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License to use and redistribute

These lecture slides and their IATEX source code are licensed to you
under the Creative Commons license CC BY 3.0. You are free

@ to Share - to copy, distribute and transmit the work,
@ to Remix - to adapt, change, etc., the work,
@ to make commercial use of the work,

as long as you reasonably acknowledge the original project (a notice of
use freecalc is sufficient).

@ Latest version of the .tex sources of the slides: https:
//sourceforge.net/p/freecalculus/code/HEAD/tree/

@ Should the link be outdated/moved, search for “freecalc project”.

@ Creative Commons license CC BY 3.0:
https://creativecommons.org/licenses/by/3.0/us/
and the links therein.
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Basic divergence tests

Theorem
If the series Y7 | an is convergent, then lim,_,. an = 0.

Proof.
@ letsp,=ai+ax+---+ an.
@ Then a, = sp — Sp_1.
@ Since ).~ an is convergent, the sequence {s,} is convergent.
@ Letlim,. Sp=S5.
@ Then im0 Sp—1 = S.
@ Therefore

lim a, = lim (sp—8s,_1)=s—5=0 O

n—oo n—oo
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Basic divergence tests

Theorem
If the series Y7 | an is convergent, then lim,_,. an = 0.

This is just a restatement of the previous theorem:

Theorem (The Divergence Test)

Iflimp_. an doesn’t exist or iflimy_,c an # 0, then the series Y " | an
is divergent.
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Basic divergence tests

Show that the series >, , 5n2+4 diverges.

2 1
. o n 2 1 1
nhjnman_nﬁnmm lz_n—>oo5_|_ =570

S,

Therefore, by the Divergence Test, the series diverges.
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The Integral Test and Estimates of Sums The Integral Test

The Integral Test and Estimates of Sums

@ In general, it is not easy to find the sum of a series.
@ We could do this for Z 71) because we found a simple
formula for the nth partlal sum sp.

@ In the next few sections, we’ll learn techniques for showing
whether a series is convergent or divergent without explicitly
computing its sum.
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The Integral Test and Estimates of Sums The Integral Test

— 1 1 1,1 nls,=>n.%
_ _|_ — 4+ — 4+ i=1 72
Z:: 2 32 42 5 1.4636
10 1.5498
. 50 1.6251
@ Use a computer to calculate partial 100 16350
sums. _ 500| 1.6429
@ Appears to be converging. 1000 1.6439
@ How do we prove it? 5000 1.6447
@ Use f(x) = 5. o -} istheareaofa
rectangle.

. 11
oSO|32—2_4.
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The Integral Test and Estimates of Sums The Integral Test

— 1 1 11 nls,=>n.%

_ _|_ — 4+ — 4+ i=1 72
z:: 2 32 42 5 1.4636
10 1.5498
. 50 1.6251
@ Use a computer to calculate partial 100 16350
sums. _ 500| 1.6429
@ Appears to be converging. 1000 1.6439
@ How do we prove it? 5000 1.6447

@ Use f(x) = 5. o -} istheareaofa
rectangle.
y ® Sois 3 = ;.
o @ The improper integral
e Ji¥ Ldxis  convergent.
i o 1 J 5 X

finite area3
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The Integral Test and Estimates of Sums The Integral Test

3TN ITL IETD Vg
2222 2 gte’ 5/ 1.4636
10 1.5498
. 50 1.6251
@ Use a computer to calculate partial 100 16350
sums. _ 500| 1.6429
@ Appears to be converging. 1000 1.6439
@ How do we prove it? 5000 1.6447
@ Use f(x) = 5. o -} istheareaofa
rectangle.

. 11
oSO|32—2_4.

@ The improper integral
Ji¥ Ldxis  convergent.

2 finite area3
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The Integral Test and Estimates of Sums The Integral Test

S l 1 l l - nisn= Z/ 1 l2

2_22 2yt 5]  1.4636

"~ 10| 1.5498

@ Use a computer to calculate partial o0 1.6251
100 1.6350

sums. _ 500|  1.6429
@ Appears to be converging. 1000 1.6439

@ How do we prove it? 5000 1.6447
o Use f(x) = 4. e 1 isthe area of a
rectangle.
y ® Sois 3 = ;.
@ The improper integral
y= 2 oo 1 .
J7 edxis convergent.

o
=, @ Therefore 3. L is

! 2 finite area3 4 5 n=1

convergent.
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The Integral Test and Estimates of Sums The Integral Test

i 1 1 1 1 n[sn=%L o
===t st m+t5+ 5 3.2317
SV VIV2 Ve Ve 10 5.0210
50 12.7524
@ Use a computer to calculate partial | 100 18.5896
sums. 500 43.2834
@ Appears to be diverging. 1000 61.8010
@ How do we prove it? 5000 139.9681
@ Use f(x) = . o J-istheareaofa
v rectangle.
o 1
y @ Sois 7
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The Integral Test and Estimates of Sums The Integral Test

i 1 1 1 1 n[sn=%L o
===t st m+t5+ 5 3.2317
SV VIV2 Ve Ve 10 5.0210
50 12.7524
@ Use a computer to calculate partial | 100 18.5896
sums. 500 43.2834
@ Appears to be diverging. 1000 61.8010
@ How do we prove it? 5000 139.9681
@ Use f(x) = . o J-istheareaofa
v rectangle.
o 1
y @ Sois 7

° 1"0%dxis divergent.

2 infinite are‘%
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The Integral Test and Estimates of Sums The Integral Test

i 1 1 1 1 n[sn=%L o
===t st m+t5+ 5 3.2317
SV VIV2 Ve Ve 10 5.0210
50 12.7524
@ Use a computer to calculate partial | 100 18.5896
sums. 500 43.2834
@ Appears to be diverging. 1000 61.8010
@ How do we prove it? 5000 139.9681
@ Use f(x) = . o J-istheareaofa
v rectangle.
o 1
y @ Sois 7

° 1"0%dxis divergent.

o0
@ Therefore 3 % is
4 5 X n=1

divergent.

2 infinite are‘%
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The Integral Test and Estimates of Sums The Integral Test

Theorem (The Integral Test)

Let f be a continuous, positive, decreasing function on 1, cc) and let
ap = f(n). Then the series Y024 an is convergent if and only if the

improper integral [, f(x)dx is convergent. In other words,
QI / f(x)dx is convergent, then Z an s convergent.
1 n=1

Q If / x)dx is divergent, then Z an is divergent.

n=1

Note that it is not necessary to start the series or the integral at n = 1.
For instance, to test the series

1
2 (=37

n=4

o0 1
I
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The Integral Test and Estimates of Sums The Integral Test

Example

o0
1
Test the series ——— for convergence.

f(x) = x;ﬁ is continuous, positive, and decreasing on [1, ), SO use
the Integral Test.

oo 1 t 1
/ dx = Iim / ———dx
1 X2 +1 t—oo /4 x2+1
= lim [arctanx]} f 5> o
t—o0 .
= lim (arctant— —)
t—o0 4
s s s
= E—Z:Z arctan tf— %
0 1 .
Therefore n; 75718 convergent.
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The Integral Test and Estimates of Sums The Integral Test
Example

(e.e]

. . . 1
For which values of p is the series Z Pr convergent?
n=1

@ If p < 0, then nILmoo L= oo
olfpzo,thennILmoo#: 1.
@ Therefore for p < 0 the seriesis  divergent.

@ It remains to investigate the case p > 0. If p > 0, then f(x) = J; is
continuous, positive, and decreasing on [1, c0), SO0 we can use the
Integral Test.

/°° 1 " { convergent when p > 1
;

xP divergent when p <1
° = Z # is convergent when p > 1 and divergent when p < 1.
n=1
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The Integral Test and Estimates of Sums The Integral Test

This theorem summarizes the results of the previous example.

Theorem (p-series Convergence)

The p-series Z # is convergent if p > 1 and divergent if p < 1.
n=1
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The Integral Test and Estimates of Sums The Integral Test

(o]
Inn
Test the series —— for convergence.
e f(x) =X is continuous and positive (x > 0).
@ To establish where f(x) is decreasing, take the derivative.

#(x) (1) (x) ;Z(Inx)(1) 1 —Xlznx

@ This is negative forall x > e.
@ Therefore f is decreasing for all x > e.

o0 t 29t
/ NXix = lim /'”de_ lim [('”X) ]
10X tooo J1 X t—o0 2 1

L 1 o B
= tILngo <2(In e — O> = 00

Therefore > M7 is  divergent.
n=1
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The Integral Test and Estimates of Sums Estimating Sums

Estimating the Sum of a Series

Suppose we have already used the Integral Test to show that
> ap converges.

Now we want to find an approximation to the sum of the series.
Any partial sum s, is an approximation. But how good?
Estimate the size of the remainder

Rhn=s8—5sp=apy1 +apio+anz+---.

Suppose f(n) = an. Draw rectangles with heights a1, ani2, .. ..

Use the right endpoints to find the height: then the rectangles are
under the curve y = f(x).

Rn == an+1 + an+2 +an+3 + - S f:o f(X)dX

Use the left endpoints to find the height: then the rectangles are
above the curve y = f(x).

Rn = ani1 + apy2 + aniz +--- > [0, f(x)dx.
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The Integral Test and Estimates of Sums Estimating Sums

Remainder Estimate for the Integral Test
Suppose f(k) = ak, where f is continuous, positive, and decreasing for
x > n,and ) ax is convergent with sum s. If R, = s — sp,, then

/noo f(x)dx < R, < /OO f(x)dx

+1 n
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The Integral Test and Estimates of Sums Estimating Sums

Example (Example 5, p. 737)

Approximate the sum of > # using the first 10 terms. Estimate the
error involved in this approximation. How many terms are required to
get an accuracy of 0.0005 or better?
< ; 11" : 1 1 1
/,7 e = i [‘ye] = <_2t2 g 2/72> =

n
<1 1 1

1

1
R < — =) = —
10 = /10 39X = 3102 ~ 200

Therefore the error is at most 0.005.
To get an accuracy of 0.0005 or better, we want R, < 0.0005. Since
R, < -, we want

Wa
# <0.0005, or n>+1000~ 316
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The Integral Test and Estimates of Sums Estimating Sums

[ fx)dx < Ry < [ f(x)dx
St [0 f(X)dx < s+ Ry < syt [0 f(x)dx
st [o f(X)dx < s < sy [ f(x)dx

@ Add s, to both sides of both inequalities.
@ This gives upper and lower bounds for s.
@ This is a better approximation than just using s;,.
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The Comparison Test
The Comparison Tests

@ In the Comparison Tests, the idea is to compare a given series
with another series that is known to be convergent or divergent.

o Consider the series 377 ¢ 57
@ This reminds us of the series >0 | ..
@ Y%, J: is a geometric series with a= } and r = 1.
@ Therefore >"5° , J; is convergent.
1 1
i1 S 2

n 1 n 1 o0 1
22/41 < 22I<22i:1
1= 1= 1=

@ The partial sums of >~ , 2,,% are increasing and are bounded
above by 1.

@ Therefore 3°°° | 5" is convergent.
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The Comparison Test

Theorem (The Comparison Test)
Suppose that > a, and > b, are series with positive terms.

@ /> b, is convergent and a, < by, for all n, then >~ a, is also
convergent.

Q I b, is divergent and a, > by, for all n, then >_ a, is also
divergent.

When we use the Comparison Test, we need to have some series
> b that we know in order to make a comparison. Usually > b, is
one of

@ A p-series (> % converges if p > 1 and diverges if p < 1)

@ A geometric series (3" ar"~' converges if |r| < 1 and diverges if
ir|>1)
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The Comparison Test

Example (Example 1, p. 742)

Determine if S°°° ., -~ converges or diverges.
n=12n214n+3

@ As n — oo, the dominant term in the denominator is 2n?, so
compare with ;.

5 5

22 1 4n+3 " 212

. 5 5K 1
D e 32T

n=1 n=1

@ This is a constant times a p-series withp =2 > 1.
o Therefore Y ° | 53 is convergent.

@ Therefore . ° 4 5 2 is convergent by the Comparison Test.

+4n+3
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The Comparison Test

Example (Example 2, p. 742)

Determine if 3¢, " converges or diverges.
@ We could use the Integral Test to find this.

@ The Comparison Test is even easier.
Inn

— > 1 ifn>3
n n
o Y> lisa p-series with p = 1.
@ Therefore >~ ; - is divergent.
@ Therefore >, , '”n” is divergent by the Comparison Test.

Math 141 Lecture 12 Spring 2015



The Comparison Test

In order to use the comparison test to see if Y a,, is convergent or
divergent, we need the terms a, to be

@ smaller than the terms of a convergent series, or
@ bigger than the terms of a divergent series.
If the terms a, are
@ bigger than the terms of a convergent series, or
@ smaller than the terms of a divergent series,
then the Comparison Test gives no information.
@ Consider the series 0% | 5.
1 - 1
2n -1~ 2n

@ The Comparison Test tells us nothing here.
@ Nevertheless, we think 3 57— should converge, because it's so
close to 3~ 4.
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The Comparison Test

Theorem (The Limit Comparison Test)
Suppose that > a, and > b, are series with positive terms. If

where c is a finite number and ¢ > 0, then either both series converge
or both series diverge.

The main thing to check is that c is finite and non-zero.
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The Comparison Test

Example (Example 3, p. 743)

Test the series Y7 ; s for convergence or divergence.
Use the Limit Comparison Test with

1 1
h=giq b=z
a 1
. n _ o 2n_1
nIL>mooF o n“—>moo 1
n 5n
: on L
= lim —— 2
n—oo 21 — 1 27
. 1
n—oo 1 — -

o> % is a convergent geometric series.
@ By the Limit Comparison Test > ZJ—_1 is convergent too.
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The Comparison Test

Example (Example 4, p. 743)

Test the series Y77 f/”ﬂ’ for convergence or divergence.

@ The dominant part of the numerator is 2n? and the dominant part
of the denominator is v'n® = n®/2.

2% +3n 2P 2
an = bn = — = —
5+ nd/2  ni/2
. an . 2n?+3n n'/? _onbl2 4 3p2 1,
I|m — = ||m 5 = ||m n1

n—o00 bn n—oo /5 + n° 2 n—oo  2./5 4 n°

3
— im —“fh _q1590

n—oo 2 /% + 1
@ > -2, is a constant multiple of a p-series with p = .

2n+3n
NGE
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o Therefore 3~ -Z; is divergent, and so is 3
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