec transforms dx, x, v x2 — 1 to trig form.
@ g =2arctant, t € (—oco,—1)U[0,1) rationalizes df, cos6,siné.
What if we compose the above? We get the Euler substitution:

The Euler substitution for v'x2 — 1 corresponding to x = sec 6 is given
by:

1 2
- 5 te(-o-NU)

2t

2_1 -

X -
dx = mdt
. X% —1
X+ 1
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Rationalizing Substitutions

Rationalizing Substitutions

Some nonrational fractions can be changed into rational fractions by
means of appropriate substitutions. In particular, when an integrand

contains an expression of the form {/g(x), the substitution u = {/g(x)
may be effective.
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Rationalizing Substitutions

Letu=+vx+4. Then 2 = x + 4, s0 x = u? — 4 and dx = 2udu.

/'XX+4dx:/ u 2udu

u?—4

4 L
= 2/ <1 + 2 4) du long division
u

1 1
:2/du+8/( 4 __ _4 | du| partial fractions

u—-2 u+2
=2u+2(Inju—-2/—-Inju+2|)+C

\/x+4—2'
=2vVx+4+2n|—|+C
VX+442
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