Freecalc

Homework Review problems for the final
This is a subset of the Master Problem Sheet

1. Problems that have appeared past final(s):

(a) Problem [2.m]
(b) Problem [4.a]
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) Problem [8.H

e) Problem

f) Problem [10.a}

(g) Problem [10.H]

(h) Problem
(i) Problem [13.a]
(j) Problem

(k) Problem
)

(1) Problem

¢) Problem (the problem was formulated slightly differently - as an improper integral).

2. Evaluate the indefinite integral. Illustrate all steps of your solution.
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3z2 — 4z — 4.
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Solution. We are trying to integrate a rational function; we aim to decompose into partial fractions the following

function.

x? x?

P12 132 4 12 (24 1) (22 +2)

Since the numerator of the function is of degree greater than or equal to the denominator, we start the partial fraction
decomposition by polynomial division.

Remainder
—223 =322 —dx -2
Divisor(s) Quotient(s)
a2t 422 + 322 +4x+2 | 1
Dividend
4

zt 422% 4322 44z 42
—2x3  —3x2 —dx -2

Therefore we have

z* _ 14 2% — 322 — 4z — 2
244+ 223 + 302 +40+2 o+ 223 + 322 442+ 2
—2% — 3% —dx — 2 _ —22°% — 3% — 4z — 2
v+ 203 + 322 + 42 +2 ($+1)2(x2+2)
Ay Ag As + Aux

@) T @z @212
We seek to find A;’s that turn the above expression into an identity. Just as in the solution of Problem 7?7, we will use
the method of coefficient comparison (see the solution of Problem for a shortcut method).
After clearing denominators, we get the following equality.
—223 — 32% — 4z — 2 Aj(z+1)(22 4 2) + Az(2? + 2)

+(As + Agz)(z + 1)?

0 = (Ag+ A +2)23

+(244 + A3 + Ay + Ay + 3)2?

+(As + 2435 + 24, +4)z

+(Az + 245 + 24, 4 2)

In order to turn the above into an identity we need to select A;’s such that the coefficients of all powers of x become
zero. In other words, we need to solve the following system.

Ay YA =2
Ay 4Ay  +Ay 424, =-3
24, 1245 +A; =4
241 +24; +As =2

This is a system of linear equations. There exists a standard method for solving system of linear equations called
Gaussian Elimination (also known as Row-Echelon Form Reduction Method). This method is very well suited for
computer implementation. We illustrate it on this particular example; for a description of the method in full generality
we direct the reader to a standard course in Linear algebra.

System status Action
Ay +4, =-2
A A +ds 424, =3 Sel. pivot column 2. Eliminate non-pivot entries.
24, +2A3 +Ay =—4
247 +2A, +Az = -2
Ay +4, =-2
Ay +A3 +A4 =-1

Sel. pivot column 3. Eliminate non-pivot entries.

245 —A, =0
24y +A; —24, =2




Ay +Ay =-2
Ay +A3 +Ay =-1

Sel. pivot column 4. Eliminate non-pivot entries.
245 —-Ay =0

Aq +Ay =-2
A 34, =-1
2 +?4 4 Sel. pivot column 5. Eliminate non-pivot entries.
Az =5+ =0
-4, =4
A —10
A =1
2 3 4 Final result.
A3 - —§
A, =8

Therefore, the final partial fraction decomposition is the following.

x? _ 14 —22% — 322 —4x -2

x4+ 203 4322 +40+2 x4+2x3+3x2+4m+28 .

8, 4

— 1+ 9 4 3 + 9 9

(x4+1)  (z4+1)2 (22+42)

Therefore we can integrate as follows.

” _10 1 8, _ 4

e dr = 1+ —2—+ 32— 4 9 9>da:
/<w2+2><x+1>2 /( (1) w12 )
/ ) e 3 ) GrE?®
8 x 4 1

S B S
9) 2129 o) a¥ 12 v
x—g(x—kl)_l—?log(x—i—l)

4 2 2
——log (1:2 + 2) — 5\/§ar0tan <\2fx> +C

9

Solution. This problem can be solved directly with a substitution shortcut, or by the standard method.
Variant I (standard method).

x® 9 x? .
/xs_ldx:/ (x +x3_1>da¢ Polyn. long div.
23 x?
=— t. frac.
3 + (x—l)(x2+x+1 part. frac
3 1
:£+/ 3 0t 3 complete square
3 xz—1 x2+x+1 P d
31 — 12, 3
T Injz—1|+ = / Ty — 2 daf Set ,. " = (I+%) +1
3 3 3 ( +l) +% §du = (1‘+§)d$
—x—g 11n|m—1|+ du
_33 3
1
:x—+71n|x—1|—|—fln|u\+0
3 3 3
—x——l—11n|m—1|+11n|x2+x+1|+0
3 3 3



Variant II (shortcut method).
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The answers obtained in the two solution variants are of course equal since

Injz -1+ +z+1=h|z-1) (2> +2+1)| =In|z® — 1

Solution. This is a concise solution written in a form suitable for exam taking. We set up the partial fraction
decomposition as follows.
3z2 4+ 22 -1 A Bz +C

C-D@2+1) -1 241
Therefore 322 + 22 — 1 = A(2? + 1) + (Bx + C)(z — 1).

e Weset t=1toget4=2A4,s0 A=2.
e Weset t=0toget —-1=A—-C,s0C =3.
e Finally, set x =2 to get 15 =5A+2B+C, so B=1.

We can now compute the integral as follows.

2 3 1
/(x_l"'jzt_l)dx—mnﬂx—”) 3 In(z® + 1) + 3arctanz + K

3. Compute the integral.

[,

Solution. B.al

Variant I. In this variant, we use the trigonometric substitution z = tan € and then solve the integral using a few



algebraic tricks.

\/1—|—x2 V1 +tan6 Set
= om?g d(tan @) = tand
an
0e(-%5.%5)
B |sec0| o2 0d0 |sec O] = secd
o 2929 for 6 € (*%,%)
cos
= ——do
/ cos3 6 s(ign2 0
cOS
= ———d6
/ cos2 fsin? 0
Set
u = sin 6
for § € (0 )
1- cos2

/ d(sin 9) \/ sec2 0
(1 — sin? 0) sin® 0 1
1+ta112 ]

tan2 0
1+tan? 6
_ _tanf®

V 1+tan2
T
V1+z?

u
u
u

= -_ use part. frac.

1 _1 1
2 2
= e d
/(U+1+u—1+u2> u

1 1
= —%ln|ufl\+§ln(u+l)—u71+C
1 —1 T
= —§ln(1—u)+§ln(u+1)—u +C ‘u: 7 <1
1 14+u 1
— 71 _
sl T u - +C
1 (I4+u) (14+u) 1
= -1 : — C
y "\ rw) " F
_ 1 (1+U)2 —1 _ x
= iln Tz ) U +C use u 2
1 1 2 V1 2
= —In ( Jrlu) — R +C
2 Sl x
1 2 V1 2
= 21n(((1+u)\/1+:c2)>—+x+0
x

= ln(\/l—&—xQ—&-x)—lT_'—xQ—FC

Variant II. In this variant, we use directly the Euler substitution



- (-0
dr = —3(F+1)dt
Vita? = i(i4)
t = Vait+l-u
% = V2?4 l+x
/\/1+x2
Tdﬂf =

4. Compute the integral using a trigonometric substitution.

Solution. (.3l

/ V9 — 22
T

where we expressed cot € via sin @ by considering the following triangle.

5. Evaluate the indefinite integral. Illustrate the steps of your solutions.

(a) /msinxdx.
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5\ 7 1 1
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/l : ( 2) (t2+1)dt
4
_4_ 2 _
/ ! 2t ! — 5 dt Part. frac
(t—1)%t(t 1)2
(o L Y
t (t—&—l)2 (t—1)2
Int L +—1 +C
“lnt—
) t 12 t—1
In( =
n<t>+t2 1+C
1
2
ln< 14z +x)+t%(t_%)+c
1
In(vVi+a2+z)—-- +C
( )= T
ln<\/1+7+x)—( x2+1+x) -+ C
241
ln(\/l—|—a:2—|—x)— zx+ —-14+C
0+ (%) ursoae — ZIfG — Iramsue
Set x = 3sinf
Vcos? 0
/3?702(3cos9)d9 for 0 € [3,0) U (0, 5]
9sin” 0 dz = 3cos6db
| cos 6| For 6 € [%,0) U (0, %]
! sin2g 66 we have| cos 8] = cosf
/cot29d9
(csc? 6 —1)do
—cotfd —0+C
)
IR — (2)+c
x 3
3
1]
(b) /xefxdx.
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D + xTuls + T sodo x— remsur



(©) / s2e%da.

(d) / x sin(—2x)dz.

O+ £2¢ + p2xg — zazaz remsue

O + (zg—)us % + (zg—)s0o & :romsue

(e) /1’2 cos(3z)dz.

0+ (zg)urs % — (xg)soo % + (zg)urs % :romsue

(f) / r?e”*du.

() / o sin(2z)da.

4

D + (zg)urs % + (zg)soo § — :1emsue

(h) /xcos(Sx)dx.
(1) /xze%dx.
6 / r3e”dx.

O+ (wg)soo & 4 (zg)uis § romsue

o+ za + 2g? 2% — zza% Tomsue

o+ zg—°  wg—°2%  wg—°g% tomsue O+ 279 — ;AT + 4P, TE — 4P T iTomsur
Solution. [F.al
z sinzdz = — [ zd(cosz) = —xcosz + [ coszdx = —xcosx +sinz + C
—
=d(— cos )

Solution. B.d

Solution. B4

/$2672md1‘ =

/x2dex = 2%e® — /e:”Qxdx = 2%e® — /2xde"”

Qer—Qxem—l—/Zezdx—me —2ze® + 2" + C

Integrate by parts

Integrate by parts

B x2e—2x / e—2:c

-2 -2
1'26_2I

= - —i—/xe_%dx

_ _$262—2m N /xd 6—277>
x2e—2x .’,176_22;
xQe—Qm l‘6_2m —2x

T T2 2 4

divergent. Justify your answer.
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4593 [eI80juUl ‘QULSISAID :lomsue

(e) Z

n:2

2n+1 In(n)’

6. Use integral test, the comparison test or the limit comparison test to determine whether the series is convergent or

JuoSIoArp lomsue

1
®) Z n(lnn)?

3593 [2aS03UT OSN UEBD ‘JUOBIOAUOD romSUT

> 1
(&) nz::? (2n + 1)(In(n))2”
’.\USEJSI\UOO rromsue

(h) Determine all values of p, ¢ r for which the series

oo 1
2;0 b (I e (In(ln )"

n=

is convergent.



Solution. 6.dl

oo 1 t
/ dr = lim dx
9 xlnx t—00 2, zlnzx

1
= lim —d(lnx)
t— o0 2, Inx

= tlgrolo ; d(In(Inz))
. =t
= tlglolo In(Inz)],—,
= tgrgo (In(Int) — In(In 2))
= OO,

therefore the integral is divergent (and diverges to +00).

The function mﬁl — is decreasing, as for x > 2, it is the quotient of 1 by increasing positive functions. ﬁ tends to 0

1

o0
as  — 00, and therefore the integral criterion implies that »  ——

n=

is divergent.

1
2m+1)lnmdx cannot be

integrated algebraically with any of the techniques we have studied so far. Therefore it makes sense to try to solve
this problem using a comparison test.

Solution. The integral criterion appears to be of little help: the improper integral [ 0

Variant I. This variant uses the limit comparison test. It requires less intuition than Variant II below which uses the
usual comparison test, but against a more carefully selected series.

The “dominant term’ﬂ of the denominator of 0 is 2nInn. Therefore it makes sense to compare

1
nlnn’

1 _ 1
2n+1)Inn — 2nlnn+inn

- or limit-compare - with

o0 o] o0 o0

We will use the Limit Comparison Test for the series 22 an = 22 m and 22 b, = 22 ——. Both a, and b,
n= n= n= n=

are positive (for n > 2) and therefore the Limit Comparison Test applies.

1

. (079 . (2n+1)Inn . n . 1 1
lim — = lim ——— = lim —— = lim T =z
n—oo by, n—00 —n n—oo 2n + 1 n—oo0 2 + = 2
o0
Since lim 3= = % # 0, the Limit Comparison Test implies that the series ) a, has same convergence/divergence
n—oo "N n=2
[ee]
properties as the series > -, b,. In Problem we demonstrated that the series > b, is divergent; therefore the
o0 oo n=2
series 22 an = 22 m is divergent as well.
n= n=

Variant II. This solution variant is shorter as it uses the directly the comparison test. However, unlike the preceding
solution Variant the present one requires good algebraic intuition for selecting the series b,, to compare to.

Let a,, = m Consider the series Yo , by, for b, = z——. We have that
3n > 2n+1 forn>1
1 1 Inverting positive
— < quantities reverses
3n 2n +1 . .
inequalities

Therefore b,, > a,. In Problem we illustrated (using the integral test) that Y (3b,) is divergent and therefore so
n=2

(o] (o]
is its constant multiple > b,. Therefore m is divergent by the comparison test.
n=2 n=2

7. Compute the limits. The answer key has not been fully proofread, use with caution.

. sinx 22
a) lim R lim ———.
( ) 10 T (C) w% T ln(l T .’L‘) z iTomsue
2
T T
b) lim ——. . d) lim ——. .
) lim (1 £ 2) Lonene () 1im Snan(l+7) -

Isince we do not speak of rational functions, here the expression “dominant term” is used informally



2y

sin
lim —_—.
=0 (In(1 + x))
cosx — 1
im ——.
z—0 sinz In(1 4 )
arctanz — x

x—0 33‘3

. arcsinr —x

(h) lim ————.
x—0 .’ES

e

e

—l©o

8. Express the sum of the series as a rational number.

oo

2n 43"
(@) > =,
n=1
9
€T
n=0
i
[
Solution. Bal
S -y (3) e
n=1 5 n=1 5 n=1
2 <2>"+3
5n:0 5 5
213
5 (1-3) 5
o
6
Solution. B
2" 4 57 > (1
= 1_%
_ 13
T4
Solution. Bdl
St 3n+1+7n71 s 3n
D I (I

n=1

iTomsue

rIomsue

iI1omsue

rIomsue

e

: 1.3
. . arcsinz —z — gw
(Optional) lim — or
z—0 sin” x €
n
n=1 7
v
L
0 3n+1 T 7n—1
Do :
n=1
ot 2n+1 4 (_3)71—1
5n i
n=0
Use geometric series sum f-la:
o0
1
Z = 1—7r°
n=0
provided |r| < 1
o0
use Y "=, for |r| <1
n=0
)n
1 n
_ 1
3) use y " "t =, r| <1

rIomsue

rTomsue

rTomsue

rIomsue

rTomsue

rIomsue



Solution.

e 2n+1+(_3)n—1 B e
SIS (e

27L
n=0 n=0 o
= 2;_:()(5) —3;(—5> use o T :1717,,|7‘|<1
o, 1 1
T -2 3 (- (-3
) §( 2) (1-(-2))
8

. Sum the telescoping series (a sum is “telescoping” if it can be broken into summands so that consecutive terms cancel).

> —6
> 3
b I — _

- 1
(c) Z In (1 - 712) . (Hint: Use the properties of the logarithm to aim for a telescoping series).
n=2

Zu[ — :lemsue

Solution. 0.1
= 3 — [ 3 3
nz::s e S nZ:: (n — 1) use partial fractions, see below

I
w
7N W
=
|
M|
~_
+
7N
[N
|
W
~_
7N
Wl
|
] =
~~_

n=3 n=4 n=>5

= 3 lim (1— 1 >—3
n— o0 n—1

3
In the above we used the partial fraction decomposition of — . This decomposition is computed as follows.

n —3n+2
3 3
n2—3n+2 (n—1)(n—2)

We need to find A;’s so that we have the following equality of rational functions. After clearing denominators, we get
the following equality.

3=Ay(n—2)+ As(n—1)

After rearranging we get that the following polynomial must vanish. Here, by “vanish” we mean that the coefficients
of the powers of z must be equal to zero.

(AQ + Al)n + (7142 - 2A1 - 3)
In other words, we need to solve the following system.

—2A1 _A2 = 3
Aq +As =0

System status Action

—2A; —Ay =3 . o L .
A A, =0 Selected pivot column 2. Eliminated the non-zero entries in the pivot column.
A% =]

Selected pivot column 3. 1E())liminated the non-zero entries in the pivot column.




Therefore, the final partial fraction decomposition is the following.

3. _ -3 3
n2—3n+2 (n—-1) (n-2)

Solution.

Sn(iz) = S(n(-3) (7))

n=2 n=2

- 2 () ()

n=2
&S]

= > (m(n—1) ~2In(n) + In(n + 1))
= (in1— 2102+ 1) + (In 22473 + Jard)

+ (lr3=2417 + 1a5) + .. ..

= lim (—In2—Inn+In(n+1))
n— 00

= lim (—1n2+ln<n+1>)
n—00 n

= —In2 .

10. Find whether the series is convergent or divergent using an appropriate test. Some of the problems require the
alternating series test. The test states the following.
[Alternating series test. Suppose b, \, 0. Then > (—1)"b, is convergent]

Here, b, \, 0 means the following.

e The sequence of numbers b,, is decreasing.

e The sequence decreases to 0, that is,

lim b, =0
n—oo
o0 o0
n
n
(a) E (=)™ Inn. (c) E o
nn
n=1 n=2
1593 9OUSBIGAIP OISEq ‘SOBIOAIP (1oMSUE 1503 9OUSBIOAIP OISB( ‘SOBIGAIP IoMSUE
(b) EOO: L (d) fjl
Inn n
n=2 n=2
1593 S01198 SUIPRUIOI[E ‘SOSIOAUOD IoMSUT 1599 01198 BUIJRUIOI[E ‘SOBIOAUOD :IOMSUR

Solution. lim (—1)"Inn does not exist and therefore the sum is not convergent.
n—oo

Solution. For n > 2, we have that Inn is a positive increasing function and therefore - is a decreasing positive

function. Furthermore lim —— = 0. Therefore the series is convergent by the alternating series test.
n—oo INN

11. For each of the items below, do the following.

e Find the Maclaurin series of the function (i.e., the power series representation of the function around a = 0).

e Find the radius of convergence of the series you found in the preceding point. You are not asked to find the entire
interval of convergence, but just the radius.

Please post on piazza if you discover errors in the answer key.

T 2x
(a) e (c) e
Eh omstre = o romsue
uI oo uz’u,z oo -z
2z 2
(b) we . (d) e*".
() 3 z 103 so810aT0D w 0=u
T=u o=u rTomsue ! = 2 :lomsue
wpoulp—u(0) X = paraeu () X e g o

11



(e) e3¢,
i o=u

g = 2  rIemsu
zg— Iomsue
oo 4

wePuful(l—)

(f) a2e?®. (j) cos(2z).
iw o=u » ‘
c+u®ul o = gg° tiomsuw
(g) sinzx. (k) cos®(z).
LR -
(h) cosz. -
i(ug)

= — (1= )Z = x so0d

iTomsue

12. Find the Taylor series of the function at the indicated point.

(a) & ata=—1

(b) In (Va2 —2z+2) ata=1.

(c) Write the Taylor series of the function Inz around a = 2.

Solution. 2.0

ln(x/x2—2x+2> =

1ln (z—1)>+1)

2
_ % i( 1)n+1 ((x —nl)Q)n
_ S n+1 (13 — 1)
N nz::l( b ’ 2n

(i) sin(2x).

use In(1+y) =

0=u

—— (1-) K = (zg)urs
1+ug® 1+ugl 3
i(uz) o=

— wgfu(1) Z (2g)soo

i(uz)

ug

LJaroa4u) =

=S)

118

3
Il
-

i(r + ug)

(_

ug

o=u

— 1—ugfu(— >Z +;—wzsoo

i(1T + ug)

o=u
w(1—) Z =zuisw
)

ct+ug®

At Be+ (et

ug I=u

pRTETR SR

(g =) ————
ul® I+U(I )

Pyl <1

rTomsue
rTomsue
rIomsue

rIomsue

rIomsue
iIomsue

Z + g up :romsue
5o

Although the problem does not ask us to do this, we will determine the interval of convergence of the series for exercise.

If we use the fact that In(1+y) =
n=1

holds for 0 < (z — 1)? < 1, which holds for z € [0, 2].
using the aforementioned fact.

Let a,, be the n' term of our series, i.e., let

ay, = (_1)n+1 (l‘ B 1)2n

2n
‘We use the ratio test:
n -1 n+2 -1 2n+2 2
lim Antl] _ lim (=1) (@ ) il
n—oo | G n— 00 (27’L —+ 2) (_1)n+1($ — 1)2n
n
= lim (z —1)*——
= (z-1)?

> (—1)"“% holds for —1 < y < 1, it follows immediately that the above equality

Let us however compute the interval of convergence without

By the ratio test, the series is divergent for (x —1)? > 1, i.e., for |x — 1] > 1, and convergent for (z — 1)? < 1, i.e., for

|x — 1] < 1. The ratio test is inconclusive at only two points: z —1=1,ie,z=2and z—1 =

2n

o0
2
points the series becomes z:(—l)"+1

n=1

—1, i.e., x = 0. At both

—— and the series is convergent at both points by the alternating series test.
n

Solution. This solution is similar to the solution of but we have written it in a concise fashion suitable for

test taking.

12



Denote Taylor series at a by T, and recall that the Maclaurin series of are just Ty, the Taylor series at 0.

Tane) = Ton((z—2)+2)
)
S 1n2+1n(1+x2_2 ) To(n(1 + ) = 2%
PN g .

> -1 n+1
= 11’12“"2%(1’_2)’”
n=1

13. Determine the interval of convergence for the following power series.

= 3vn+1
“(g‘1] > = :1omsue
> 10m2”
) > —5
n=1 n
[% ‘OTI—] S x :1emsue
@ S 10—
C
3
n=1 n
‘[1°1¢6°0] © @ :1omsue
o]
(x+1)"
d 1\
CDNCHS e
‘[0‘z—) D = :1omsue
o]
n (l‘ — 3)n
(e) RZ:%( T
‘[¥g) 3 = :1omsue
o) "
UDM

‘T [[e 10J S98I0AUO0D Iomsue

n=0
‘1 > |x| 105 seS10Au0D romsue
X ..n
x
(h) E —.
n=1 n
(1¢1—] D |x| 103 se810AU0D :IOMSUR
o0
() ( x2n+1
DD (-
T 2n+1
n=
‘[1¢1—) D |x| 103 se810AU0D :IomSUR
> /1
; 3 . . . q qg—1)...(g—n+1
() E 2 ) 2™, where we recall that the binomial coefficient stands for ( ). ) .
n=1 n n n'
‘[1‘T—) D x 10j so810AU0D :Iomsue

fotl| = |z — 2|. Therefore the power series converges
n

Solution. |13.af We apply the Ratio Test to get that lim
n—oo

o0
at least in the interval € (1,3). When x = 3, the series becomes »_ which diverges - this can be seen,
n=1

1
3vn+1’

(—1)™
3vn+1?

o0
for example, by comparing to the p-series ﬁ When z = 1, the series becomes which converges by the
n=1

Alternating Series Test. Our final answer z € [1, 3).

14. Plot the curve. Set up an integral that expresses its length. Find the length of the curve.

13



(a) y =z, z €[l,2]
(b) y=2 z€[1,2]

8
(d) x:\/f—Qtandy:?f% fromt=1tot=4.

Solution. [I4.d] The length of the parametric curve is given by

= [+ )

We have that

de L,
dt 2Vt
dy  _ ot~

dz dg 1 2
(dt> TV
dy 2 1
— = 472 = —
() 7
dy>2 = 1+21+4—<1+2)2
dt oa o Tve o et
1 . oy 2 1 .
7t 2 is positive and (2—\/{ + 2) W 2. So the integral becomes

L:/14 (2\1/%”)(”: [x/£+2tKj:(2+8)—(1+2):7

15. Determine if the sequence is convergent or divergent. If convergent, find the limit of the sequence.

a) a, = n. ; _n
(a) an () an = T
JUeSI0AIp :lomsuE
(b) a, =2".
(k) a, = cosn.

JUeBI0AIp :iomsuE

(¢) a, = 1.0001".

JueR1oAIp tromsue ) 1
Ay — COS | —
(d) a, = 0.999999". n n
0= Up oou};_[u ‘QuoSI9AUO0D :lomsUR
n
(e) ap=n—vn+1lvn+2 n+1
(m) a, = .
T = up o Uty “yuoRioauco somsuv n
(1) Inn
Ap = —. n
= et s e (1) @ = (T )
(&) Inn
8) an = 5 =-
\/ﬁ 2n
0 = Up R4 Uwr] ‘quaSIoAuod Iomsue n + ].
1 (o) an = n
(h) a, = —.
n
0 = Up CO4—Uw] ‘4UsBIOAUOD :IOMSUE n
1 (0) n+1
1) ap = —. p) an =
0 = Up OO U] ‘4UeBIOATOD :I1oMSTUR

Solution. [5ml

14

1 = Up OO U]
2 = Up OO Uy
= Up OO0 4—Utur|
0 = Up OO Uy

yuoSIoatp

JueBioA1p

‘qyue8ioAu0D

‘yueSieAu0d

JuaSIoAIp

‘queSieAu0D

‘yueBioauco

iTomsur

ilomsue

rTomsue

rIomsue

rIomsue

iTomsue

iTomsue



Consider f(x)

(ITH)T, where z is a positive number. We will now show that lim f(x) exists. Since the limit is of
T—r00

the form 1°°, we will start by finding the limit of the logarithm In(f(x)). We will then exponentiate that limit to find

the limit of f(x).

1\* 1
lim ln(<m+ ) ) = lim xln<x+ )
Tr—00 xT Tr—r00 i
In (&+L
= lim (1”“' )
xr—r 00 ;
—  lim In (1+ %) Form “%”
eSS 1 L’Hospital rule
!
14}l (1 + %)
= lim —
T—00 -2z
1
)
= lim
Tr—r00 —
1;2
= lim T
z—o00 1 4 =
x
=1
. r+1\7 In((2t1)® . .
lim —  lim ™((5)7) The exponent is continuous
T—00 x T—00
()
= ¢! ‘ use preceding
= e
n\" 1\
Therefore  lim_ (n i > = lim (x + ) = e and the sequence converges (to e).
n— integer n z— real x

Solution. [[5nl

This problem can be solved in fashion similar to Problem However there is a much simpler solution:

2n+1 Z 2
on+1\"
lim ( n ) > lim 2"
n—oo n n—oo
. (Qn + 1)"
lim = o
n—o00 n
16. (a)
dy 2
=Ly 1
=Y (1)

i. Find all solutions of the differential equation
above.

R, R . 3
ii. Find a solution for which y(0) = —¢.
i. Find the general solution to the differential equa-

tion

dy 2
=g 2y
dz y

Below is a computer-generated plot of the direc-

tion field d—y =
dz

y? — 4, you may use it to get a

15

forn >0

limits respect non-strict inequalities

lim 2" computed in Problem

n—oo

feeling for what your answer should look like.

The direction field ¥

dz:y2_4

-

S m———
S ——
S m———
S ——
S m———
S ——
S m———

w
N ——

M|

-
S ——
S m———
S ——
S m———
S ——
SN m———
S = ——
SN m———

_______ N A
SAUAAAVARFAV VAN
Vbbb
RIS RN AR ER S

—
AEAESEAN EERE RSN
\4\\3\\2H]1Hr\%\%\§\%
AAAVAAVAAVVRM VAV AN
______ R, S e ——

-

—————
w
RPN
.

-
———
———
———
———
———
———
———
———

ii. Find a solution of the above equation for which
y(0) = —2.

(c) Solve the initial-value differential equation %’
y*(1+2), y(0) = 3.



(d) Solve the initial-value differential equation problem (f)

y =ze ¥ | y(4) = 0.

Below is a computer-generated plot of the corre-
sponding direction field, you may use it to get a feel-
ing for what your answer should look like.

d

The direction field $¥ = y' = ze ™Y
dx

i.

ii.

Solve the initial-value differential equation prob-
lem

1
Yy =xtany y(0) = arcsin <e) ~ 0.376728.

2 2 | wisore = (2)fi :romsue
o

Solve the same differential equation with initial
condition y(0) = 7 + arcsin (—1) ~ 2.764865.

€

_________ z 2— | ursoae + x = (z)fi :1omsue
—————— - . TR
_________ Below is a computer-generated plot of corre-
_______ - sponding direction field, you may use it to get
****** 5 a feeling for what your answer should look like.
::::::__' The direction field fb =y’ = ztany
NN SN S I O I B B A o T T T T T T A A A A
NNN NN N O T T T U WA N i A A I I Y I I B I
AN N NN NN~ \NNANNNNS— 772000000
NNNNSNS~d e P27 77T
2V SV NN N VPP e N N N N A N N N WA VA VAN
TV AN 1117771 A W O U T L T T O T O
[ R T A A A LV | T T O A B B
[ A [ T I
[ VUV VN N N A A A A
IR NN NN NN - sl
IR P SSSSSSNONNNNNNNANN
PEE el 11177774 D 0 T W L O O
b 7274 L T T O T O O T I
PR VA I A O I B
\\\\\\\1: bt
(L,%)m:(m;mm AN N NN s s7/070 0000
i i ]
(e) Solve the initial-value differential equation problem 1,0 1.7 7,7 2= %\%\%\ % \ % \ % \%
IR RERERERERE
, Inx | I O I B A [ I T A B I
y = — y(1) = 2. PELLY VA EERRRRR RN
Ty AV NN N N N VAV AT A i Y A A A
DN e gV gV 4V 4V 4V 4V 4V 4
Below is a computer-generated plot of the corre- VPP PP N Y
. . .p & P . TN R ARV AV e - N N N U VU Y T T T T O
sponding direction field, you may use it to get a feel-

ing for what your answer should look like.

N == o o o e i i i i e e

1 -\ mmer ol r ol r P r o P P o
A R S R ddd
-
AR NAND N N N N -
-1 7~/L\&\\\i\i\£\\\i o
B e
2 A e ————————
P i i . e i e e, i e i,
—3 e ——— . —— —— —— ————
P ——————————————
e e e e e —— —— —— —— —— —— —— —— ——

v+ g(@up N = (@) izomsuw

Solution. There are two variants for solving this problem. The first variant uses indefinite integration and is
slightly informal, but easier to apply and remember. The second variant is more rigorous but more difficult to write
up. Both solutions are acceptable for full credit in a Calculus exam. Variant I is recommended when taking exams
and Variant II is recommended when writing scientific texts.

Variant I

16



i y? -1 Suppose y2 —1#0
d
wt
y? -1

1 d

/ —ydx = /dx

y2—1dzx

—dy

d
/9231 = e

1 1
2 3 _
/(y—l y+1)dy z+C

1 y—1
—In|Y—| = C
5 n U1 T+
-1
In y—o - 2z + 2C
y+1
y—1 _ o22+2C
y+1
E — ie2z+2c
y+1
y—1 = 224y 4+1)
y(l :F 62m+20) — 1 Zt 62x+20
1 i62w+20
R
1+ 620621
y = 15 202w Set D = +e2¢
1+ De?®
vy = 1z De2=

The above solution works on condition that y? —1 # 0. So the only case not covered is that of y? — 1 = 0, which yields
the two solutions y = £1.

Our final answer is
(@) 1+ De?®
)= —+
Y 1— De2®
where D is an arbitrary real number. Notice that in the above answer, by allowing D = 0, we have covered the case
_ . . . . __ 14D 2@
y(z) = 1. Finally, we note that if we let D — oo, the solution y(z) = 5%
fix a value of x before we let D — o0).

Variant I1

Case 1. Suppose there exists a number x such that (y(z())? —1 # 0. Since y is a differentiable function of z, it is
also continuous. Therefore for some ¢ sufficiently close to xg, all numbers x in the interval between ¢ and x( satisfy

tends to the solution y(z) = —1 (here we

17



y(z)2 —1#£0.

dy
dx
1
y? -1
r=t 1 q =t
/ o1 édx = / dx can integrate as y(z)2 —1#0
o —dw@)
T dw@)
y\r =t
— s T = T, set z =y(x
| G - @
Zz0
z=y(t)
dz
2-1 t = %o
z=y(wo)
z=y(t) 1 1
22 Vg — -
s—1 2+ 1) : o
z=y(wo) »
1. |z—1]1"7" 1
—1In ] = t—xg Set C =2x9—1In (IO)“’
2 124 oy o)
t)—1
n y(®) 2t—-C relabel dummy variable ¢ to x
y(t) +1
—1
In & = 2z—-C
y(z) +1
Set
D=e¢"¢
By the assumption of our case, (y(zg))%2—1 # 0, so there are two remaining cases: (y(x))?—1> 0 and (y(x¢))?—1 < 0.
1 -1
Case 1.1. Suppose M > 0. As the function y(x) is differentiable, it is also continuous. Therefore %
y(zo) +1 y(z) +1

for all x near zy. Then we can remove the absolute values in the equality above to get that for all z close to xzg we
have that

—1
In (ggg m 1) = 2z-C exponentiate, recall D = e~ ¢
y(x) —1 — DeQac
y(z) +1

y(z) -1 De**(y(x) +1)
y(z) (1—De*”) = De* +1
() = 1+ De?®
Y= T T Dete

-1
The solution y(x) given above satisfies Ex) = De** for all z. As D > 0, this implies that y(z) — 1 > 0. Therefore

z)+1 ylx) +1

the considerations above are valid for all x, rather than only for those z near xy. Therefore our first case yields the
solution

(z) = 14 De?®
S =T T Deze
_ -1 1—
Case 1.2. Suppose M < 0. Then for all  near xy we get In y(x)‘ =In (y(:c)) and, similarly to Case
y(zo) +1 () +1 y(e) +1
1, we get
1-— y(.f) DeQm
y(x) +1
1—y(z) = De*(y(z)+1)
y(z) (14 De**) = 1— De?*
() 1 — De?®
€T =
Y 1+ De2®



Since D is a positive constant, we conclude in a fashion analogous to Case 1 that y(z) < 0 for all z.

Case 2. Suppose (y(wg))? — 1 = 0. Then y(x) = £1. Clearly the constant functions y(z) = +1 are two solutions: if

we can plug back y = 41 in the original equation we get that % = 0 and y is a constant function of x. From the

preceding two cases we know that if ZEQ: is defined and not equal to zero for some value of x, then Zg;ﬁ is defined
and not equal to zero for all values of x. Therefore the present case yields only two solutions, the constant functions
y(x) = £1.

Our final answer is

1+ De?*
ve) = T pem

where D is an arbitrary real number. Notice that in the above answer, we have combined Cases 1.1, 1.2 and the case

y(x) = 1: by allowing D to be negative we included Case 1.2 and by allowing D to be zero we included the case

y(z) = 1. Finally, we note that if we let D — oo, the solution y(x) = f_rgzz: tends to the solution y(x) = —1 (for all

values of x).

Solution plots.

We may plot solutions for a few values of D as follows. We overlay the solutions on top of the direction field of
the differential equation. The picture tells us a lot about the properties of the solutions of the differential equations.

The direction field S—Z =y2-1

1+62x
1—e2x -

e —_— ———— ——

e NONNN NN e
NN
o SV
e [ e
[ 1]
[
]
1

From the computer generated picture above, we may visually estimate that y(z) = 1;322: intersects the x-axis
at (0, —%) Furthermore, we may check directly that for

(@) 1 — 4e2®
r)=—"—+
Y 1+ 4e2=
we have y(0) = %;g = —% and that is a solution to our problem (this however does not prove the solution is unique).
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Alternatively, let us give an algebraic solution. As we are given that y(0) = —% and so

which is our final answer.

Solution. [16.d

3 1-De** 1-D
- = y(O): 20

5 14 De 1+D

-214D) = 1-D

2
2p - 8
) 5

D = 4

This is a concise solution written up in a form suitable for exam taking.

Solution. [16.14 and [I6.F

z=y(z)
/ C?Szdz
sin z
z=y(0)
z=y(zx)

/ d(sin 2)
sin z

z=y(0)

[In|sin ZH§<0)

In |siny| — In | sin(y(0))|
In | siny|

| siny|

| siny|

| siny|

| siny|

siny

dy

2
- 1
- y (1+x)
izl = (1+a)dz
Yy
d
73 - /(1 + x)dx
Y
o T+ :Lz +C
g - 2
-3 = 0+0+C
e
xtany
x
x
tdt
t=0
a?
2
a?
2
a?
a?
2
5 + In | sin(y(0))|
€§+ln | sin(y(0))]
for problem [16.1]

e%—&—lnlsin(arcsin(%)) |
6§+1n|sin(7r+arcsin(%))| for problem

o2 n(2)

eT !
2
ez 1

20

Integrate from 0

Set z = y(t)

y(0) > 0 for both problems
therefore siny(0) > 0



From the elementary properties of the trigonometric functions, we know that siny = sin o implies that either

e y = « + 2km, where k is an arbitrary integer or
e y = (2k+ 1) — a, where k is an arbitrary integer.
In other words, if we are given siny, we know y up to a choice of sign and a choice of an integer k. For our problem,

this means that

2k + arcsin (e§*1> k — integer
y=4 or
22
(2k + 1)7 — arcsin (eT*I) k — integer

For problem the only choice for k and sign which fits the initial condition y(0) = arcsin (1) is

1
. 224
y = arcsin (e 2 ,

which is our final answer.
For problem , the only choice for k and sign which fits the initial condition y(0) = w+arcsin (,l) = m—arcsin (l)

e e
1S
a2
Yy = m — arcsin e 2 s

which is our final answer.

17. This problem type will appear on the final as a bonus. We have not studied the material for this
problem type.

(a) The curve given in polar coordinates by r = 1 + sin 26 is plotted below by computer. Find the area lying outside
of this curve and inside of the circle 22 + y2 = 1.

C

(b) The curve given in polar coordinates by r = cos(26) is plotted below by computer. Find the area lying inside the
curve and outside of the circle 22 + y? = 1

=

(c) Below is a computer generated plot of the curve r = sin(26). Find the area locked inside one petal of the curve

% — g = » :lemsue

rTomsue

and outside of the circle 22 +y% = =

Y2 .
AD
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Solution. A computer generated plot of the two curves is included below. The circle 2 + y? = 1 has one-to-
one polar representation given by r = 1,6 € [0,27). Except the origin, which is traversed four times by the curve
r = 1+ sin(26), the second curve is in a one-to-one correspondence with points in the r, 8-plane given by the equation
r =1+5sin(20),6 € [0,27). Since the two curves do not meet in the origin, we may conclude that the two curves may
intersect only when their values for r and 6 coincide. Therefore we have an intersection when

1+sin(20) =

sin(26) =
0 =

O O =

5, 37” ‘ because 0 € [0, 27)

Therefore the two curves meet in the points (0,1)(—1,0) and (0, —1),(1,0).

Denote the investigated region by A. From the computer-generated plot, it is clear that when a point has polar
coordinates 6 € [Z, 7] U[2F,27], r € [1 +sin(26), 1] it lies in A. Furthermore, the points 7, lying in the above intervals
are in one-to-one correspondence with the points in A.

Suppose we have a curve r = f(0),6 € [a,b] for which no two points lie on the same ray from the origin. Recall from
theory that the area swept by that curve is given by

b
1
/ S 0)0

Therefore the area a of A is computed via the integrals

2

[NE]

T 2
1 1
a = /— 12— [1+5sin(20) do + / = (12 = (1 +sin(20))*) d6 | use the symmetry of A
2 t\/ N—— 2
5 outer curve inner curve 37"
= /(12 — (14 sin(26))?) df = / (—25sin(26) — sin®(26)) df use sin? z = 1262
z

(—2 sin(26) — % + 2005(49)) df = |:COS(2€) - %9 - ésin(49)

[NE]

Il
[NORNIE
|
e

Solution. A computer generated plot of the figure is included below. The circle 22 +y? = % is centered at 0 and

of radius % and therefore can be parametrized in polar coordinates via r = %, 6 € [0, 2x].

Points with polar coordinates (r1,6;) and (rq, 63) coincide if one of the three holds:
e r1 =7r9#0and 0, =60+ 2km, k € Z,
erp=—ry#0and 6y =02+ (2k + )7,k € Z,
e ;1 =719 =0 and @ is arbitrary.
To find the intersection points of the two curves we have to explore each of the cases above. The third case is not

possible as the circle does not pass through the origin. Suppose we are in the first case. Then the value of r (as a
function of €) is equal for the two curves. Thus the two curves intersect if

r=cos(20) = 3
20 = £%+2kn where k € Z
0 = L5 +kn where k € Z
0 = 5, g —|—57T7 —11% +m, =g +2m all other values discarded as 6 € [0, 27]
0= LR
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This gives us only four intersection points, and the computer-generated plot shows eight. Therefore the second case
must yield new intersection points: the two curves intersect also when

r=cos(20) = -1
20 = :I:%’T + 2km where k € Z
0 = 3 +km where k € Z
0 = 3,35 —|—27T, =+, 2 all other values are discarded as 6 € [0, 27)
o - 1h5%

From the computer-generated plot below, we can see that the area we are looking for is 4 times the area locked between

- T

the two curves for 6 € [7, g]. Therefore the area we are looking for is given by

<Cos2(29) - (;>2> do

Y

4

\_@\:l
N |

jus
6

8

We leave the above integral to the reader.

Solution. The circle 2% 4 y? = % is centered at 0 and of radius % and therefore can be parametrized in polar
coordinates via r = 3,6 € [0,27).
Points with polar coordinates (r1,61) and (r2, 62) coincide if one of the three holds:

e ry =r9#0and 0y =0, + 2km, k € Z,
ey =-ry#0and 6 =0+ (2k + )7,k € Z,
e 1 =79 =0 and @ is arbitrary.
To find the intersection points of the two curves we have to explore each of the cases above. The third case is not

possible as the circle does not pass through the origin. Suppose we are in the first case. Then the value of r (as a
function of €) is equal for the two curves. Thus the two curves intersect if

r=sin(20) = 3
20 = % +2kmor %’r + 2km where k € Z
0 = %—l—kwor% where k € Z
9 — o 13r 5m 17 other values discarded as

T30 120 120 12 6 € [0,2n]

This gives us only four intersection points, and the computer-generated plot shows eight. Therefore the second case
must yield 4 new intersection points. However, from the figure we see there are only two intersection points that
participate in the boundary of our area, and both of those were found above. Therefore we shall not find the remaining
4 intersections.

Both the areas locked by the petal and the area locked by the section of the circle are found by the formula for the
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area locked by a polar curve. Subtracting the two we get that the area we are looking for is:

Area

— 57
6=1

= % <sin2(20) - (;

4 8

- 1 V3
= uT™t+ I

_ 1 {19 _ 8111(49)]0_?72r
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