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CMS Experiment at LHC, CERN
Data recorded: Sat Apr 23 08:05:38 2011 EDT
Run/Event: 163332 / 196371106

Figure 1: The results of a proton-proton collision at the Large Hadron Collider (LHC) at CERN.
The two proton beams beams travel perpendicular to the page, colliding at the origin of the tracks,
which are projected onto the plane of the page. Each of the curved tracks indicates a charged
particle in the final state. The tracks are curved because the detector is placed in a magnetic field;
the radius of the curvature of the path of a particle provides a means to determine its mass, and
therefore identify it.

1. Introduction

1.1 Relativistic Quantum Mechanics

Usually, additional symmetries simplify physical problems. For example, in non-relativistic
quantum mechanics (NRQM) rotational invariance greatly simplifies scattering problems.
Why does the addition of Lorentz invariance complicate quantum mechanics? The answer
is very simple: in relativistic systems, the number of particles is not conserved. In a
quantum system, this has profound implications.

Consider, for example, scattering a particle in potential. At low energies, F < mc?
where relativity is unimportant, NRQM provides a perfectly adequate description. The in-
cident particle is in some initial state, and one can fairly simply calculate the amplitude for
it to scatter into any final state. There is only one particle, before and after the scattering
process. At higher energies where relativity is important things gets more complicated, be-
cause if £ ~ mc? there is enough energy to pop additional particles out of the vacuum (we
will discuss how this works at length in the course). For example, in p-p (proton-proton)
scattering with a centre of mass energy E > myc? (where m, ~ 140 MeV is the mass of
the neutral pion) the process

p+p—p+p+a’

is possible. At higher energies, £ > 2mp02, one can produce an additional proton-



antiproton pair:
p+tp—p+p+tp+p

and so on. Therefore, what started out as a simple two-body scattering process has turned
into a many-body problem, and it is necessary to calculate the amplitude to produce
a variety of many-body final states. The most energetic accelerator today is the Large
Hadron Collider at CERN, outside Geneva, which collides protons and antiprotons with

2 so typical collisions produce a

energies of several TeV, or several thousands times mc
huge slew of particles (see Fig. 1).

Clearly we will have to construct a many-particle quantum theory to describe such a
process. However, the problems with NRQM run much deeper, as a brief contemplation of
the uncertainty principle indicates. Consider the familiar problem of a particle in a box.
In the nonrelativistic description, we can localize the particle in an arbitrarily small region,
as long as we accept an arbitrarily large uncertainty in its momentum. But relativity tells
us that this description must break down if the box gets too small. Consider a particle
of mass p trapped in a container with reflecting walls of side L. The uncertainty in the
particle’s momentum is therefore of order i/L. In the relativistic regime, this translates
to an uncertainty of order fic/L in the particle’s energy. For L small enough, L < h/uc
(where h/uc = A, the Compton wavelength of the particle), the uncertainty in the energy
of the system is large enough for particle creation to occur - particle anti-particle pairs can
pop out of the vacuum, making the number of particles in the container uncertain! The
physical state of the system is a quantum-mechanical superposition of states with different
particle number. Even the vacuum state - which in an interacting quantum theory is not
the zero-particle state, but rather the state of lowest energy - is complicated. The smaller
the distance scale you look at it, the more complex its structure.
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Figure 2: A particle of mass p cannot be localized in a region smaller than its Compton wavelength,
Ae = B/p. At smaller scales, the uncertainty in the energy of the system allows particle production
to occur; the number of particles in the box is therefore indeterminate.

There is therefore no sense in which it is possible to localize a particle in a region



smaller than its Compton wavelength. In atomic physics, where NRQM works very well,
this does not introduce any problems. The Compton wavelength of an electron (mass
p = 0.511MeV/c?), is 1/0.511 MeV x 197MeV fm ~ 4 x 10~ e¢m, or about 1073 Bohr
radii. So there is no problem localizing an electron on atomic scales, and the relativistic
corrections due to multi-particle states are small. On the other hand, the up and down
quarks which make up the proton have masses of order 10 MeV (A, ~ 20 fm) and are
confined to a region the size of a proton, or about 1 fm. Clearly the internal structure of
the proton is much more complex than a simple three quark system, and relativistic effects
will be huge.

Thus, there is no such thing in relativistic quantum mechanics as the two, one, or even
zero body problem! In principle, one is always dealing with the infinite body problem.
Thus, except in very simple toy models (typically in one spatial dimension), it is impossi-
ble to solve any relativistic quantum system exactly. Even the nature of the vacuum state in
the real world, a horribly complex sea of quark-antiquark pairs, gluons, electron-positron
pairs as well as more exotic beasts like Higgs condensates and gravitons, is totally in-
tractable analytically. Nevertheless, as we shall see in this course, even incomplete (usually
perturbative) solutions will give us a great deal of understanding and predictive power.

As a general conclusion, you cannot have a consistent, relativistic, single particle quan-
tum theory. So we will have to set up a formalism to handle many-particle systems. Fur-
thermore, it should be clear from this discussion that our old friend the position operator X
from NRQM does not make sense in a relativistic theory: the {| Z)} basis of NRQM simply
does not exist, since particles cannot be localized to arbitrarily small regions. The first
casualty of relativistic QM is the position operator, and it will not arise in the formalism
which we will develop.

There is a second, intimately related problem which arises in a relativistic quantum
theory, which is that of causality. In both relativistic and nonrelativistic quantum mechan-
ics observables correspond to Hermitian operators. In NRQM, however, observables are
not attached to space-time points - one simply talks about the position operator, the mo-
mentum operator, and so on. However, in a relativistic theory we have to be more careful,
because making a measurement forces the system into an eigenstate of the corresponding
operator. Unless we are careful about only defining observables locally (i.e. having differ-
ent observables at each space-time point) we will run into trouble with causality, because
observables separated by spacelike separations will be able to interfere with one another.

Consider applying the NRQM approach to observables to a situation with two ob-
servers, One and Two, at space-time points 1 and xs, which are separated by a spacelike
interval. Observer One could be here and Observer Two in the Andromeda galaxy. Now
suppose that these two observers both decide to measure non-commuting observables. In
this case their measurements can interfere with one another. So imagine that Observer One
has an electron and measures the x—component of its spin, forcing it into an eigenstate of
the spin operator o,. If Observer Two measures a non-commuting observable such as o,
the next time Observer One measures o, it has a 50% chance of being in the opposite spin
state, and so she can immediately tell that Observer Two has made a measurement. They
have communicated at faster than the speed of light. This of course violates causality, since
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Figure 3: Observers O; and Os are separated by a spacelike interval. A Lorentz boost will move
the observer Oy along the hyperboloid (At)? — |AZ|?> = constant, so the time ordering is frame
dependent, and they are not in causal contact. Therefore, measurements made at the two points
cannot interfere, so observables at point 1 must commute with all observables at point 2.

there are reference frames in which Observer One’s second measurement preceded Observer
Two’s measurement (recall that the time-ordering of spacelike separated events depends
on the frame of reference), and leads to all sorts of paradoxes (maybe Observer Two then
changes his mind and doesn’t make the measurement ...).

The problem with NRQM in this context is that it has action at a distance built in:
observables are universal, and don’t refer to particular space-time points. Classical physics
got away from action at a distance by introducing electromagnetic and gravitational fields.
The fields are defined at all spacetime points, and the dynamics of the fields are purely
local - the dynamics of the field at a point z# are determined entirely by the physical
quantities (the various fields and their derivatives, as well as the charge density) at that
point. In relativistic quantum mechanics, therefore, we can get away from action at a
distance by promoting all of our operators to quantum fields: operator-valued functions
of space-time whose dynamics is purely local. Hence, relativistic quantum mechanics is
usually known as “Quantum Field Theory.” The requirement that causality be respected
then simply translates into a requirement that spacelike separated observables commute:
as our example demonstrates, if O1(z1) and Oz(x2) are observables which are defined at
the space-time points 1 and xo, we must have

[O1(21), Oz(22)] = 0 for (z1 — z2)? < 0. (1.1)
Spacelike separated measurements cannot interfere with one another.

1.2 Conventions and Notation

Before delving into QF T, we will set a few conventions for the notation we will be using in
this course.



1.2.1 Units

We will choose the “natural” system of units to simplify formulas and calculations, in which
h =c¢ =1 (we do this by choosing units such that one unit of velocity is ¢ and one unit of
action is h.) This makes life much simpler. For example, by setting & = 1, we no longer
have to distinguish between wavenumber k and momentum P = h/;:, or between frequency
w and energy F = hw. Indeed, in these units all dimensionful quantities may be expressed
in terms of a single unit, which we usually take to be mass, or, equivalently, energy (since
E = mc? becomes E = m). In particle physics we usually take the choice of energy unit
to be the electron-Volt (eV), or more commonly MeV, GeV (=10° eV) or TeV (=10'2)
eV. From the fact that velocity (L/T) and action (M L?/T) are dimensionless we find that
length and time have units of eV~'. When we refer to the dimension of a quantity in this
course we mean the mass dimension: if X has dimensions of (mass)?, we write [X] = d.
Consider the fine structure constant, which is a fundamental dimensionless number
characterizing the strength of the electromagnetic interaction to a single charged particle.

In the old units it is
2
e 1
o= = .
dmhe 137.04

In the new units it is
2
_e 1
T ur T 13704

Thus the charge e has units of (h¢)'/? in the old units, but it is dimensionless in the new

units.
It is easy to convert a physical quantity back to conventional units by using the fol-
lowing.

h = 6.58 x 10722 MeV sec
fic = 1.97 x 107 MeV cm (1.2)

By multiplying or dividing by these factors you can convert factors of MeV into sec or cm.
A useful conversion is

he = 197 MeV fm (1.3)

where 1 fm (femtometer, or “fermi”)= 10713 c¢m is a typical nuclear scale. Some particle
masses in natural units are:

particle mass

e~ (electron) 511 keV
g~ (muon) 105.7 MeV
70 (pion) 134 MeV
p (proton) 938.3 MeV
n (neutron) 939.6 MeV
B (B meson) 5.279 GeV
W+ (W boson) 80.2 GeV
Z° (Z boson 91.17 GeV




1.2.2 Relativistic Notation

When dealing with non-orthogonal coordinates, it is of crucial importance to distinguish
between contravariant coordinates x# and covariant coordinates x,. Just to remind you
of the distinction, consider the set of two-dimensional non-orthogonal coordinates on the
plane shown in Fig. (4).

cos 60° )

Figure 4: Non-orthogonal coordinates on the plane.

Now consider the coordinates of a point = in the (1,2) basis. In terms of the unit
vectors €1 and é; (where the (1,2) subscripts are labels, not indices: é; and é; are vectors,
not coordinates), we can write

r= leél + x2é2 (1.4)
which defines the contravariant coordinates z!' and x?; these distances are marked on the
diagram.

The covariant coordinates (z1,z2) are defined by

€12 =7 é172 (1.5)

which are also shown on the figure. Note that for orthogonal axes in flat (Euclidean) space
there is no distinction between covariant and contravariant coordinates, which is how you
made it this far without worrying about the distinction. However, away from Euclidean
space (in particular, in Minkowski space-time) the distinction is crucial.

Given the two sets of coordinates, it is simple to take the scalar product of two vectors.
From the definitions above, we have

1

Toy=7-(y'er +y’er)

= yloy + y?r0 = yrat + yoa? (1.6)

~ 25 A
€1 +yT-eé

so scalar products are always obtained by pairing upper with lower indices. The relation
between contravariant and covariant coordinates is straightforward to derive:

T, = (xlél + x2é2) - é;



= a7 (é; - &)
= gijl‘j (17)
where we have defined the metric tensor

Note that we are also using the Einstein summation convention: repeated indices (always
paired - upper and lower) are implicitly summed over.
One can also define the metric tensor with raised and mixed indices via the relations

9ij = gikg? = gikg;19" (1.9)

(note that gg = 627 , the Kronecker delta). The metric tensor g¥ raises indices in the natural
way,
z' =g, (1.10)

Minkowskian space is a simple situation in which we use non-orthogonal basis vectors,
because time and space look different. The contravariant components of the four-vector z*
are (t,r) = (t,x,y,2) where u = 0,1,2,3. The flat Minkowski space metric is

10 0 0
Y 0-10 0

G =g = 00 -1 0 (1.11)
00 0 —1

Often the flat Minkowski space metric is denoted 7),,,,, but since we will always be working
in flat space in this course, we will use g,,, and 7, interchangeably. Note that some texts
define g,,,, as minus this (the so-called “east-coast convention”). Despite our location, we’ll
adopt the “west-coast convention”, above.

The metric tensor is used to raise and lower indices: z, = g 2" = (¢, —r). The scalar
product of two four-vectors is written as

a b = atb, = a’g,b" = a’’ —a-b. (1.12)

It easily follows that this is Lorentz invariant, a,b""" = a,b".

Note that as before, repeated indices are summed over, and upper indices are always
paired with lower indices (see Fig. (5)). This ensures that the result of the contraction is a
Lorentz scalar. If you get an expression like a#b* (this isn’t a scalar because the upper and
lower indices aren’t paired) or (worse) a*b*c,d, (which indices are paired with which?)
you've prebably made a mistake. If in doubt, it’s sometimes helpful to include explicit
summations until you get the hang of it. Remember, this notation was designed to make
your life easier!

Under a Lorentz transformation a four-vector transforms according to matrix multi-
plication:

ot = ALY (1.13)

~10 -



Figure 5: Be careful with indices.

where the 4 x 4 matrix A¥, defines the Lorentz transformation. Special cases of A¥, include
space rotations and “boosts”, which look as follows:

0 cos —sin6 0
A*, (rotation about z—axis) = . 2?59 Cilsng ’
0 0 0 1
v —yv 00
I irecti —yv v 00
A*, (boost in z direction) = (1.14)
0 0 10
0 0 01

with v = (1 — v2)_1/ %, The set of all Lorentz transformations may be defined as those
transformations which leave g, invariant:

Guv = GapA* A . (1.15)

To see how derivatives transform under Lorentz transformations, we note that the variation

_ 00

= 1.1
so= 1 (1.16)
is a scalar and we would therefore like to write it as d¢ = 0,¢dx#. Thus we define
0 o 0 0 0
and 0 o 0 0 0
m=_— (= L . 1.1
9 oz, (815’ or’ Oy’ 8z> (1.18)
Thus, 9/0z* transforms as a covariant (lower indices) four-vector. Note that
A = 9pA° + 0; A7 (1.19)
and
0? 9

11 -



The energy and momentum of a particle together form the components of its 4-
momentum P* = (E, p).

Finally, we will make use (particularly in the section of Dirac fields) of the completely
antisymmetric tensor #¥*? (often known as the Levi-Civita tensor). It is defined by

1 if (u, v, , ) is an even permutation of (0,1,2,3),
B =& 1 if (u,v, o, B) is an odd permutation of (0,1,2,3), (1.21)
0 if (p, v, o, B) is not a permutation of (0,1,2,3).

0123 — —€0123 — 1. You

Note that you must be careful with raised or lowered indices, since €
should verify that (like the metric tensor gi*) e***# is a relativistically invariant tensor;

that is, that under a Lorentz transformation the properties (1.21) still hold.

1.2.3 Fourier Transforms

We will frequently need to go back and forth between the position (z) and momentum
(or wavenumber) (p or k) space descriptions of a function, via the Fourier transform. As
you should recall, the Fourier transform f(k) allows any function f(z) to be expanded
on a continuous basis of plane waves. In quantum mechanics, plane waves correspond to
eigenstates of momentum, so Fourier transforming a field will allow us to write it as a sum
of modes with definite momentum, which is frequently a very useful thing to do. In n
dimensions we therefore write

f(x):/(g:;nf(k)em. (1.22)

It is simple to show that f (k) is therefore given by

F(k) = / A"z f(z)e~ (1.23)

We have introduced two conventions here which we shall stick to in the rest of the course:
the sign of the exponentials (we could just as easily have reversed the signs of the ex-
ponentials in Egs. (1.22) and (1.23)) and the placement of the factors of 27w. The latter
convention will prove to be convenient because it allows us to easily keep track of powers
of 27 - every time you see a d"k it comes with a factor of (27)~", while d"z’s have no such
factors. Also remember that in Minkowski space, k - x = Et — k- Z, where E = ko and
t = xp.

1.2.4 The Dirac Delta “Function”

We will frequently be making use in this course of the Dirac delta function é(x), which
satisfies

/OO ded(z) =1 (1.24)

and
d(z) =0, =z #0. (1.25)

- 12 —



Similarly, in n dimensions we may define the n dimensional delta function
6 (2) = 6(20)8(x1)...0(xn) (1.26)

which satisfies
/ d"z 6™ (z) = 1. (1.27)

The ¢ function can be written as the Fourier transform of a constant,

1 .
5™ (z) = /d" P, 1.2
@)= gy | 'pe (1.28)
We will also make use of the (one-dimensional) step function
1, z>0
0(z) = {0’ 2 <0 (1.29)
which satisfies 16(2)
x
= (). 1.30
20— () (1.30)

Note that the symbol x will sometimes denote an n-dimensional vector with components
x#, as in Eq. (1.26), and sometimes a single coordinate, as in Eq. (1.29) - it should be
clear from context. For clarity, however, we will usually distinguish three-vectors (Z) from
four-vectors (x or z#).

1.3 A Naive Relativistic Theory

Having dispensed with the formalities, in this section we will illustrate with a simple
example the somewhat abstract worries about causality we had in the previous section.
We will construct a relativistic quantum theory as an obvious relativistic generalization of
NRQM, and discover that the theory violates causality: a single free particle will have a
nonzero amplitude to be found to have travelled faster than the speed of light.

Consider a free, spinless particle of mass p. The state of the particle is completely
determined by its three-momentum k (that is, the components of momentum form a com-
plete set of commuting observables). We may choose as a set of basis states the set of
momentum eigenstates {| k)}:

P\ k) = k| k) (1.31)
where P is the momentum operator. (Note that in our notation, Pis an operator on the
Hilbert space, while the components of k are just numbers.) These states are normalized

(k1KY = 6B (k- k) (1.32)

and satisfy the completeness relation

/d3k BV E| = 1. (1.33)

An arbitrary state | ) is a linear combination of momentum eigenstates

) = / I (1.34)

~13 -



(k) = (k[4). (1.35)
The time evolution of the system is determined by the Schrédinger equation
S 9(0) = HI (1), (1.36)
where the operator H is the Hamiltonian of the system. The solution to Eq. (1.36) is
(') = e 0 (). (137)
In NRQM, for a free particle of mass p,
k2

H|k) = ﬂ‘ k). (1.38)

If we rashly neglect the warnings of the first section about the perils of single-particle

relativistic theories, it appears that we can make this theory relativistic simply by replacing
the Hamiltonian in Eq. (1.38) by the relativistic Hamiltonian

Hye = Y |ﬁ‘2 + /~L2' (139)
Hrel| E> = Wk| E> (140)

wp = \/ k|2 + p2. (1.41)

This theory looks innocuous enough. We have already argued on general grounds that

The basis states now satisfy

where

is the energy of the particle.

it cannot be consistent with causality. Nevertheless, it is instructive to show this explicitly.
We will find that, if we prepare a particle localized at one position, there is a non-zero
probability of finding it outside of its forward light cone at some later time.

To measure the position of a particle, we introduce the position operator, X , satisfying

(X, Pj| = id;; (1.42)

(remember, we are setting i = 1 in everything that follows). In the {| k)} basis, matrix
elements of X are given by

. o -
k|X; =1 k 1.43
FIX] ) = igo(h) (1.43)
and position eigenstates by
A —ik-
Now let us imagine that at ¢t = 0 we have localized a particle at the origin:
|9(0)) = | =0). (1.45)

After a time t we can calculate the amplitude to find the particle at the position #. This
is just
(Z|(t)) = (& e Z = 0). (1.46)

— 14 —
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Figure 6: Contour integral for evaluating the integral in Eq. (1.48). The original path of integration
is along the real axis; it is deformed to the dashed path (where the radius of the semicircle is infinite).
The only contribution to the integral comes from integrating along the branch cut.

Inserting the completeness relation Eq. (1.33) and using Eqgs. (1.44) and (1.40) we can
express this as

(@ (1)) = / a3k (@ |F) (F |1 7 = 0)

— d3ki 1 eilg-fefiwkt
(2m)?

o 1.2 27
= / s / df sin dgp et cosf g —iwnt (1.47)
0 0
where we have defined k = |k| and r = |Z|. The angular integrals are straightforward,
giving '
= ¢ IRT —zw
(Z|(t)) = G / k dk etfre=twnt, (1.48)

For r > t, i.e. for a point outside the particle’s forward light cone, we can prove using
contour integration that this integral is non-zero.

Consider the integral Eq. (1.48) defined in the complex k plane. The integral is along
the real axis, and the integrand is analytic everywhere in the plane except for branch cuts
at k = +ipy, arising from the square root in wy. The contour integral can be deformed as
shown in Fig. (6). For r > t, the integrand vanishes exponentially on the circle at infinity
in the upper half plane, so the integral may be rewritten as an integral along the branch
cut. Changing variables to z = —ik

(@ () = / o (VT )

= 271-2 e “T/M dzzef(zf“)rsinh< 22 — p? t). (1.49)

The integrand is positive definite, so the integral is non-zero. The particle has a small but
non-zero probability to be found outside of its forward light-cone, so the theory is acausal.

~15 —



Note the exponential envelope, e #" in Eq. (1.49) means that for distances r > 1/ there
is a negligible chance to find the particle outside the light-cone, so at distances much
greater than the Compton wavelength of a particle, the single-particle theory will not lead
to measurable violations of causality. This is in accordance with our earlier arguments
based on the uncertainty principle: multi-particle effects become important when you are
working at distance scales of order the Compton wavelength of a particle.

How does the multi-particle element of quantum field theory save us from these diffi-
culties? It turns out to do this in a quite miraculous way. We will see in a few lectures
that one of the most striking predictions of QFT is the existence of antiparticles with the
same mass as, but opposite quantum numbers of, the corresponding particle. Now, since
the time ordering of two spacelike-separated events at points x and y is frame-dependent,
there is no Lorentz invariant distinction between emitting a particle at x and absorbing it
at y, and emitting an antiparticle at y and absorbing it at z: in Fig. (3), what appears
to be a particle travelling from O; to Oz in the frame on the left looks like an antiparticle
travelling from Oy to O; in the frame on the right. In a Lorentz invariant theory, both
processes must occur, and they are indistinguishable. Therefore, if we wish to determine
whether or not a measurement at x can influence a measurement at y, we must add the
amplitudes for these two processes. As it turns out, the amplitudes exactly cancel, so
causality is preserved.

~16 —



2. Constructing Quantum Field Theory

2.1 Multi-particle Basis States
2.1.1 Fock Space

Having killed the idea of a single particle, relativistic, causal quantum theory, we now
proceed to set up the formalism for a consistent theory. The first thing we need to do is
define the states of the system. The basis for our Hilbert space in relativistic quantum
mechanics consists of any number of spinless mesons (the space is called “Fock Space”.)
However, we saw in the last section that a consistent relativistic theory has no position
operator. In QFT, position is no longer an observable, but instead is simply a parameter,
like the time ¢. In other words, the unphysical question “where is the particle at time ¢”
is replaced by physical questions such as “what is the expectation value of the observable
O (the electric field, the energy density, etc.) at the space-time point (¢,Z).” Therefore,
we can’t use position eigenstates as our basis states. The momentum operator is fine;
momentum is a conserved quantity and can be measured in an arbitrarily small volume
element. Therefore, we choose as our single particle basis states the same states as before,

{15}, (2.1)
but now this is only a piece of the Hilbert space. The basis of two-particle states is
{1 k1, ka) 3. (2.2)
Because the particles are bosons, these states are even under particle interchange!
| B, ) = | k2, ). (2.3)
They also satisfy

(v, K [, k) = 6 (k1 — k)8 (kz — k) + 6@ (ky — K)o (ky — K])

H|ky,k2) = (@i, + wi,)| F1, ko)
Pkt ka) = (k1 + k2)| k1, ko). (2.4)
States with 2,3,4, ... particles are defined analogously. There is also a zero-particle state,
the vacuum | 0):
(010) =1
H|0) =0,  P]0)=0 (2.5)

and the completeness relation for the Hilbert space is

o o 1 S oa o o
1= |0><0]+/d3k|k><kz]+2'/d3k1d3k2|k1,k2><k1,k2|+... (2.6)

'We will postpone the study of fermions until later on, when we discuss spinor fields.
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(The factor of 1/2! is there to avoid double-counting the two-particle states.) This is
starting to look unwieldy. An arbitrary state will have a wave function over the single-
particle basis which is a function of 3 variables (k;, ky, k.), a wave function over the
two-particle basis which is a function of 6 variables, and so forth. An interaction term in
the Hamiltonian which creates a particle will connect the single-particle wave-function to
the two-particle wave-function, the two-particle to the three-particle, ... . This will be a
mess. We need a better description, preferably one which has no explicit multi-particle
wave-functions.

As a pedagogical device, it will often be convenient in this course to consider systems
confined to a periodic box of side L. This is nice because the wavefunctions in the box are
normalizable, and the allowed values of k are discrete. Since translation by L must leave
the system unchanged, the allowed momenta must be of the form

- 2mn, 2mn, 21N,
k= Y 2.
(Zp, 2o 2 (2.7

for ng, ny, n. integers.
We can then write our states in the occupation number representation,

(k) n(k),...) (2.8)

where the n(E)’s give the number of particles of each momentum in the state. Sometimes
the state (2.8) is written

[ n())

where the (-) indicates that the state depends on the function n for all E’s, not any single
k. The number operator N (k) counts the occupation number for a given k,

N (k)| n(-)) = n(k)[ n()). (2.9)

In terms of N (k) the Hamiltonian and momentum operator are

H=> wN(k) P=> kN(k). (2.10)
F F

This is bears a striking resemblance to a system we have seen before, the simple harmonic
oscillator. For a single oscillator, Hspo = w(N + %), where NN is the excitation level
of the oscillator. Fock space is in a 1-1 correspondence with the space of an infinite
system of independent harmonic oscillators, and up to an (irrelevant) overall constant, the
Hamiltonians for the two theories look the same. We can make use of that correspondence
to define a compact notation for our multiparticle theory.

2.1.2 Review of the Simple Harmonic Oscillator

The Hamiltonian for the one dimensional S.H.O. is

P21,
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We can write this in a simpler form by performing the canonical transformation

P
P%pzm, X = q= X (2.12)

(the transformation is canonical because it preserves the commutation relation [P, X] =
[p,q] = —i). In terms of p and ¢ the Hamiltonian (2.11) is

w
Hspo = 5(p2 +4%). (2.13)

The raising and lowering operators ¢ and a' are defined as

g+ip 4 q—ip
a e

V2 V2

(2.14)

and satisfy the commutation relations
[a,a'] =1, [H,a'] =wa', [H,a]=—-wa (2.15)
where H = w(a'a 4+ 1/2) = w(N + 1/2). If H| E) = E| E), it follows from (2.15) that

Ha'|E) = (E +w)d'| E)
Ha|E) = (E —w)a'| E). (2.16)

so there is a ladder of states with energies ..., E—w, E, E+w, E+2w, .... Since (¢ [ata|y) =
la|¥)|? > 0, there is a lowest weight state | 0) satisfying N|0) = 0 and a|0) = 0. The higher
states are made by repeated applications of a',

|n) = ca(a)"]0), N|n) =mn|n). (2.17)
Since (n |aa’| n) = n+1, it is easy to show that the constant of proportionality ¢, = 1/v/n!.

2.1.3 An Operator Formalism for Fock Space

Now we can apply this formalism to Fock space. Define creation and annihilation operators
ay, and aL for each momentum k (remember, we are still working in a box so the allowed
momenta are discrete). These obey the commutation relations

[ak,a;i,] = 6kk’a [ak,akr] = [QL,CLL] =0. (2.18)

The single particle states are
| k) = a]|0), (2.19)

the two-particle states are
|k, k') = alal,|0) (2.20)

and so on. The vacuum state, |0), satisfies

ax 0) = 0 (2.21)
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and the Hamiltonian is
_ i
H = Zwk agay. (2.22)
K

At this point we can remove the box and, with the obvious substitutions, define creation
and annihilation operators in the continuum. Taking

[aka aJ]L’] = 5(3) (]2 - El)? [akv ak’] = [a;rgv CLL] =0 (223)

it is easy to check that we recover the normalization condition (K| k) = 6®)(k — k') and
that H| k) = wi| k), P|k) = k| k).

We have seen explicitly that the energy and momentum operators may be written in
terms of creation and annihilation operators. In fact, any observable may be written in
terms of creation and annihilation operators, which is what makes them so useful.

2.1.4 Relativistically Normalized States

The states {| 0), | E>, | Ky, E2>, ...} form a perfectly good basis for Fock Space, but will some-
times be awkward in a relativistic theory because they don’t transform simply under
Lorentz transformations. This is not unexpected, since the normalization and completeness
relations clearly treat spatial components of k* differently from the time component. Since
multi-particle states are just tensor products of single-particle states, we can see how our
basis states transform under Lorentz transformations by just looking at the single-particle
states.

Let O(A) be the operator acting on the Hilbert space which corresponds to the Lorentz

-,

Y. The components of the four-vector k* = (wg, k) transform

transformation x'* = A*, x".
according to
KR = AR R, (2.24)

Therefore, under a Lorentz transformation, a state with three momentum k is obviously
transformed into one with three momentum k’. But this tells us nothing about the nor-
malization of the transformed state; it only tells us that

—

ON)| Ky = Ak, K| &) (2.25)

where £’ is given by Eq. (2.24), and A is a proportionality constant to be determined. Of
course, for states which have a nice relativistic normalization, A would be one. Unfortu-
nately, our states don’t have a nice relativistic normalization. This is easy to see from the
completeness relation, Eq. (1.33), because d°k is not a Lorentz invariant measure. As we
will show in a moment, under the Lorentz transformation (2.24) the volume element dk
transforms as

Bk — &3k = X @Bk (2.26)

Wi

Since the completeness relation, Eq. (1.33), holds for both primed and unprimed states,

/d?’k BV = /d3k’ VR =1 (2.27)
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we must have

O F) = \/j»’y 7) (2.28)

which is not a simple transformation law. Therefore we will often make use of the rela-
tivistically normalized states

| k) = v/(2m)3 2wy | F) (2.29)

(The factor of (27)3/2 is there by convention - it will make factors of 2 come out right in
the Feynman rules we derive later on.) The states | k) now transform simply under Lorentz
transformations:

O(N)| k) = | K). (2.30)

The convention I will attempt to adhere to from this point on is states with three-vectors,
such as ]E), are non-relativistically normalized, whereas states with four-vectors, such as
| k), are relativistically normalized.

The easiest way to derive Eq. (2.26) is simply to note that d®k is not a Lorentz invariant
measure, but the four-volume element d*k is. Since the free-particle states satisfy k? = u2,
we can restrict k* to the hyperboloid k? = p? by multiplying the measure by a Lorentz
invariant function:

d*k6(k? — 1) 0(k°)
= d'k (k") — [K[* — i) O(k")
=570 (k° —wi) (k). (2.31)
(Note that the 6 function restricts us to positive energy states. Since a proper Lorentz
transformation doesn’t change the direction of time, this term is also invariant under a
proper L.T.) Performing the £° integral with the § function yields the measure

Bk
—_— 2.32
S (2.32)
Under a Lorentz boost our measure is now invariant:
$BE BE
—_—= (2.33)
Wik W/

which immediately gives Eq. (2.26).
Finally, whereas the nonrelativistically normalized states obeyed the orthogonality
condition

(K'|k) = 6@ (k — ) (2.34)

the relativistically normalized states obey
(k' |k) = (2m)32w,6®) (k — k). (2.35)

The factor of wi compensates for the fact that the ¢ function is not relativistically invariant.
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2.2 Canonical Quantization

Having now set up a slick operator formalism for a multiparticle theory based on the SHO,
we now have to construct a theory which determines the dynamics of observables. As we
argued in the last section, we expect that causality will require us to define observables
at each point in space-time, which suggests that the fundamental degrees of freedom in
our theory should be fields, ¢%(z). In the quantum theory they will be operator valued
functions of space-time. For the theory to be causal, we must have [¢p(x), p(y)] = 0 for
(z —y)? < 0 (that is, for z and y spacelike separated). To see how to achieve this, let us

recall how we got quantum mechanics from classical mechanics.

2.2.1 Classical Particle Mechanics

In CPM, the state of a system is defined by generalized coordinates ¢,(t) (for example
{z,y,z} or {r,0,¢}), and the dynamics are determined by the Lagrangian, a function of
the g,’s, their time derivatives ¢, and the time t: L(q1, g2, ...Gn, q1, -.-; 4n,t) = T — V', where
T is the kinetic energy and V' the potential energy. We will restrict ourselves to systems
where L has no explicit dependence on ¢ (we will not consider time-dependent external
potentials). The action, S, is defined by

2

S = L(t)dt. (2.36)

1
Hamilton’s Principle then determines the equations of motion: under the variation g, (t) —
qa(t) + 0qa(t), 0ga(t1) = dqa(t2) = 0 the action is stationary, 65 = 0.

Explicitly, this gives

f2 OL oL
0S8 = dt [5(1@ + —08qq | - 2.37
t1 g aqa aQa ( )
Define the canonical momentum conjugate to g, by
oL
o = F- 2.38
Pa = 5o (2.38)

Integrating the second term in Eq. (2.37) by parts, we get

t2 oL Lo
0S8 = dt — Pal| 0Ga + Padqa| - 2.39
t1 ; [8qa P :| a7 Pa2d t ( )

Since we are only considering variations which vanish at ¢; and to, the last term vanishes.

Since the d¢,’s are arbitrary, Eq. (2.37) gives the Euler-Lagrange equations

oL
0qa

Pa- (2.40)

An equivalent formalism is the Hamiltonian formulation of particle mechanics. Define
the Hamiltonian

H(q1, oo G, P1y s Pn) = D Pata — L. (2.41)
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Note that H is a function of the p’s and ¢’s, not the ¢’s. Varying the p’s and ¢’s we find

. ) 0
dH = dpada + padda — o

= Z dpaGa — Padqq (2-42)

where we have used the Euler-Lagrange equations and the definition of the canonical mo-
mentum. Varying p and ¢ separately, Eq. (2.42) gives Hamilton’s equations

OH . OH .
apa = qa, aiqa = —pa. (243)

Note that when L does not explicitly depend on time (that is, its time dependence arises
solely from its dependence on the g,(t)’s and ¢, (t)’s) we have

dH _ -~ 0H, OH .
dt - 8papa 0¢a da
= GaPa — Pada =0 (2.44)

so H is conserved. In fact, H is the energy of the system (we shall show this later on when
we discuss symmetries and conservation laws.)

2.2.2 Quantum Particle Mechanics

Given a classical system with generalized coordinates ¢, and conjugate momenta p,, we
obtain the quantum theory by replacing the functions g,(¢) and p,(t) by operator valued
functions ¢, (t), pa(t), with the commutation relations

[Ga(t), d6(1)] = [Pa(t), pp(t)] =0
[ﬁa(t)v(jb(t)] = _iéab (245)

(recall we have set A = 1). At this point let’s drop the “’s on the operators - it should be
obvious by context whether we are talking about quantum operators or classical coordinates
and momenta. Note that we have included explicit time dependence in the operators g, (t)
and p(t). This is because we are going to work in the Heisenberg picture?,in which states
are time-independent and operators carry the time dependence, rather than the more
familiar Schrodinger picture, in which the states carry the time dependence. (In both
cases, we are considering operators with no explicit time dependence in their definition).

You are probably used to doing quantum mechanics in the “Schrodinger picture” (SP).
In the SP, operators with no explicit time dependence in their definition are time indepen-
dent. The time dependence of the system is carried by the states through the Schrédinger
equation

(s = HIB(0)s = |9(0)s = ] g() . (2.46)

2 Actually, we will later be working in the “interaction picture”, but for free fields this is equivalent to
the Heisenberg picture. We will discuss this in a few lectures.
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However, there are many equivalent ways to define quantum mechanics which give the same
physics. This is simply because we never measure states directly; all we measure are the
matrix elements of Hermitian operators between various states. Therefore, any formalism
which differs from the SP by a transformation on both the states and the operators which
leaves matrix elements invariant will leave the physics unchanged. One such formalism is
the Heisenberg picture (HP). In the HP states are time independent

| V(t) i = (o)) n- (2.47)

Thus, Heisenberg states are related to the Schrodinger states via the unitary transformation

[0 = ¢ (1)), (2.48)

Since physical matrix elements must be the same in the two pictures,

s(W(t)[0s](t))s = s(1(0) [ Ose ™ |4(0))s = w (¥ () O (D) Y()m,  (2.49)

from Eq. (2.48) we see that in the HP it is the operators, not the states, which carry the
time dependence:
On(t) = T Oge™Ht = HT Oy (0)e 11 (2.50)

(since at ¢ = 0 the two descriptions coincide, Og = Og(0)). This is the solution of the
Heisenberg equation of motion

i%OH(t) = [Ox(t), H]. (2.51)
Since we are setting up an operator formalism for our quantum theory (recall that we
showed in the first section that it was much more convenient to talk about creation and
annihilation operators rather than wave-functions in a multi-particle theory), the HP will
turn out to be much more convenient than the SP.

Notice that Eq. (2.51) gives

dqa(t)
dt

= i[H, qa(t)]. (2.52)

A useful property of commutators is that [q,, F'(q,p)] = i0F/0p, where F' is a function
of the p’s and ¢’s. Therefore [q,, H] = 10H/0p, and we recover the first of Hamilton’s

equations,
dqga,  OH

dt — dpa’
Similarly, it is easy to show that p, = —0H/0q,. Thus, the Heisenberg picture has the

(2.53)

nice property that the equations of motion are the same in the quantum theory and the
classical theory. Of course, this does not mean the quantum and classical mechanics are
the same thing. In general, the Heisenberg equations of motion for an arbitrary operator
A relate one polynomial in p, ¢, p and ¢ to another. We can take the expectation value of
this equation to obtain an equation relating the expectation values of observables. But in
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a general quantum state, (p"¢™) # (p)™(¢)™, and so the expectation values will NOT obey
the same equations as the corresponding operators.

However, in the classical limit, fluctuations are small, and expectation values of prod-
ucts in classical-looking states can be replaced by products of expectation values, and
this turns our equation among polynomials of quantum operators into an equation among
classical variables.

2.2.3 Classical Field Theory

In this quantum theory, observables are constructed out of the ¢’s and p’s. In a classical
field theory, such as classical electrodynamics, observables (in this case the electric and
magnetic field, or equivalently the vector and scalar potentials) are defined at each point in
space-time. The generalized coordinates of the system are just the components of the field
at each point . We could label them just as before, g, , where the index z is continuous
and a is discrete, but instead we’ll call our generalized coordinates ¢,(z). Note that x
is not a generalized coordinate, but rather a label on the field, describing its position in
spacetime. It is like ¢ in particle mechanics. The subscript a labels the field; for fields
which aren’t scalars under Lorentz transformations (such as the electromagnetic field) it
will also denote the various Lorentz components of the field.

We will be rather cavalier about going to a continuous index from a discrete index
on our observables. Everything we said before about classical particle mechanics will go
through just as before with the obvious replacements

> [day
Sap — 00 (T — 7). (2.54)

Since the Lagrangian for particle mechanics can couple coordinates with different labels
a, the most general Lagrangian we could write down for the fields could couple fields at
different coordinates x. However, since we are trying to make a causal theory, we don’t
want to introduce action at a distance - the dynamics of the field should be local in space
(as well as time). Furthermore, since we are attempting to construct a Lorentz invariant
theory and the Lagrangian only depends on first derivatives with respect to time, we will
only include terms with first derivatives with respect to spatial indices. We can write a
Lagrangian of this form as

L) = 3 [ daL(0u(o). 0u6(z) (2:55)

where the action is given by

to
S= [ dtL(t) = /d4a:£(t,a?). (2.56)
t1
The function L£(t,Z) is called the “Lagrange density”; however, we will usually be sloppy
and follow the rest of the world in calling it the Lagrangian. Note that both £ and S are
Lorentz invariant, while L is not.
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Once again we can vary the fields ¢, — ¢, + d¢, to obtain the Euler-Lagrange equa-
tions:

0=0S

- Z/ da <a¢a5¢“ o0 ma>56“¢“>
_ Z / ' ([ _ 9 nu] 56a + 0, [Hg&m,])

= Z/d4 <—a I+ >5¢a (2.57)

where we have defined

oL
9(Ou¢a)
and the integral of the total derivative in Eq. (2.57) vanishes since the d¢,’s vanish on the

I (2.58)

boundaries of integration. Thus we derive the equations of motion for a classical field,

oL

dadi 1
5. 8,11~ (2.59)

The analogue of the conjugate momentum p, is the time component of T4, 119, and we
will often abbreviate it as II,. The Hamiltonian of the system is

H=>" / Pz (00, — L) = / 3z H(x) (2.60)

where H(z) is the Hamiltonian density.
Now let’s construct a simple Lorentz invariant Lagrangian with a single scalar field.
The simplest thing we can write down that is quadratic in ¢ and J,¢ is

L=1a[0,00"¢+bs?] . (2.61)

The parameter a is really irrelevant here; we can easily get rid of it by rescaling our fields
¢ — ¢/+v/a. So let’s take instead

L==%3[0.00"¢ + bg?] . (2.62)
What does this describe? Well, the conjugate momenta are
" = +0*¢ (2.63)

so the Hamiltonian is

H=+1 /d% I + (V) — bg?] . (2.64)

For the theory to be physically sensible, there must be a state of lowest energy. H must
be bounded below. Since there are field configurations for which each of the terms in
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Eq. (2.66) may be made arbitrarily large, the overall sign of H must be +, and we must
have b < 0. Defining b = —u?, we have the Lagrangian (density)

L=1[0,00"¢ — *¢?] (2.65)

and corresponding Hamiltonian
H=1 / Pz [II” + (Vo)® + p?¢?] . (2.66)

FEach term in H is positive definite: the first corresponds to the energy required for the
field to change in time, the second to the energy corresponding to spatial variations, and
the last to the energy required just to have the field around in the first place. The equation
of motion for this theory is

(0,0" + p?) ¢(z) = 0. (2.67)

This looks promising. In fact, this equation is called the Klein-Gordon equation, and
Eq. (2.65) is the Klein-Gordon Lagrangian. The Klein-Gordon equation was actually first
written down by Schrodinger, at the same time he wrote down

0 1
— = ——V%)(x). 2.68
i) = —5- V(@) (2.68)
In quantum mechanics for a wave ei(];'f*‘“t), we know F = w, p'= E, so this equation is just

E = p%/2u. Of course, Schrédinger knew about relativity, so from E? = p2 + p? he also

got
62
[81&2 + V2%~ ;ﬂ] Y =0 (2.69)
or, in our notation,
(9,0" + p?) Y(z) = 0. (2.70)

Unfortunately, this is a disaster if we want to interpret ¢ (x) as a wavefunction as in
the Schrodinger Equation: this equation has both positive and negative energy solutions,
E = +/p? + p2. The energy is unbounded below and the theory has no ground state.
This should not be such a surprise, since we already know that single particle relativistic
quantum mechanics is inconsistent.

In Eq. (2.67), though, ¢(x) is not a wavefunction. It is a classical field, and we just
showed that the Hamiltonian is positive definite. Soon it will be a quantum field which
is also not a wavefunction; it is a Hermitian operator. It will turn out that the positive
energy solutions to Eq. (2.67) correspond to the creation of a particle of mass p by the field
operator, and the negative energy solutions correspond to the annihilation of a particle of
the same mass by the field operator. (It took eight years after the discovery of quantum
mechanics before the negative energy solutions of the Klein-Gordon equation were correctly
interpreted by Pauli and Weisskopf.) The Hamiltonian will still be positive definite. So
let’s quantize our classical field theory and construct the quantum field. Then we’ll try
and figure out what we’ve created.
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2.2.4 Quantum Field Theory

To quantize our classical field theory we do exactly what we did to quantize CPM, with
little more than a change of notation. Replace ¢(x) and II*(z) by operator-valued functions
satisfying the commutation relations

)| = 00y 6 (Z — §). (2.71)
As before, ¢p*(Z,t) and I1,(7,t) are Heisenberg operators, satisfying

dog(x)
dt

dll,(z)
dt

= i[H, ¢q(x)], = i[H,,(x)]. (2.72)
For the Klein-Gordon field it is easy to show using the explicit form of the Hamiltonian
Eq. (2.66) that the operators satisfy

Ga(r) =TM(2), TI(z) = V¢ — 1’0 (2.73)

and so the quantum fields also obey the Klein-Gordon equation.

Let’s try and get some feeling for ¢(x) by expanding it in a plane wave basis. (Since
¢ is a solution to the KG equation this is completely general.) The plane wave solutions
ik-x

to Eq. (2.67) are exponentials e’** where k? = 2. We can therefore write ¢() as

P(z) = / B3k [ake—i“ +af et (2.74)

where the a;’s and o, ’s are operators. Since ¢(x) is going to be an observable, it must be
Hermitian, which is why we have to have the 042 term. We can solve for oy and CEL. First
of all,

o(%,0) = /d?’k [akeig'f + oeLe_“;‘ﬂ
0op(%,0) = /d?’k(iwk) [akeﬂg'f - aLe_iE'ﬂ . (2.75)

Recalling that the Fourier transform of e~ is a delta function:

3 P o
/(irf;e_z(k—k R Ol (2.76)

we get

d*a - —ik-& T
| GaotE 0 = n vl

P o i . i
/W¢(x,0)e = (—iwg) (o —al ) (2.77)
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and so

d3 . o
oKk =5 / (27:;3 [¢(a§’, 0)+ Zaogzﬁ(:?:,o)] emik

3
t_ 1 d X = o .E.ﬁ
Y = 2/ (27)3 [QS(%O) - wka0¢($,0)} e (2.78)
Using the equal time commutation relations Eq. (2.71), we can calculate [y, al,]:

[k, o] = . / W[ [6(,0), 6(7,0)] + — (7, 0), ¢(, 0)]] etk Tk

4 wTC/ W

1 [d3zd3y [ i 1 o
_ = 37 s o —ik-Z4ik’-y

[ | i - g+ L - )

3 - o
_ ! / &z { 1 +1] o—iF—F")&
4 ) 2n)6 |wp  wp
]. 3 g =

This is starting to look familiar. If we define a;, = (27)%/%\/2wgay, then
[ak,al,] = 6@ (k - k). (2.80)

These are just the commutation relations for creation and annihilation operators. So the
quantum field ¢(z) is a sum over all momenta of creation and annihilation operators:

d®k . .
¢(x) = / ()37 o, ae T + azelk'x] : (2.81)

Actually, if we are to interpret ap and aL as our old annihilation and creation operators,
they had better have the right commutation relations with the Hamiltonian

[H, aL] = wkaz, [H,ar] = —wgayg (2.82)

so that they really do create and annihilate mesons. From the explicit form of the Hamil-
tonian (Eq. (2.66)), we can substitute the expression for the fields in terms of a}; and ay,
and the commutation relation Eq. (2.80) to obtain an expression for the Hamiltonian in
terms of the a;’s and ay’s. After some algebra (do it!), we obtain

H— 1/d3k {aka ke*Q"w’“t(—wZ—i—/;:‘Q—i—uz)
2 ] 2wy B k

+alap(wi + K + 1)

+ aka,t(w,% + k2 + u?)

+ azatke%‘“”(—wz + B+ MQ)} . (2.83)
Since w,% = k2 + 12, the time-dependent terms drop out and we get

H = ;/d?’kwk [akaL —I—azak} . (2.84)
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This is almost, but not quite, what we had before,
H= /d?’kwk aLak. (2.85)

Commuting the a; and az in Eq. (2.84) we get

H= / B wy [a,zak + %5(3>(0)] . (2.86)
§3)(0)? That doesn’t look right. Let’s go back to our box normalization for a moment.
Then
H= %Zwk [akaL + a;iak} = Z [a}iak + %] (2.87)
K k

so the 63 (0) is just the infinite sum of the zero point energies of all the modes. The energy
of each mode starts at %wk, not zero, and since there are an infinite number of modes we
got an infinite energy in the ground state.

This is no big deal. It’s just an overall energy shift, and it doesn’t matter where we
define our zero of energy. Only energy differences have any physical meaning, and these
are finite. However, since the infinity gets in the way, let’s use this opportunity to banish
it forever. We can do this by noticing that the zero point energy of the SHO is really
the result of an ordering ambiguity. For example, when quantizing the simple harmonic
oscillator we could have just as well written down the classical Hamiltonian

Hsno = 5 (¢~ ip)(a + ip). (2.88)

When p and ¢ are numbers, this is the same as the usual Hamiltonian ¥ (p* + ¢?). But
when p and ¢ are operators, this becomes

Hspo =wa'a (2.89)

instead of the usual w(a'a + 1/2). So by a judicious choice of ordering, we should be
able to eliminate the (unphysical) infinite zero-point energy. For a set of free fields
o1(z1), d2(x2), ..., Pn(xy), define the normal-ordered product

as the usual product, but with all the creation operators on the left and all the annihi-
lation operators on the right. Since creation operators commute with one another, as do
annihilation operators, this uniquely specifies the ordering. So instead of H, we can use
:H: and the infinite energy of the ground state goes away:

H:= /d3k‘wk azak. (2.91)

That was easy. But there is a lesson to be learned here, which is that if you ask a silly
question in quantum field theory, you will get a silly answer. Asking about absolute energies
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is a silly question®. In general in quantum field theory, if you ask an unphysical question
(and it may not be at all obvious that it’s unphysical) you will get infinity for your answer.
Taming these infinities is a major headache in QFT.

At this point it’s worth stepping back and thinking about what we have done. The
classical theory of a scalar field that we wrote down has nothing to do with particles; it
simply had as solutions to its equations of motion travelling waves satisfying the energy-
momentum relation of a particle of mass p. The canonical commutation relations we
imposed on the fields ensured that the Heisenberg equation of motion for the operators in
the quantum theory reproduced the classical equations of motion, thus building the cor-
respondence principle into the theory. However, these commutation relations also ensured
that the Hamiltonian had a discrete particle spectrum, and from the energy-momentum
relation we saw that the parameter p in the Lagrangian corresponded to the mass of the
particle. Hence, quantizing the classical field theory immediately forced upon us a particle
interpretation of the field: these are generally referred to as the quanta of the field. For
the scalar field, these are spinless bosons (such as pions, kaons, or the Higgs boson of the
Standard Model). As we will see later on, the quanta of the electromagnetic (vector) field
are photons, while fermions like the electron are the quanta of the corresponding fermi
field. In this latter case, however, there is not such a simple correspondence to a classical
field: the Pauli exclusion principle means that you can’t make a coherent state of fermions,
so there is no classical equivalent of an electron field.

At this stage, the field operator ¢ may still seem a bit abstract - an operator-valued
function of space-time from which observables are built. To get a better feeling for it, let
us consider the interpretation of the state ¢(Z,0)|0). From the field expansion Eq. (2.81),
we have B 1

#(Z,0)]0) = / Wﬂeﬂkﬂ k). (2.92)
Thus, when the field operator acts on the vacuum, it pops out a linear combination of
momentum eigenstates. (Think of the field operator as a hammer which hits the vacuum
and shakes quanta out of it.) Taking the inner product of this state with a momentum
eigenstate | p), we find

3 -
wlo@010) = [ g k)
= ¢ T, (2.93)

Recalling the nonrelativistic relation between momentum and position eigenstates,
(F|7) = P (2.94)

we see that we can interpret ¢(#,0) as an operator which, acting on the vacuum, creates
a particle at position Z. Since it contains both creation and annihilation operators, when

3except if you want to worry about gravity. In general relativity the curvature couples to the absolute
energy, and so it is a physical quantity. In fact, for reasons nobody understands, the observed absolute
energy of the universe appears to be almost precisely zero (the famous cosmological constant problem - the
energy density is at least 56 orders of magnitude smaller than dimensional analysis would suggest). We
won’t worry about gravity in this course.
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it acts on an n particle state it has an amplitude to produce both an n+ 1 and an n — 1
particle state.

2.3 Causality

Since the Lagrangian for our theory is Lorentz invariant and all interactions are local, we
expect there should be no problems with causality in our theory. However, because the
equal time commutation relations

[6(Z, ), 11°(, 1)) = i6®) (7 — §) (2.95)

treat time and space on different footings, it’s not obvious that the quantum theory is
Lorentz invariant.* So let’s check this explicitly.

First of all, let’s revisit the question we asked at the end of Section 1 about the
amplitude for a particle to propagate outside its forward light cone. Suppose we prepare
a particle at some spacetime point y. What is the amplitude to find it at point 2?7 From
Eq. (2.93), we create a particle at y by hitting it with ¢(y); thus, the amplitude to find it
at x is given by the expectation value

(0]o(z)e(y)] 0). (2.96)

For convenience, we first split the field into a creation and an annihilation piece:

$(z) = ¢" () + ¢~ (2) (2.97)

where

A3k ik
¢+($) _/WCLW F )

B |
6 (z) = / G (2.98)

(the 4 convention is opposite to what you might expect, but the convention was established
by Heisenberg and Pauli, so who are we to argue?). Then we have

(0f(¢"(x) + ¢~ (@)(¢" () + ¢ ()] 0)
(0167 (=)o~ ()] 0)
(O][¢"(x), ¢~ ()] 0)

Pk K

— 0 T, 0 —ik~x+ik’~y
/(2w)32\/m< lows a1 0)e

_ / d*k efik-(a:fy)
(27)32wy,

= D(z —vy). (2.99)

(0] (2)¢(y)]0)

“In the path integral formulation of quantum field theory, which you will study next semester, Lorentz
invariance of the quantum theory is manifest.
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Unfortunately, the function D(x — y) does not vanish for spacelike separated points. In
fact, it is related to the integral in Eq. (1.47) we studied in Section 1:

d E3k
—D(z—y) = ik (z-y), 2.100
G061 = [ e (2:100)
and hence, for two spacelike separated events at equal times, we have
D(z —y) ~ e M9, (2.101)

outside the lightcone. How can we reconcile this with the result that space-like measure-
ments commute? Recall from Eq. (1.1) that in order for our theory to be causal, spacelike
separated observables must commute:

[O1(x1), O2(x2)] = 0 for (z1 — 22)? < 0. (2.102)

Since all observables are constructed out of fields, we just need to show that fields commute
at spacetime separations; if they do, spacelike separated measurements can’t interfere and
the theory preserves causality. From Eq. (2.99), we have

[6(2),¢(y)] = [0 (2), 6" (¥)] + [¢ (x), 6" (y)]
= D(z—y)— D(y — x). (2.103)

It is easy to see that, unlike D(z — y), this vanishes for spacelike separations. Because
d®k/wy, is a Lorentz invariant measure, D(x — y) is manifestly Lorentz invariant . Hence,

D(Az) = D(x) (2.104)

where A is any connected Lorentz transformation. Now, by the equal time commutation
relations, we know that [¢(Z,t), #(¥,t)] = 0 for any & and . There is always a reference
frame in which spacelike separated events occur at equal times; hence, we can always use
the property (2.104) to boost x — y to equal times, so we must have [¢(z), ¢(y)] = 0 for
all spacelike separated fields.> This puts into equations what we said at the end of Section
1: causality is preserved, because in Eq. (2.103) the two terms represent the amplitude
for a particle to propagate from x to y minus the amplitude of the particle to propagate
from y to x. The two amplitudes cancel for spacelike separations! Note that this is for the
particular case of a real scalar field, which carries no charge and is its own antiparticle.
We will study charged fields shortly, and in that case the two amplitudes which cancel are
the amplitude for the particle to travel from z to y and the amplitude for the antiparticle
to travel from y to . We will have much more to say about the function D(x) and the
amplitude for particles to propagate in Section 4, when we study interactions.

5 Another way to see this is to note that a spacelike vector can always be turned into minus itself via a
connected Lorentz transformation. This means that for spacelike separations, D(x —y) = D(y — ) and the
commutator of the fields vanishes.
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2.4 Interactions

The Klein-Gordon Lagrangian Eq. (2.65) is a free field theory: it describes particles which
simply propagate with no interactions. There is no scattering, and in fact, no way to
measure anything. Classically, each normal mode evolves independently of the others,
which means that in the quantum theory particles don’t interact. A more general theory
describing real particles must have additional terms in the Lagrangian which describe
interactions. For example, consider adding the following potential energy term to the
Lagrangian:

L= Ly~ \p(x)? (2.105)

where Ly is the free Klein-Gordon Lagrangian. The field now has self-interactions, so the
dynamics are nontrivial. To see how such a potential affects the dynamics of the field
quanta, consider the potential as a small perturbation (so that we can still expand the
fields in terms of solutions to the free-field Hamiltonian). Writing ¢(x) in terms of a,’s
and a;’s, we see that the interaction term has pieces with n creation operators and 4 — n
annihilation operators. For example, there will be a piece which looks like azla22ak3ak4,
containing two annihilation and two creation operators. This will contribute to 2 — 2
scattering when acting on an incoming 2 meson state, and the amplitude for the scattering
process will be proportional to A\. At second order in perturbation theory we can get 2 — 4
scattering, or pair production, occurring with an amplitude proportional to A\2. At higher
order more complicated processes can occur. This is where we are aiming. But before we
set up perturbation theory and scattering theory, we are going to derive some more exact

results from field theory which will prove useful.
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3. Symmetries and Conservation Laws

The dynamics of interacting field theories, such as ¢* theory in Eq. (2.105), are extremely
complex. The resulting equations of motion are not analytically soluble. In fact, free
field theory (with the optional addition of a source term, as we will discuss) is the only
field theory in four dimensions which has an analytic solution. Nevertheless, in more
complicated interacting theories it is often possible to discover many important features
about the solution simply by examining the symmetries of the theory. In this chapter we
will look at this question in detail and develop some techniques which will allow us to
extract dynamical information from the symmetries of a theory.

3.1 Classical Mechanics

Let’s return to classical mechanics for a moment, where the Lagrangian is L =T — V. As
a simple example, consider two particles in one dimension in a potential

L = gmudi + 5mad3 — V(ar, ¢2)- (3.1)

The momenta conjugate to the g;’s are p; = m;q;, and from the Euler-Lagrange equations

o v ov)
dq; o1 0q2)

i = 7sz+m=—< (32)
If V depends only on q; — g2 (that is, the particles aren’t attached to springs or anything
else which defines a fixed reference frame) then the system is invariant under the shift
¢ — q¢i + a, and OV/0qy = —9V/Dqa, so P = 0. The total momentum of the system is
conserved. A symmetry (L(q; + «, ¢;) = L(q;, ¢;)) has resulted in a conservation law.

We also saw earlier that when 0L/0t = 0 (that is, L depends on ¢ only through
the coordinates ¢; and their derivatives), then dH/dt = 0. H (the energy) is therefore a
conserved quantity when the system is invariant under time translation.

This is a very general result which goes under the name of Noether’s theorem: for every
symmetry, there is a corresponding conserved quantity. It is useful because it allows you to
make exact statements about the solutions of a theory without solving it explicitly. Since
in quantum field theory we won’t be able to solve anything exactly, symmetry arguments
will be extremely important.

To prove Noether’s theorem, we first need to define “symmetry.” Given some general

transformation g, (t) — qq(t, A), where q4(t,0) = ¢4 (t), define
_ 0
. =
O Ix=0
For example, for the transformation 7 — 7+ A\é (translation in the é direction), D7 = é.
For time translation, qq(t) — qu(t + A) = qu(t) + Adqa/dt + O(A\?), Dq, = dq./dt.
You might imagine that a symmetry is defined to be a transformation which leaves

Dq (3.3)

the Lagrangian invariant, DL = 0. Actually, this is too restrictive. Time translation, for

example, doesn’t satisfy this requirement: if L has no explicit ¢ dependence,
dL

L(t,A) = L(ga(t + 7). da(t + X)) = L(0) + A" + . (3.4)
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so DL = dL/dt. So more generally, a transformation is a symmetry iff DL = dF/dt for
some function F(qq,{dq,t). Why is this a good definition? Consider the variation of the
action S:

to to dF ] .
DS = dtDL:/ dt% :F(Qa(t2)aQa(t2)vt2) _F(Qa(tl)aQa(tl)atl)' (35)
t1 t1
Recall that when we derived the equations of motion, we didn’t vary the ¢,’s and ¢,’s at
the endpoints, dq,(t1) = dq4(t2) = 0. Therefore the additional term doesn’t contribute to
6S and therefore doesn’t affect the equations of motion.
It is now easy to prove Noether’s theorem by calculating DL in two ways. First of all,

oL .
DL = Z 8%an —qua

a

= ZpaDQa + paDqq

a

d
== Zpaan (3.6)

where we have used the equations of motion and the equality of mixed partials (Dq, =
d(Dqg)/dt). But by the definition of a symmetry, DL = dF/dt. So

d (;papqa —F) “o @)

So the quantity > peDgq — F is conserved.
Let’s apply this to our two previous examples.

1. Space translation: ¢; — ¢; + . Then DL = 0, p; = m;¢; and Dg; = 1, so p1 +
P2 = miq1 + mogo is conserved. We will call any conserved quantity associated
with spatial translation invariance momentum, even if the system looks nothing like
particle mechanics.

2. Time translation: ¢ — ¢ + X\. Then Dgq, = dq,/dt, DL = dL/dt, F = L and so
the conserved quantity is ), (pads) — L. This is the Hamiltonian, justifying our
previous assertion that the Hamiltonian is the energy of the system. Again, we will
call the conserved quantity associated with time translation invariance the energy of
the system.

This works for classical particle mechanics. Since the canonical commutation relations are
set up to reproduce the E-L equations of motion for the operators, it will work for quantum
particle mechanics as well.

3.2 Symmetries in Field Theory

Since field theory is just the continuum limit of classical particle mechanics, the same
arguments must go through as well. In fact, stronger statements may be made in field

— 36 —



theory, because not only are conserved quantities globally conserved, they must be locally
conserved as well. For example, in a theory which conserves electric charge we can’t have
two separated opposite charges simultaneously wink out of existence. This conserves charge

globally, but not locally. Recall from electromagnetism that the charge density satisfies
dp

5tV (3.8)

This just expresses current conservation. Integrating over some volume V', and defining

dQV— /v —/SdS-j (3.9)

where S is the surface of V. This means that the rate of change of charge inside some

v = [, @xp(x), we have

region is given by the flux through the surface. Taking the surface to infinity, we find
that the total charge @ is conserved. However, we have the stronger statement of current
conservation, Eq. (3.8). Therefore, in field theory conservation laws will be of the form
0, JH" = 0 for some four-current J*.
As before, we consider the transformations ¢q(x) = ¢a(z,A), ¢a(x,0) = ¢o(z), and
define
8¢a

O Ix=0
A transformation is a symmetry iff DL = 0, F" for some F*(¢q, q@a,m). I will leave it to

Dé, = (3.10)

you to show that, just as in particle mechanics, a transformation of this form doesn’t affect
the equations of motion. We now have

DL = Z 5 %D% + 115D (D)
= Za I* Dby + 1110, Dby
= Z HDey) = 0, F" (3.11)

so the four components of
Jt=> "TD¢, — F* (3.12)
a
satisfy 0,J" = 0. If we integrate over all space, so that no charge can flow out through the
boundaries, this gives the global conservation law

d d
dif = /d?’xjo(x) =0. (3.13)

3.2.1 Space-Time Translations and the Energy-Momentum Tensor

We can use the techniques from the previous section to calculate the conserved current
and charge in field theory corresponding to a space or time translation. Under a shift
T — x + Ae, where e is some fixed four-vector, we have

¢da(T) = dalx + Ne)
= ¢o(x) + A0t ga(x) + ... (3.14)
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Doo(x) = e,0" ¢ (). (3.15)

Similarly, since £ contains no explicit dependence on x but only depends on it through the
fields ¢*, we have DL = 0,(e"L), so F' = e'L. The conserved current is therefore

Jt = ThD¢—F

= Z [Fe, 0" ¢ — L

:el/

S Mg, - gL

= ¢, T (3.16)

where TH = 3" TI,0" ¢, — g"" L is called the energy-momentum tensor. Since 9, JF =0 =

0,T" e, for arbitrary e, we also have

9,T" = 0. (3.17)

For time translation, e, = (1,6). TH0 is therefore the “energy current”, and the corre-

sponding conserved quantity is
Q= / B = / BT = / Pz (Mdoda — L) = / >z H (3.18)

where H is the Hamiltonian density we had before. So the Hamiltonian, as we had claimed,
really is the energy of the system (that is, it corresponds to the conserved quantity associ-
ated with time translation invariance.)

Similarly, if we choose e# = (0, ) then we will find the conserved charge to be the z-
component of momentum. For the Klein-Gordon field, a straightforward substitution of the
expansion of the fields in terms of creation and annihilation operators into the expression
for [ d32xTO" gives the expression we obtained earlier for the momentum operator,

P = /d3kz kalay, (3.19)

where again we have normal-ordered the expression to remove spurious infinities.

Note that the physical momentum ]3, the conserved charge associated with space trans-
lation, has nothing to do with the conjugate momentum II, of the field ¢,. It is important
not to confuse these two uses of the term “momentum.”

3.2.2 Lorentz Transformations

Under a Lorentz transformation
at — A v (3.20)

a four-vector transforms as
a' — A¥,a” (3:21)
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as discussed in the first section. Since a scalar field by definition does not transform under
Lorentz transformations, it has the simple transformation law

d(z) = p(A1z). (3.22)

This simply states that the field itself does not transform at all; the value of the field at the
coordinate x in the new frame is the same as the field at that same point in the old frame.
Fields with spin have more complicated transformation laws, since the various components
of the fields rotate into one another under Lorentz transformations. For example, a vector

field (spin 1) A, transforms as
AP (z) — AP, AY (A1), (3.23)

As usual, we will restrict ourselves to scalar fields at this stage in the course.

To use the machinery of the previous section, let us consider a one parameter subgroup
of Lorentz transformations parameterized by A. This could be rotations about a specified
axis by an angle A, or boosts in some specified direction with v = A. This will define a
family of Lorentz transformations A(A)*,, from which we wish to get D¢ = 9¢p/O\|r=o.
Let us define

e#, = DAY, (3.24)

Then under a Lorentz transformation a”* — A*,a”, we have
Da! = €t,a”. (3.25)

It is straightforward to show that €, is antisymmetric. From the fact that a*b, is Lorentz

invariant, we have

0 = D(a"b,) = (Da")b, + a*(Dby,)
= €!',a"b, + al¢e,"b,
= €ua’b" + e,,a"b"

= (euu + ﬁuu) a”bt (3.26)

where in the third line we have relabelled the dummy indices. Since this holds for arbitrary
four vectors a” and b¥, we must have

€uy = —€up- (3.27)

The indices p and v range from 0 to 3, which means there are 4(4 — 1)/2 = 6 independent
components of €. This is good because there are six independent Lorentz transformations
- three rotations (one about each axis) and three boosts (one in each direction).

Let’s take a moment and do a couple of examples to demystify this. Take €10 = —e€9
and all the other components zero. Then we have

Dat = e%a2 = —€0a® = —a?

Da? = e3a = —e310® = +al. (3.28)
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This just corresponds to the a rotation about the z axis,

1 : 1
a cosA —sin A a
N ) 3.29
<a2) (sin)\ cos A ) <a2> (3:29)
On the other hand, taking €y; = —e19 = +1 and all other components zero, we get
Da® = fa! = eg1at = +a!
Da' = ea' = —€19a® = +d°. (3.30)

Note that the signs are different because lowering a 0 index doesn’t bring in a factor of —1.
This is just the infinitesimal version of

a R cosh A sinh A a (3.31)
al sinh A cosh A al )’ '

which corresponds to a boost along the z axis.
Now we’re set to construct the six conserved currents corresponding to the six different
Lorentz transformations. Using the chain rule, we find

Dote) = 5 907 )]

Dud(w) o (A V@),
(—e

< >D(A L))
2B

)

= —eagx

€5)
“o(x). (3.32)

Since L is a scalar, it depends on z only through its dependence on the field and its
derivatives. Therefore we have

DL = ea/ga:aaﬂﬁ
= 04 (easag") £ (3.33)
and so the conserved current J* is

JH = Z (H“eagxo‘85¢ — eag:no‘g“ﬁ£>

= €ap (H’“‘maﬁﬂ(ﬁ — xag“ﬁﬁ> . (3.34)

Since the current must be conserved for all six antisymmetric matrices €,g, the part of the
quantity in the parentheses that is antisymmetric in a and 8 must be conserved. That is,

O MHP = (3.35)
where
MHP = T1Hz208¢p — 2%g"PL — o <+ 8
= x“ (H”@BQS—Q“BC) —aep
= TP — gPTre (3.36)
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where TH is the energy-momentum tensor defined in Eq. (3.16). The six conserved charges
are given by the six independent components of

Job — / A3z MOP — / B (a;O‘TOB - xﬁT‘Ja). (3.37)

Just as we called the conserved quantity corresponding to space translation the momentum,
we will call the conserved quantity corresponding to rotations the angular momentum. So
for example J'2, the conserved quantity coming from invariance under rotations about the
3 axis, is

J? = / Bz (o' — 22T (3.38)

This is the field theoretic analogue of angular momentum. We can see that this definition
matches our previous definition of angular momentum in the case of a point particle with
position 7(¢). In this case, the energy momentum tensor is

TY(Z,t) = p'6®)(& — 7(t)) (3.39)

which gives

JZ = 2lp? — 2%l = (F x p)s (3.40)
which is the familiar expression for the third component of the angular momentum. Note
that this is only for scalar particles. Particles with spin carry intrinsic angular momentum
which is not included in this expression - this is only the orbital angular momentum.
Particles with spin are described by fields with tensorial character, which is reflected by
additional terms in the J%.

That takes care of three of the invariants corresponding to Lorentz transformations.
Together with energy and linear momentum, they make up the conserved quantities you
learned about in first year physics. What about boosts? There must be three more con-
served quantities. What are they? Consider

JO = / &z (297" — 2'TY). (3.41)

This has an explicit reference to 2, the time, which is something we haven’t seen before
in a conservation law. But there’s nothing in principle wrong with this. The 2% may be
pulled out of the spatial integral, and the conservation law gives

0= iJOi = i t/d?’xTOi /d?’xxiTOO
dt dt

= t/d3xT0’ /d3:z:TOZ - Clt/d3:n3:iT00

= tdtp +pt — dt/d?’ZESL'ZTOO (3.42)

The first term is zero by momentum conservation, and the second term, p, is a constant.
Therefore we get

. d .
Pt = dt/d?’x 2T = constant. (3.43)
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This is just the field theoretic and relativistic generalization of the statement that the centre
of mass moves with a constant velocity. The centre of mass is replaced by the “centre of
energy.” Although you are not used to seeing this presented as a separate conservation
law from conservation of momentum, we see that in field theory the relation between the
TY%s and the first moment of 7% is the result of Lorentz invariance. The three conserved
quantities [ d3z 2'T%(z) are the Lorentz partners of the angular momentum.

3.3 Internal Symmetries

Energy, momentum and angular momentum conservation are clearly properties of any
Lorentz invariant field theory. We could write down an expression for the energy-momentum
tensor T*” without knowing the explicit form of £. However, there are a number of other
quantities which are experimentally known to be conserved, such as electric charge, baryon
number and lepton number which are not automatically conserved in any field theory. By
Noether’s theorem, these must also be related to continuous symmetries. Experimental
observation of these conservation laws in nature is crucial in helping us to figure out the
Lagrangian of the real world, since they require £ to have the appropriate symmetry and
so tend to greatly restrict the form of £. We will call these transformations which don’t
correspond to space-time transformations internal symmetries.

3.3.1 U(1) Invariance and Antiparticles

Here is a theory with an internal symmetry:

2 2
L= %Z au%a“géa - N2¢a¢a ) (Z(¢a)2> . (3.44)
a=1 a

It is a theory of two scalar fields, ¢; and ¢o, with a common mass p and a potential
g (Za(%)Z)Q =g ((¢1)%+ (¢2)2)2. This Lagrangian is invariant under the transformation

¢1 — P1cos A+ ¢asin A
Py — —@18in X\ + Py cos \. (3.45)

This is just a rotation of ¢, into ¢, in field space. It leaves £ invariant (try it) because £
depends only on ¢F + ¢3 and (9,¢1)% + (0,¢2)?, and just as r? = 2% +y? is invariant under
real rotations, these are invariant under the transformation (3.45).

We can write this in matrix form:

¢\ ([ cosA sinA o1
<¢/2>_(—sin)\ cosA) <¢2> (3.46)

In the language of group theory, this is known as an SO(2) transformation. The S stands

for “special”, meaning that the transformation matrix has unit determinant, the O for

“orthogonal” and the 2 because it’s a 2 x 2 matrix. We say that £ has an SO(2) symmetry.
Once again we can calculate the conserved charge:

D¢y = ¢2
D¢y = —¢n
DL = 0 — F* = constant. (3.47)
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Since F* is a constant, we can just forget about it (if J is a conserved current, so is J#
plus any constant). So the conserved current is

JH =T D¢y + My Do = (0" ¢1)d2 — (0" d2)d1 (3.48)

and the conserved charge is

Q= /dgiﬂJO = /d3$(¢51¢2 — dagh). (3.49)

This isn’t very illuminating at this stage. At the level of classical field theory, this symmetry
isn’t terribly interesting. But in the quantized theory it has a very nice interpretation in
terms of particles and antiparticles. So let’s consider quantizing the theory by imposing the
usual equal time commutation relations. At this stage, let’s also forget about the potential
term in Eq. (3.44). Then we have a theory of two free fields and we can expand the fields
in terms of creation and annihilation operators. We will denote the corresponding creation
and annihilation operators by aLi and ay;, where ¢ = 1,2. They create and destroy two
different types of meson, which we denote by

al |0y =k, 1),  al,]0)=]|k,2). (3.50)
Substituting the expansion
A3k ip. k-
¢i = /W [akie iz + azielk r (351)

into Eq. (3.49) gives, after some algebra,
Q=1 dSk:(aLlakg - a,tQakl). (3.52)

We are almost there. This looks like the expression for the number operator, except for the
fact that the terms are off-diagonal. Let’s fix that by defining new creation and annihilation
operators which are a linear combination of the old ones:

bp = k1 + ik bT — al];l _ ia;rc2
N N RYZ)
ag1 — tag GL1 + ialz

_ T
Cc,k = ———, C
g V2 k V2

It is easy to verify that the by’s and ¢’s also have the right commutation relations to be

(3.53)

creation and annihilation operators. They create linear combinations of states with type 1

and type 2 mesons,
1

V2

Linear combinations of states are perfectly good states, so let’s work with these as our

b0y = —=(|k, 1) — i| k, 2)). (3.54)

basis states. We can call them particles of type b and type ¢

bi0) = | k,b), ch|0) = |k, c). (3.55)
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In terms of our new operators, it is easy to show that
Q = /d3k‘ (aklakg a22ak1)

= /d3k (bl by — cler)
~ N,— N, (3.56)

where N; = [ dkaLiaki is the number operator for a field of type i. The total charge is
therefore the number of b’s minus the number of ¢’s, so we clearly have b-type particles
with charge +1 and c-type particles with charge —1. We say that c and b are one another’s
antiparticle: they are the same in all respects except that they carry the opposite conserved
charge. Note that we couldn’t have a theory with b particles and not ¢ particles: they both
came out of the Lagrangian Eq. (3.44). The existence of antiparticles for all particles
carrying a conserved charge is a generic prediction of QFT.

Now, that was all a bit involved since we had to rotate bases in midstream to inter-
pret the conserved charge. With the benefit of hindsight we can go back to our original
Lagrangian and write it in terms of the complex fields

7(¢>1 + i)
7( — ig2). (3.57)

In terms of ¢ and 9T, £ is
L =0yt orp — pPylep (3.58)

note that there is no factor of = in front). In terms of creation and annihilation operators,
te that there is no factor of 3 in front). In t f creati d annihilati t
) and ¢! have the expansions

bke—ik‘-x + CLeikq:)

3
¢:/ 27Tj/2]i/7k(

—ik-x t ikx
ot /2W3/2m(06 +ble ) (3.59)

so 1) creates c-type particles and annihilates their antiparticle b, whereas ¥ creates b-type
particles and annihilates ¢’s. Thus ¢ always changes the @ of a state by —1 (by creating a
c or annihilating a b in the state) whereas 1) acting on a state increases the charge by one.
We can also see this from the commutator [@,]: from the expression for the conserved
charge Eq. (3.56) it is easy to show that

[Q.¢] = —v, [QyT] =yl (3.60)

If we have a state | g) with charge ¢ (that is, | ¢) is an eigenstate of the charge operator @
with eigenvalue ¢), then

QW) =Q,¥]lq) +vQ|q) = (—1+ q)¢|q) (3.61)
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so ¢| ¢) has charge ¢ — 1, as we asserted.
The transformation Eq. (3.45) may be written as

P = e M. (3.62)

This is called a U(1) transformation or a phase transformation (the “U” stands for “uni-
tary”.) Clearly a U(1) transformation on complex fields is equivalent to an SO(2) transfor-
mation on real fields, and is somewhat simpler to work with. In fact, we can now work from
our 1 fields right from the start. In terms of the classical fields, start with the Lagrangian

L= 0,07 0" — Py (3.63)

(these are classical fields, not operators, so the complex conjugate of v is 1*, not 1f.)
We can quantize the theory correctly and obtain the equations of motion if we follow the
same rules as before, but treat v and ¢* as independent fields. That is, we vary them
independently and assign a conjugate momentum to each:

oL oL
It = , I, = ———. 3.64
VS 000 T 0 364
Therefore we have
Hi = oM, HZ* = 0"y (3.65)
which leads to the Euler-Lagrange equations
oL
B PAVE
Il = 70 — (04 p)y* =0. (3.66)

Similarly, we find (O + p?)y) = 0. Adding and subtracting these equations, we clearly
recover the equations of motion for ¢; and ¢,.

We can similarly canonically quantize the theory by imposing the appropriate commu-
tation relations

(&, 1), 11,7, 1)] = i6@) (& — ), ["(& 1), 1% (7, )] = i6®)(Z = §), ... (3.67)

We will leave it as an exercise to show that this reproduces the correct commutation
relations for the ¢ fields and their conjugate momenta.

Clearly ¢ and ¢* are not independent. Still, this rule of thumb works because there
are two real degrees of freedom in ¢; and ¢9, and two real degrees of freedom in 1, which
may be independently varied. We can see how this works to give us the correct equations
of motion. Consider the Euler-Lagrange equations for a general theory of a complex field
1. For a variation in the fields d¢ and d¢*, we find an expression for the variation in the
action of the form

68 = / d*z(Adh + A*6Y*) =0 (3.68)

where A is some function of the fields. The correct way to obtain the equations of motion
is to first perform a variation dv which is purely real, d1» = du*. This gives the Euler-
Lagrange equation

A+ A" =0. (3.69)
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Then performing a variation §i) which is purely imaginary, dip = —dy)*, gives A — A* = 0.
Combining the two, we get A = A* = 0.

If we instead apply our rule of thumb, we imagine that ¢ and ¥* are unrelated, so we
can vary them independently. We first take d¢p* = 0 and from Eq. (3.68) get A = 0. Then
taking d1¢p = 0 we get A* = 0. So we get the same equations of motion, A = A* = 0.

We will refer to complex fields as “charged” fields from now on. Note that since we
haven’t yet introduced electromagnetism into the theory the fields aren’t charged in the
usual electromagnetic sense; “charged” only indicates that they carry a conserved U(1)
quantum number. A better analogue of the “charge” in this theory is baryon or lepton
number. Later on we will show that the only consistent way to couple a matter field to the
electromagnetic field is for the interaction to couple a conserved U(1) charge to the photon
field, at which point the U(1) charge will correspond to electric charge.

3.3.2 Non-Abelian Internal Symmetries

A theory with a more complicated group of internal symmetries is

n n 2
L= % Z (8u¢aau¢a - M2¢a¢a) -9 (Z (¢a)2> : (3'70)
a=1 a=1

This is the same as the previous example except that we have n fields instead of just two.

Just as in the first example the Lagrangian was invariant under rotations mixing up ¢; and

¢2, this Lagrangian is invariant under rotations mixing up ¢i...¢,, since it only depends

on the “length” of (¢1, ¢2, ..., ¢,). Therefore the internal symmetry group is the group of
rotations in n dimensions,

¢a = > Rapy (3.71)
b

where Ry, is an n X n rotation matrix. There are n(n — 1)/2 independent planes in n
dimensions, and we can rotate in each of them, so there are n(n — 1)/2 conserved currents
and associated charges. This example is quite different from the first one because the
various rotations don’t in general commute - the group of rotations in n > 2 dimensions
is nonabelian. The group of rotation matrices in n dimensions is called SO(n) (Special,
Orthogonal, n dimensions), and this theory has an SO(n) symmetry. A new feature of
nonabelian symmetries is that, just as the rotations don’t in general commute, neither do
the currents or charges in the quantum theory. For example, for a theory with SO(3)
invariance, the currents are

J[i?} = (0" d102) — (0" 2¢n1)
Jh.g = (0"d163) — (0"¢3¢1)
Tz = (0" ¢2¢3) — (0" P302) (3.72)

and in the quantum theory the (appropriately normalized) charges obey the commutation
relations

[Qp2,3, Qp 3] = 1Qp 2
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Q.3 Qi) = 1Q2,3
[Q2,3, Qpu,21) = 1Qp 3) (3.73)

This means that it not possible to simultaneously measure more than one of the SO(3)
charges of a state: the charges are non-commuting observables.
For n complex fields with a common mass,

L=

n
a=

n 2
(%1/125”% - /1427!}21[111) —4g (Z W}aﬁ) (3.74)

1 a=1

the theory is invariant under the group of transformations

Yo = > Uty (3.75)
b

where Uy, is any unitary n x n matrix. We can write this as a product of a U(1) symmetry,
which is just multiplication of each of the fields by a common phase, and an n X n unitary
matrix with unit determinant, a so-called SU(n) matrix. The symmetry group of the
theory is the direct product of these transformations, or SU(n) x U(1).

We won’t be discussing non-Abelian symmetries much in the course, but we just note
here that there are a number of non-Abelian symmetries of importance in particle physics.
The familiar isospin symmetry of the strong interactions is an SU(2) symmetry, and the
charges of the strong interactions correspond to an SU(3) symmetry of the quarks (as
compared to the U(1) charge of electromagnetism). The charges of the electroweak the-
ory correspond to those of an SU(2) x U(1) symmetry group. “Grand Unified Theories”
attempt to embed the observed strong, electromagnetic and weak charges into a single sym-
metry group such as SU(5) or SO(10). We could proceed much further here into group
theory and representations, but then we’d never get to calculate a cross section. So we
won’t delve deeper into non-Abelian symmetries at this stage.

3.4 Discrete Symmetries: C, P and T

In addition to the continuous symmetries we have discussed in this section, which are
parameterized by some continuously varying parameter and can be made arbitrarily small,
theories may also have discrete symmetries which impose important constraints on their
dynamics. Three important discrete space-time symmetries are charge conjugation (C),
parity (P) and time reversal (7).

3.4.1 Charge Conjugation, C

For convenience (and to be consistent with the notation we will introduce later), let us refer
to the b type particles created by the complex scalar field o' as “nucleons” and their ¢ type
antiparticles created by 1 as “antinucleons” (this is misleading notation, since real nucleons
are spin 1/2 instead of spin 0 particles; hence the quotes), and denote the corresponding
single-particle states by | N (k)) and | N (k)), respectively. The discrete symmetry C' consists
of interchanging all particles with their antiparticles.
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Given an arbitrary state [N (k1), N (Ka), ..., N(kn)) composed of “nucleons” and “antin-
ucleons” we can define a unitary operator U. which effects this discrete transformation.
Clearly,

U N (K1), N(k), ..., N(kpn)) = [N (K1), N(Ks), ..., N (kn)). (3.76)
We also see that with this definition U2 =1, so U ! = Ul = U,. We can now see how the

fields transform under C. Consider some general state | x) and its charge conjugate |X).
Then bL| x) = |N(k), x), and

Ucbi| x) = Ue|N(k), x) = [N (k),X) = c}| %) = cfUe| x). (3.77)
Since this is true for arbitrary states | x), we must have Ucb,t: = CLUC, or
bl — bl =UbIUS = b, o = =U.clul =0l (3.78)

A similar equation is true for annihilation operators, which is easily seen by taking the
complex conjugate of both equations. As expected, the transformation exchanges particle
creation operators for anti-particle creation operators, and vice-versa. Expanding the fields
in terms of creation and annihilation operators, we immediately see that

b = UapUl = 9f, ¢ =9 = UplUl = 9. (3.79)

Why do we care? Consider a theory in which the Hamiltonian is invariant under C:
U.HU, R (for scalars this is kind of trivial, since as long as 1 and YT always occur
together in each term of the Hamiltonian it will be invariant; however in theories with
spin it gets more interesting). In such a theory, C invariance immediately holds. It is
straightforward to show that any transition matrix elements are therefore unchanged by
charge conjugation. Consider the amplitude for an initial state | 1) at time ¢t = ¢; to evolve
into a final state | x) at time ¢ = ¢;. Denote the charge conjugates of these states by | )
and |X). The amplitude for |1)) to evolve into |¥) is therefore identical to the amplitude
for | ¢) to evolve into | x):

(X () |UTU O DU U () = (X(ty) U™ UL 9(;))
= (X(tg) [T E=1) (). (3.80)

So, for example, the amplitude for “nucleons” to scatter is exactly the same as the am-
plitude for “antinucleons” to scatter (we will see this explicitly when we start to calculate

amplitudes in perturbation theory, but C' conjugation immediately tells us it must be true).

3.4.2 Parity, P

A parity transformation corresponds to a reflection of the axes through the origin, ¥ — —Z.
Similarly, momenta are reflected, so

Ul Ry =] - F) (3.81)
where U, is the unitary operator effecting the parity transformation. Clearly we will also

U, { Zf } Ul = { Zi’f } (3.82)

k k

have

48 —



and so under a parity transformation an uncharged scalar field has the transformation

o(Z,1) — Upo(@, 1)U}

/ A3k
=U, | ————r
V2w (27)3/2
_ d’k ik F—iwpt T —ik-dtiwgt
= 2wk(27r)3/2 [a_]; +a e }
_ [Pk [age
) V2w (27)3/2 F
R (3.83)

ik-T—iwt T —ik-Z+iwgt | 771
{ake +aze U][J

ik T —iwt Tl eiE~i‘+iwkt}
k

where we have changed variables k — —k in the integration. Just as before, any theory for
which UpLU;,r = L conserves parity.

Actually, this transformation ¢(Z,t) — ¢(—Z,t) is not unique. Suppose we had a
theory with an additional discrete symmetry ¢ — —¢; for example, £L = Lo — A¢* (see
Eq. (2.105)) where we have added a nontrivial interaction term (of which we will have
much more to say shortly). In this case, we could equally well have defined the fields to
transform under parity as

o(Z,t) = —p(—7, 1), (3.84)

since that is also a symmetry of L. In fact, to be completely general, if we had a theory of
n identical fields ¢;...¢,, we could define a parity transformation to be of the form

¢a(£at) - ¢;(fv t) = Rab¢b(_f7 t) (3'85)

for some n x n matrix Rg. So long as this transformation is a symmetry of £ it is
a perfectly decent definition of parity. The point is, if you have a number of discrete
symmetries of a theory there is always some ambiguity in how you define P (or C, or T,
for that matter). But this is just a question of terminology. The important thing is to
recognize the symmetries of the theory.

In some cases, for example £ = Ly — gi*1¢ (which we shall discuss in much more
detail in the next section), ¢ — —¢ is not a symmetry, so the only sensible definition of
parity is Eq. (3.83). When ¢ does not change sign under a parity transformation, we call it
a scalar. In other situations, Eq. (3.83) is not a symmetry of the theory, but Eq. (3.84) is.
In this case, we call ¢ a pseudoscalar. When there are only spin-0 particles in the theory,
theories with pseudoscalars look a little contrived. The simplest example is

L

4
% Z (au(baau?ba - mggbg) - iﬁwaﬂamﬁlau@aaqf):aaﬁ@ (3.86)

a=1

where €77 is a completely antisymmetric four-index tensor, and 123

if ¢o(Z,t) = +do(—7Z,t), then

= 1. Under parity,

8O¢a(£a t) - i60¢a(_£a t)
8i¢a(f, t) — q:8i¢a(—f7 t) (387)
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where i = 1, 2, 3, since parity reverses the sign of Z but leaves ¢ unchanged. Now, the inter-
action term in Eq. (3.86) always contains three spatial derivatives and one time derivative
because €#V*# = () unless all four indices are different. Therefore in order for parity to be
a symmetry of this Lagrangian, an odd number of the fields ¢, (it doesn’t matter which
ones) must also change sign under a parity transformation. Thus, three of the fields will
be scalars, and one pseudoscalar, or else three must be pseudoscalars and one scalar. It
doesn’t matter which.

3.4.3 Time Reversal, T’

The last discrete symmetry we will look at is time reversal, T', in which ¢ — —t. A more
symmetric transformation is P7T" in which all four components of x* flip sign: x=* — —z*.
However, time reversal is a little more complicated than P and T because it cannot be
represented by a unitary, linear transformation.

We can see why this is the case by going back to particle mechanics and quantizing
the Lagrangian

L= %q‘?. (3.88)
Suppose the unitary operator Ur corresponds to 1. Then
Urq(t)U} = q(~1)
UrpU} = UrSO0L — () = —p(-1 (3.89)
and so
Urlg(t), p(0)]U} = UriU} = i = —[g(—t), p(~1)] (3.90)

and so we cannot consistently apply the canonical commutation relations for all time!
Clearly Ur can’t be a unitary operator. We need something else.
What we need, in fact, is an operator which is anti-linear. Under an antilinear operator
Q,
al¥) = Qaly)] = a* Q). (3.91)

That is, numbers are complex conjugated under an antilinear transformation. Since Dirac
notation is set up to deal with linear operators, it is somewhat awkward to express antilinear
operators in this notation.

The simplest anti-linear operator is just complex conjugation,

al ) — Qal )] = a*|¥) (3.92)
and in fact this is precisely what we need. First of all, it doesn’t screw up the commutation
relations because QiQ~! = —i, so there is an extra minus sign in Eq. (3.90) and there is
no contradiction:

Qrlag())Qg" = a*q(-1) (3.93)
SO

Qrlg(t), p)Q7" = i* = —i = —[q(~t),p(~1)] (3.94)
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as required. In field theory, complex conjugation corresponds to the operator PT. It has
no effect on the creation and annihilation operators,

a _ a
Qpr { a’; } 0 = { a’; } (3.95)
k k

Qpplky, k) = |k, ...k (3.96)

or on the states

(this is to be expected, since time reversal flips the direction of all the momenta, and a
parity transformation flips them back). The only thing it acts on is the ¢ in the exponents
occurring in the expansion of the fields

O(Z,1) — Qpro(T, )b,
d3k T P
_ ik-B—iwt T —ik-Ftiwgt | —1
Orr | e [oxe e Ez
Bk
= 72@%(2#)3/2 [ake
= ¢(—7,—1). (3.97)

—ik-Ttiwgt +al eiﬁi’—iwkt}
k

Hence this is exactly what is required for a PT transformation.

In a quantum field theory, any of C, P or T' may be broken (we will see some examples
of such theories later on). However, it is a general property of any local, relativistic field
theory that the amplitude must be invariant under the combined action of C'PT (this is
called the CPT theorem).
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4. Example: Non-Relativistic Quantum Mechanics (“Second Quantiza-
tion”)

To put some flesh on the formalism we have developed so far, let’s pause and work through
an example. The following problem was used as a midterm test the first time I taught this
course (with rather bleak results ...). In the following years I gave it as a problem set. 1
suggest you work through it before looking at the solution.

The Problem

Consider a theory of a complex scalar field
Lo = i 0ov + VY -V,

where b is some real number (this Lagrange density is not real, but that’s all right: the
action integral is real). As the investigation proceeds, you should recognize this theory
as good old non-relativistic quantum mechanics. Treating the theory in this manner is
called second quantization, and is a useful formalism for studying multi-particle quantum
mechanics.

1. Consider Ly as defining a classical field theory. Find the Euler-Lagrange equations.
Find the plane-wave solutions, those for which ¢y = e!* =" and find w as a function
of k. Although this theory is not Lorentz-invariant, it is invariant under space-time
translations and an internal U(1) symmetry transformation. Thus it possesses a
conserved energy, a conserved linear momentum and a conserved charge associated
with the internal symmetry. Find these quantities as integrals of the fields and their
derivatives. Fix the sign of b by demanding the energy be bounded below. (As
explained in class, in dealing with complex fields, you just turn the crank, ignoring
the fact that v and ¥* are complex conjugates. Everything should turn out all right
in the end: the equation of motion for ¢ will be the complex conjugate of that for
1*, and the conserved quantities will all be real.) (WARNING: Even though this is a
non-relativistic problem, our formalism is set up with relativistic conventions; don’t
miss minus signs associated with raising and lowering spatial indices.)

2. Canonically quantize the theory. (HINT: You may be bothered by the fact that the
momentum conjugate to ¢* vanishes. Don’t be. Because the equations of motion are
first-order in time, a complete and independent set of initial-value data consists of
and its conjugate momentum alone. It is only on these that you need to impose the
canonical quantization conditions.) Identify appropriately normalized coefficients in
the expansion of the fields in terms of plane wave solutions with annihilation and/or
creation operators, and write the energy, linear momentum and internal-symmetry
charge in terms of these operators. (Normal-order freely.) Find the equation of
motion for the single particle state |k) and the two particle state |k1,ks) in the
Schrodinger Picture. What physical quantities do b and the internal symmetry charge
correspond to?

~52 -



Solution

1. The Euler Lagrange equations are

oL
9¢a

so we first need the momenta conjugate to the fields. Treating ¢ and * as indepen-
dent fields, we find

9,11~ = (4.1)

oL ; oL ;
HO — =4 *’ I, = — _pOip*
L0 A T R
oL . oL .
Y, = —— =0, b= ———— = b, 4.2
50 v = a0 =0 2
Thus, the equations of motion for the two fields are
i0ot) = bV
i0op* = —bV2* (4.3)

(note that, as required, the equations of motion are conjugates of each other. This is
actually ensured by the fact that the action is real.) This is a wave equations for 1);

expanding in normal modes B
w — ei(k“:?—wkt)7 (44)

the equations of motion gives the dispersion relation

wi = —b|k|?. (4.5)

The internal U(1) symmetry is (of course)

Y- e M, Pt - eyt (4.6)
Recall that the conserved current is given in general by
Jt =" T Dyp, — F*. (4.7)
a
In our case, F* = 0 (or equivalently a constant), since DL = 0. We also have
D1 = —irp. Hence, the conserved charge density is the time component of J#
JO =y (4.8)

and the conserved charge () is the integral of this quantity over all space,
Q= /d% JO = /d% PP (4.9)

For the invariance under space-time translations 1 (xz) — ¥(x 4+ A, at), where a* is
and arbitrary four vector (unit vector), we find

Dy = a"0p, FF =alL. (4.10)
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Therefore

JO =T"Dy —a’L
= ip*ah 9,1 — a’i* dop — bV Y - Vi
= —ip*(@- V) — a’bVy* - Vb

For a time translation: a® =1, a’ = 0,

H=E-= /di”x[—bﬁw* V] = —b/d% (V|2
For this energy to be bounded from below, we need b < 0.
For a space translation: o =0, a* = 7,

P = / d3x[i* 0]

It’s easy to see that both the energy and momentum are Hermitian.

. Since the momentum conjugate to ¥* vanishes, the only surviving equal time com-
mutation relation to impose is on ¢ and its conjugate, 1)*. Cancelling the i’s, we
get

[W(&,1), 4" (Z,1)] = 6(Z — 9),
and
[W(Z, 1), ¥(5,t)] = [¥7(Z,1),4"(7,1)] = 0.
Now expand the fields in the plane wave solutions given in part (1) to get

W(Z,t) = / A3k Ayt FF—wt)

WGt) = [ kB E

Assume that A = aar, and By, = aaL, then

This means that o = W and Ay = Wak is an annihilation operator, whereas
B, = Waz is a creation operator. The field ¥ therefore only annihilates a particle

and ¥* only creates particles.
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Now we can go ahead and write the energy, the momentum and the internal symmetry
charge in terms of these creation and annihilation operators. We find

E = / d%[—b%* - Vi)

B | Brdr o ale —ilkE—wt) IR F— O

—

= —b /d?’kd3k’akak/e Wt tE L g (2m)35(k — k)

<2w3>

= —b/d3ka};ak\/¥|2

Similarly we find

Q= / &Pk alay
Pl = / Pk kalay

This form for the momentum operator is to be expected, since aLak is the usual

number operator. The Hamiltonian acting on a one-particle state is therefore
D H k) = —blk|?|k)
and on the two-particle state is
H (1 o) = =b (12 ol ) o, o)

(this is straightforward to show using the commutation relations of the creation and
annihilation operators in the usual way). This clearly corresponds to the usual energy
of one- and two-particle states if b = —1/2m. The equations of motion for these states
in the Schrédinger picture are therefore

2y = I g
1B = S 1E)

and 5 )
— k1, k :—(E2 122)13,125.
igglk ka) = o (k1] + k2l ) [K1, k2)
This is just the usual EOM for one- and two-particle states in NRQCD.

The conserved charge
Q= / &k a};ak

is just the number operator. This is a conserved quantity in a nonrelativistic theory,

since particle creation is a relativistic effect.
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5. Interacting Fields

In this section we will put the formalism we have spend the past few lectures deriving to
work. Although we have been talking about symmetries of general (possibly very com-
plicated) Lagrangians, the only equation of motion we have solved is the Klein-Gordon
equation, which is just a theory of free fields. For a real field, ¢, we had

L= (04000 — u26?) (5.1)
and for a complex field ¢ we had
Ly = 0uploty —mPyly. (5.2)

Because we could solve the Klein-Gordon equation, we could expand the fields as sums of
plane waves multiplied by creation and annihilation operators,

d°k [ —ikx | T ikw
o(x) = /(27T)3/2\/m axe +ae }
d3k [ —ik-x T _ikx
P(z) = /(277)3/2 Tor _bke +ce }
T( ) — dgk [ —ik-x bT ik-x (5 3)
Y (z CISEENGT e +be . .

We have expressions for the energy, momentum and U(1) charge in our theory, but it is
incredibly dull because nothing happens. We just have plane waves propagating. In the
quantum theory, as we have seen, this corresponds to a theory of noninteracting, spinless
bosons. £ = Ly + Ly is a theory of ¢ particles and v particles, but they never interact
because the two Lagrangians are decoupled. We can make things more interesting by
adding interaction terms to the Lagrangian.

5.1 Particle Creation by a Classical Source

The simplest type of interaction we can introduce into the theory is to couple the ¢ field
to a classical source:

L= Ly— pla)o(a) (5.4)
where p(x) is some fixed, known function of space and time which is only nonzero for a
finite time interval. This leads to the equation of motion

0,00 + 116 = —p(x). (5.5)

To realize why p(z) is a source term, recall from classical electromagnetism that in the
presence of a charge distribution o(Z, ) and a current j(,¢) the potentials obey the inho-
mogeneous wave equations

1 0%p
2
L 2 ot2 —4mo
. 10%4 47
2 —
v2 A - = .
c? Ot? c? (5.6)
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o and A form the components of the four-vector A* = (¢, ff), so in four-vector notation

we may write this as
0,0 AY = 4 J” (5.7)

where J# = (p,]) is the 4-current. Except for the fact that ¢ is massive, has no vector
index and is a quantum field, these two theories look quite similar, so we may interpret
p(x) as a source for the ¢ field, just as a charge distribution is a source for electric field.

This theory is actually simple enough that we can solve it exactly. If we start in the
vacuum state, what will we find at some time in the far future, after the source p(x) has
been turned on and off again? We can answer this by solving the field equations directly.

Before p(x) is turned on, the theory is free, and ¢o(z) may be expanded in terms of
creation and annihilation operators, as in Eq. (5.3). After the source has turned on, we
can construct the solution to the equation of motion as follows:

o(w) = dnla) + 1 [ d'y Dl = ) plw) 53)
where Dr(x — y) is the retarded Green function, satisfying

(8u0" + 1) Dp(x —y) = —idW(z —y)
Dr(z—1y) =0, 2% <40 (5.9)

The second requirement, that Dgr be the retarded Green function, is required so that the
boundary condition ¢(x) — ¢o(x) as xg — —oo is satisfied.

The simplest way to find the Green function is to rewrite Eq. (5.9) in momentum
space. Writing

4
Dz —y) = / (g&e—ik'(x—y) Dr(k) (5.10)

we find the algebraic equation for Dg(k),

(=k? + p®)Dp(k) = —i (5.11)
which immediately gives us
d*k i ,
D _ — —zk-(m—y). 12
R(‘T y) / (27_‘_)4 k/’2 — ,UQ € (5 )

This doesn’t quite define Dg: the k integrand in Eq. (5.12) has poles at k° = +w;. In
order to define the integral, we must choose a path of integration around the poles. Let us
choose a path of integration which passes above both poles. Then for yg > xg we can close
the contour in the upper half plane, giving zero for the integral since the path of integration
doesn’t enclose any singularities. Thus, the Green function vanishes for yo > xg, making
this the appropriate contour for Dr(x — y). For xy > yo, we can close the contour in the
bottom half plane, obtaining for the integral

T0>Yo dgk 1 — ik (z—
Dr(z —y) "= /(277)3 [Me (@=y)

_l’_

kO=wy,
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Figure 7: The contour defining Dp(z — y).

kO:wk]

dgk 1 —ik-(x— ik-(x—
_ /(%)BM<6 (x—y) _ gike( y))

= D(@-y)-Dy—=)
= [6(z), ¢(y)] (5.13)

where the function D(x) was introduced in Section 2. The retarded Green function

b ik

—2Wp

Dpg(x — y) is therefore related to the commutator of two fields, or equivalently (since
the commutator is a c-number, not an operator), the vacuum expecation value of the

commutator:
Dr(z —y) = 0(z0 — yo)[¢(2), o(y)]
= 0(zo — 50)(0|[¢(2), 9(y)]] 0). (5.14)

For our present purposes, we only need the second line in Eq. (5.13). Inserting this
expression into Eq. (5.8) gives

A3k , )
o@) = dol@)+ i/d4y/ (27r)32wk0(x0 ~ %) (e—zk-(x—y) B e_lk.(x_y)) P(y)
3 . .
L0200 gbo(;v) _|_Z./(2ﬂ—dk/d4y (e—zkz-(q:—y) _ezk-(x—y)> p(y)

)32wk
) A3k
= olz) +i / T (

where in the second line we have used the fact that if we wait until all of p(z) is in the past,

(k) — € (k) (5.15)

the theta function equals one over the whole domain of integration and may be dropped.
We have also defined the Fourier transform

) = [ dtye™ o). (5.16)

Thus we find, after the source has been turned off,

P(z) = / @ﬂﬁ/m { <ak + Mﬁ(k)) e~ ke 4 h.c.} . (5.17)
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Since all observables are built out of the fields, we have solved the theory. The Hamiltonian
in the far future is now

H= /d?’kwk <aL - Mﬁ*(m) (ak + Mﬁ(k)) (5.18)

(this is obvious if you go back to the original derivation of H in terms of ¢(z)) and so the
expectation value of the energy of the system in the far future is

3
01710) = [ G510 (5.19)

Note that because we are in the Heisenberg representation, we are still in the ground state
of the free theory — the state hasn’t evolved. The time evolution of the system is all
contained in the evolution of the fields. Now, since in the far future we have free field
theory again, the spectrum of the Hamiltonian is just free particles, which means that the
expectation value of the total number of particles created with momentum ¥k is

dN (k) = mcﬁk (5.20)

and so each Fourier component of p produces particles with the corresponding four-momentum

with a probability proportional to |5(k)|%.

3
/dN :/(2733];%\/3(14:)|2. (5.21)

5.2 More on Green Functions

The expectation value of the total number of
particles produced is

Since Green functions are of central importance to scattering theory, let’s pause for a mo-
ment and study the expression (5.12) a bit more. The retarded Green function Dr(z — )
was obtain by choosing the path of integration shown in Fig. (7). Other paths of integra-
tion give Green functions which are useful for solving problems with different boundary
conditions. Choosing a path of integration which passes below both poles would give the
advanced Green function, obeying G4(x — y) = 0 for xg > yo. This would be useful if
we knew the value of the field in the far future and were interested in its value before the
source was turned on.  Another possibility is a path which goes below the pole at —wy
and above the pole at wy. In this case, when zg > yo we perform the k% integral by closing
the contour below, obtaining the result D(x — y) for the integral. When z < yo we close
the contour above, obtaining the same expression but with x and y interchanged. This
defines the Green function

0 0

= 0(z" — y°)(0|p(x)(y)| 0) + O(yo — x0){0|p(y)p(z)| 0)

|
= (0|T¢(z)¢(y)] 0) (5.22)

where the last line defines the time ordering symbol T, which instructs us to place the
operators that follow in order with the latest on the left. This Green function, called the
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Figure 8: The contour defining Dp(z — y).

Feynman propagator, will be of central importance to scattering theory, and we shall return
to it shortly. It is convenient to write the Feynman propagator as

4 .
Dp(z —y) = 'k ! e~k (@=y) (5.23)
F Y (2m)* k2 — p? + e

where the limit € — 01 is understood and the path of integration in the k° plane is now

along the real axis, since the poles are then at k” = +(wy, — i€) and are displaced properly
above and below the real axis. Note that the sign of the ie term is crucial: if € were
negative, the contours would enclose the opposite poles, and the time ordering would come
out reversed.

5.3 Mesons Coupled to a Dynamical Source

The Lagrangian Eq. (5.4) is analogous to electromagnetism coupled to a current which is
unaffected by the dynamics of the field. While this is in many cases a good approximation,
in the real world the current itself interacts with the electromagnetic field, and the resulting
dynamics are quite complicated. For scalar field theory, the analogous situation is described
by a potential which couples the two fields ¢ and ¢:

L=Ly+ Ly —gdl9o. (5.24)

Note that the potential only depends on v and ' in the combination ¥, so the interaction
term doesn’t break the U(1) symmetry. We are therefore guaranteed that the interacting
theory will also conserve charge. Furthermore, the interaction depends only on the fields,
not their derivatives, so the conjugate momenta are the same as they were in the free
theory. The equations of motion are

0,01 + 129 = —guly,
00 +m = —gibg. (5.25)
The field equations are now coupled, so the fields interact. In fact, comparing this with
Eq. (5.4), we see that ¢T¢ is a current density, a source for the ¢ field, just like p(z).

This model is much more complicated that the previous one, however, because there is
a back-reaction: the current 171 in turn depends on the field ¢. The source is now not
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a prescribed function of space-time, as it was in the previous case, but a full dynamical
variable, so solving this theory is going to be much harder. In general we cannot solve this
system of coupled nonlinear partial differential equations exactly. Instead, we will have to
solve them perturbatively: that is, if g is small we can treat the interaction term as a small
perturbation of free field theory. We will be able to solve the equations of motion as a
power series in ¢.% In fact, most of the rest of this course will be concerned with applying
perturbation theory to an assortment of different theories. Much of what is known about
quantum field theory comes from perturbation theory.

The theory defined in Eq. (5.24) describes the interactions of two types of meson, one
of which carries a conserved charge. This doesn’t look anything like the particles we see in
the real world, but we will use it in this section as a toy model to illustrate our perturbative
approach to scattering theory. However, we have seen that the equations of motion look
quite similar to the equations of motion of an electric field coupled to a current. If the v
fields were spin 1/2 fermions instead of spin 0 bosons we would have a theory of the strong
interactions between nucleons, where the force is transmitted through the exchange of ¢
mesons. We'll take advantage of this analogy and refer to the v particles as “nucleons” (in
quotation marks) and the ¢’s as mesons. We'll call this our “nucleon”-meson theory.

5.4 The Interaction Picture

How do we set this problem up? First of all, we would like to make use of some of our
previous results for free field theories. In particular, we would like to be able to write our
fields in terms of creation and annihilation operators, because in this form we know exactly
how the fields act on the states of the theory. Unfortunately, the solution to the Heisenberg
equations of motion are no longer plane waves but instead something awful. We can fix
this with a clever trick called the interaction picture.

We have already discussed the Schrodinger and Heisenberg pictures. The interaction
picture combines elements of each. All three pictures will coincide at ¢t = 0:

[9(0))s = |$(0))ir = | (0)r
05(0) = O (0) = 04(0) (5.26)

where the subscript I refers to the interaction picture, and O represents a generic operator
with no explicit ¢ dependence.

Recall that in the Schrodinger picture, the operators don’t evolve with time, and the
t dependence is carried entirely by the states

Os(t) = 0s(0)
L1 wys = Hlw)s, (5.27)

while in the Heisenberg picture the states are independent of time and the operators (and
in particular, the fields) carry the time dependence

[ v@) i = [¥(0)

5Since g has dimensions of mass, the power series will actually be a series in g/M, where M is some

typical mass or energy in the problem.
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410 (1) = (On(t), H). (5.2)

We showed earlier that matrix elements are the same in the two pictures.
In the interaction picture (IP) we split the Hamiltonian up into two pieces,

H = Hy + H; (5.29)

where Hj is the free Hamiltonian (that is, the Hamiltonian corresponding to the free-field
Lagrangian), and Hj contains the interaction term. Since

H:/di”xZngBa—L:/df”xZngﬁa—Lo—L[, (5.30)

if £; contains no derivatives of the fields (so it doesn’t change the conjugate momenta from
the free theory), we see immediately that

H;=-Lj. (5.31)
In our example, H; = —L; = gTp¢p. States in the I.P. are defined by

(1)1 = U (t)s. (5.32)

If we were dealing with a free field theory, H;y = 0, this would immediately give |1 (t)); =
| () = | ¥(0)) g and the states would be independent of time, just as in the Heisenberg
picture.

Demanding that matrix elements be identical in all three pictures, we find

s(W(t)|0s|¥(1)s = 1) |01 $(6)r = s(w(t) [e O )™ | ) (t))s  (5.33)
and so in the I.P. the operators evolve according to the free Hamiltonian:
O;(t) = e'otQy(0)e~ ot (5.34)

(where we have used Eq. (5.26)). This is the solution of the equation of motion

$204(t) = (01(1), Hol. (5.35)

This is useful because fields in an interacting theory in the I.P. will evolve just like free
fields in the Heisenberg picture, so we can continue to use all of our results for free fields.
All of the complications have been relegated to the equation of motion for the states. From
the equations of motion of the Schrédinger field, Eq. (5.27), we have

%H\ (1)1 = Hee ™' 4 (t)1
= Hoe "0 (t))1 + e‘iH‘)ti%l W(t))r = (Ho(0) + Hr(0))e ot (t));
= Z%| w(t»l — eiHotH](O)e_iHot| w(t»I = H](t)| w(t»l (5.36)

where H;(t) = e'Hot H1(0)e~ 0! as expected from Eq. (5.34). Again we see explicitly that
when Hj; = 0 the fields in the I.P. are independent of time.
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5.5 Dyson’s Formula

We can already get an idea of how perturbation theory is going to work in the interaction
picture. The time dependence of the operators is trivial, simply given by the free field
equations. On the other hand, the time dependence of the states is going to be taken
into account perturbatively, order by order in the interaction Hamiltonian. Since the
Hamiltonian generates time evolution, at first order in perturbation theory the Hamiltonian
can act once on the states. The interaction term 1T1)¢ contains a collection of creation
and annihilation operators, such as

cvta, cfea, bbial, beal, ... (5.37)

These interactions don’t conserve particle number, and can contribute to a number of
processes. In the first term, the Hamiltonian acts on the initial state, annihilates a ¢
particle and creates a v particle and antiparticle: this corresponds to the decay process
¢ — 1p. The second corresponds to the absorption 1 + ¢ — ¥, and so on. At second
order in perturbation theory the Hamiltonian can acts twice on the state, producing more
complicated processes like 1) + 1 — ¢ — 1 + 1) (¢ anti-1p scattering through the creation
of an intermediate ¢). In this section we will set up a formalism to apply perturbation
theory to scattering processes.

Scattering processes are particularly convenient to study because in many cases the
mnitial and final states look like systems of moninteracting particles. What do we mean
by this? In a scattering process, we start out with some initial state |i) consisting of a
number of isolated particles. Since the particles are widely separated, we don’t expect
them to feel the effects of the potential in Eq. (5.24), and so they will look like free plane
wave states (that is, eigenstates of the free Hamiltonian Hy.) In particular, we expect them
to be eigenstates of particle number, even though N will not in general commute with the
interaction Hamiltonian H;. We say we are colliding two electrons, or two protons, or
whatever, with some particular momentum. The initial state looks simple.

As the particles approach one another, they begin to feel the potential, and the states
start to evolve according to Eq. (5.36) in a complicated and non-linear way. At this
intermediate stage, the system will look extremely complicated when expressed in terms
of our basis of free particles. Particles will be created and destroyed, since Hy in general
doesn’t commute with N. We no longer have, for example, just two colliding protons, but
a complicated mess of protons, pions, photons, and so forth.

We can imagine several results of the scattering process. Several initial particles could
collide and form a bound state, such as p+p — 2D (two protons fusing to form a deuterium
nucleus). In this case, no matter how long we wait after the scattering process has occurred
the final state will never look like an eigenstate of the free Hamiltonian, because the
interaction is responsible for the bound state. If we turn the interaction off, the bound
state will fly apart. The formalism we are going to develop for scattering theory will not
be very useful in this situation.

Instead, we could have a process in which no bound states are formed. Then some long
time after the interaction the system will consist of a bunch of widely separated particles,
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perhaps three protons, an antiproton and fourteen pions. The system will again look like a
collection of noninteracting particles. Again it will look simple. This is the type of process
we will be considering.

Before we go any further, I should tell you that this is a bit of a fake. In fact, no matter
how far you go into the past or future from a scattering process you never end up with a
collection of free particles. We already know this from electromagnetism: long after the
collision process, an electron still carries its electromagnetic field along with it. When we
quantize electromagnetism, we will see that this corresponds to a cloud of photons around
the electron. Similarly, the “nucleons” in our toy model will always have a cloud of mesons
around them. If we turn off the interaction, the states will change, so our simple picture
is not quite right. Despite this, our quick and dirty scattering theory will still work. You
can see that this might be the case by imagining that instead of Eq. (5.24), our theory is
defined by the Lagrangian

L=Ly+Ly—gf(O)pee (5.38)
where f(t) = 0 for large |t| and f(¢) = 1 for ¢ near 0, as shown in Figure 9.  For

—_——— e ———

Figure 9: The “turning on and off” function f(¢) in Eq. (5.38). In the limit A — oo, T — o0,
A/T — 0 we expect to recover the results of the original theory Eq. (5.24). The scattering process
occurs near t = 0.

processes where bound states occur, f(t¢) clearly drastically changes the states in the far
future, since when f(¢) — 0 the interaction turns off and the states will fly apart. But in
cases where there are no bound states formed, you might imagine that adding f(¢) to the
interaction won’t change the scattering amplitude at all. In particular, if we imagine that
a long time 7T'/2 after the scattering process occurs, we turn the interaction off very slowly
(adiabatically) over a time period A, we expect that the simple states in the real theory
will slowly turn into the eigenstates of the free Hamiltonian with unit probability. In other
words, there must be a 1 — 1 correspondence between the asymptotic (simple) eigenstates
of the full Hamiltonian and the eigenstates of the free Hamiltonian. This means that we
can’t consider bound states, which are not eigenstates of the free Hamiltonian. In the limit
T — 00, A — oo and A/T — 0 (the last requirement ensures that edge effects vanish) we
should recover the full theory.

This description is really meant as a hand-waving way of justifying our approach in
which the initial and final states are taken to be eigenstates of the free Hamiltonian. It is
possible to justify this approach (more) rigorously, but this would take us into technical
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details which we don’t have time for in this course. The hand-waving approach will have
to suffice at this stage. ©
So we want to solve

P () = Hi (0] v(0) (539)

(we will drop the subscript I on the states, since we will always be working in the I.P. from
now on) with the boundary condition

[ p(=00)) = [0). (5.40)

We want to connect the simple description in the far past with the simple description in
the far future, long after the collision has taken place. If we define the scattering operator

S
[1(00)) = S|9(—00)) = S]1) (5.41)

then the amplitude to find the system in some given state | f) in the far future is
(f1S]4) = Sy (5.42)

This is conventionally known as the “S-matrix element”. We can solve for S iteratively:
integrating both sides of Eq. (5.39) from ¢; = —oo to ¢, we find

t

p(0)) = |4) + (i) / dty Hy(ty)| (t)). (5.43)

—0o0

Iterating this gives

(1) = i) + (~0) / dty Hy (1))

+ (—i)2 /t dty /t1 dts H[(tl)H[(tg)Mb(tQ». (5.44)

Repeating this procedure indefinitely and taking t — co, we obtain the following expansion
for S:

S=S i [ an [ e [ b Hy) (1), (5.45)

There is a more symmetric way to write this. Look at the n = 2 term, for example:

/ © ot / " o Hy (1) Hy (1), (5.46)

This corresponds to integrating over the region —oo < to < t; < oo shown in part (a) of
the figure. We can reverse the order of integration, and noting that this is the same region
of integration as in part (b) of the figure, we can write the term as

/ dts / dtyHy (b)) Hi(t)
—00 to

= /_OO dty /tOO dtoHp(to)Hy(t1), (5.47)

"See Peskin and Schroeder, Section 7.2, for the proper treatment of this problem.
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so we can write the second term of the expansion as

;![/_Zdtl /tloodtgHI(tg)HI(tl)—i-/_C:dh /_:dtsz(h)Hz(tz)]- (5.48)

Notice that in the first term fo > t1, while in the second t; > t2. So the Hj’s are always

tz tl
| 1 ‘ to
(a) (b)

Figure 10: The shaded regions correspond to the region of integration in (a) Eq. (5.46) and (b)
Eq. (5.47).

ordered with the earlier one on the right. As before, we define the time-ordered product
T(0102) of two operators O1(x2) and Oz(x2) by

O1(21)O2(x2), t1 > to;

O2(22)01(x1), t1 < ta. (5.49)

7(01(a1)Ox(er)) = {
In terms of the time-ordered product, we can write the second term in the expansion of S
as | oo -
5[ / A T(H () Hy (). (5.50)
Similarly, for n operators we define the time ordered product (or T-product) such that the
operators are ordered chronologically, the earliest on the right and the latest on the left.
H; commutes with itself at equal times, so there is no ambiguity in this definition. The
n’th term in the expansion of S may then be written as

1 [o¢] (o]
] dtl.../ dt, T(Hr(t1)...Hr(tn)) (5.51)
and the expansion for S is then

s=Y (_n?n /OO dtl.../oo dt, T(H (#1).. Hy(t))

—00 —00

n=0

= Z (_nll)n /d4x1.../d4xn T(Hi(xr).. Hi(x,)). (5.52)

n=0

We can even be slick and write this series as a time-ordered exponential,
S = Tetf d'ati(@), (5.53)

where the time-ordering acts on each term in the series expansion. This is Dyson’s formula.
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5.6 Wick’s Theorem

To evaluate the individual terms in Dyson’s formula we will have to calculate matrix
elements of time ordered products of fields between the initial and final scattering states.
For example, in our meson-‘“nucleon” theory at second order in g we have to evaluate
matrix elements of the form

FIT(Hi(z1)Hi(22)) 1) = {f [T (@1)0(21)$(21)9 (22)d(22) d(22))] ). (5.54)

For the scattering process N+ N — N + N (elastic scattering of two “nucleons”), we have
i) = | k1(N); ka(N)), | f) = |ks(N): ka(N)), where ky = ky 4 ky — ks since our theory
conserves momentum. Since we know how the fields act on the states in the I.P., this
matrix element is straightforward to calculate. However, in this form it’s still rather messy,
because the T-product contains 16 arrangements of “nucleon” creation and annihilation
operators. It would be much simpler if we could normal-order this expression, because then
the only ordering which would contribute to this process would be ones with two “nucleon”
annihilation operators on the right and two “nucleon” creation operators on the left. In
fact, there is a relation between time-ordered and normal-ordered products, which goes by
the name of Wick’s theorem. To state Wick’s theorem, we define the contraction of two
fields,

A(z)B(y) = T(A(2)B(y))— : A()B(y) (5.55)

| —
It is easy to see that A(z)B(y) is a number, not an operator. Consider first the case

2% > 40, Then

T(A(z)B(y)) = (A 4+ ANYBW 4 BE)) = AB : 4[4, B (5.56)
S0 A?a;é (y) is a number (given by the canonical commutation relations). Similarly, it is a
number when 2° < 3°, so we can sandwich both sides of Eq. (5.55) between vacuum states
to find that

1

A)B(y) = (0]A(z)B(y)|0)
— (0|T(A(x)B(y))| 0) — (0| : A()B(y) : |0)
— (0|T(A(z)B(y))| 0) (5.57)

since the vacuum expectation value of a normal ordered product of fields vanishes (the
annihilation operators on the right annihilate the vacuum). So we have found that the
contraction of two fields is just the vacuum expectation value of the time ordered product
of the fields. We have already seen this object before - it is the Feynman propagator for
the field,

(2)0(y) = Dp(z —y) = (0|T(d(x o= [ ke T g
ola)6(s) = Drla =) = O M@0 = [ Gsge™ e 658)

where the lim,_,o+ is implicit in this expression.
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For the charged fields, it is straightforward to show that the propagator is

— — d4]€ ko ( .
vl ) = ' @it) = [ PO (5.59)
while other contractions vanish:
P@)dly) = ¢ (@)l () = 0. (5.60)

(The last equation is true because v only creates c-type particles and annihilates b-type
particles, therefore (0|T'(¢(x)¥(y))|0) = 0.)

Having defined the propagator of a field, we can now state Wick’s theorem. For any
collection of fields ¢1 = ¢o (1), P2 = Pa,(22),... the T-product of the fields has the

following expansion

T(¢1.-¢n) = : P1...0p
+ o P1Gads Bt Grdadan okt PLi2e B 10,

+ o G1ad3duBs bt oot PL2er t DrsByy aPr10, -
T (5.61)

On the right-hand side of the equation we have all possible terms with all possible contrac-
tions of two fields. We are also using the notation

1 - 1

: A(x)B(y)C(2)D(w) :=: A(x)C(2) : B(y)D(w) (5.62)

Wick’s theorem is true by definition for n = 2. The proof that this is true for all n is by
induction, and so not terribly illuminating, so we won’t repeat it here.

Wick’s theorem has unravelled the messy combinatorics of the T-product, leaving us
with an expression in terms of propagators and normal-ordered products, whose matrix
elements are easy to take without worrying about commutation relations. In its general
form, Eq. (5.61), it looks rather daunting, so let’s get a feeling for it by applying it to the
expression for S at O(g?) in our model:

—i0)2
(;!g)/d4x1 /d4$2T(1/JT(l‘l)’(/J(wl)¢(x1)¢T(x2)w(x2)¢($2)). (5.63)
Wick’s theorem relates this to a number of normal-ordered products. One of these terms
is
—ig)2 . .
( ;.'g) /d4$1/d4$2 : wT(xl)w(xl)d)(xl)w-r($2)¢($2)¢($2) . (564)

This term can contribute to a variety of physical processes. The 1 field contains operators
which annihilate a “nucleon” and create an “anti-nucleon.” The 1 field contains operators
which annihilate an “anti-nucleon” and create a “nucleon.” So the operator

f a [u——

Wl (1)1 (1) S (1) 0T (w2)1h () B2 ): =10 (1) (1 )Y T (w2) o (22): P(21) () (5.65)
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can contribute to elastic NN scattering, N + N — N + N. That is to say, the matrix
element

(k3(N); ka(N) | 9 (21) 9 (219 (22)9 (22): | k1 (N); ka(N)) (5.66)

is nonzero, because there are terms in the two 1 fields that can annihilate the two nucleons
in the initial state and terms in the two ¢! fields that can create two nucleons, to give a
nonzero matrix element. Other combinations of annihilation and creation operators in this
term can also contribute to N + N — N + N and N + N — N + N. You can also see
that there is no combination of creation and annihilation operators that will contribute to
N+ N — N + N. The ¢ fields would have to annihilate the nucleons, and the 9! fields
can’t create anti-nucelons. We already knew this had to be the case, because the theory
has a conserved U(1) charge which wouldn’t be conserved in this process. It is reassuring
to see that this actually works in practice.
Another term in the expansion of the T-product is

—ig)? —_—
( 2?) /d4x1/d4x2 s (1) (1) d(a1 )T (w2)h (w2) p(w2) : (5.67)

This term can contribute to the following 2 — 2 scattering processes (you should verify

this):
N+¢p—+N+¢, N+¢p—+N+¢, N+ N—>¢p+¢, ¢+¢— N+ N.

A single term is able to contribute to a variety of processes like this because each field can
either destroy or create particles.

5.7 S matrix elements from Wick’s Theorem

Having used Wick’s theorem to relate (unpleasant) T-products to products of normal or-
dered fields and contractions (which are easy to work with), let’s now calculate the scat-

”_

tering amplitude for “nucleon”-“nucleon” scattering at first order in perturbation theory.
First note that for a given process we are interested not in having an expression for the

operator S, but instead for the matrix element

(F1(S =1)4). (5.68)

We really want S—1, not S, because we aren’t interested in processes in which no scattering
at all occurs, which corresponds to the leading order term of the Wick expansion. For
NN — NN scattering we want the matrix element

(P1(N), Po(N) [(S = D] p1(N), p2(N)). (5.69)

Note that there are no arrows over the momenta in the states. We are now doing relativistic
field theory in earnest and so we are going to use our relativistically normalized states from
the first lecture,

k) = (2m)%/ 2/ 2w | k). (5.70)

- 69 —



We can write these states as
| k) = al(k)| 0) (5.71)

where the relativistically normalized creation operator af(k) is defined as
af (k) = (27)%/%V/2wy, a) (5.72)

and the scalar field ¢ has the expansion

o(x) = /(d3k [a(k:)e_ik'z + aT(k)eik'z} . (5.73)

27)32wy,

From Egs. (5.70) and (5.71), we also find

= (27m)32uwy, 6@ (k — k)| 0) (5.74)

and so
31./
/(dka(k’)|k> o). (5.75)

Similar relations holds for the relativistically normalized “nucleon” and “anti-nucleon”
creation and annihilation operators, so a relativistically normalized incoming two nucleon
state is

| p1(N); p2(N)) = bl (p1)bT (p2)] 0). (5.76)

Now, to evaluate Eq. (5.69) at second order in the Wick expansion we need to evaluate the
matrix element in Eq. (5.66),

(D505 | ! (@) (@0)y (22)d(22): [ prip2) (5.77)

(since we only have nucleons in the initial and final states, I'm going to suppress the “N”
label on the states). The only way to get a nonzero matrix element is by using the nucleon
annihilation terms in ¢ (1) and 1 (z2) to annihilate the two incoming nucleons, and using
the nucleon creation terms in 1 (x1) and 1T(z2) to create the two nucleons in the final
state. Any other combination of creation and annihilation operators will give zero inner
product. So in equations,

1P | T (1) ()t (w2)(22): | p1sp2) =
(Ps [T (1)1 (2) | 0)(0 [ (21 )¢ ()| p1; p2).- (5.78)

From the explicit expansion of ¢ in terms of bf(k) and c(k) and Eq. (5.75), you can easily
show that

(0[(1)t(wa) | prspa) = e PrEITPEER T IPIE T2 (5.79)
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Using this and its complex conjugate, we find four terms contributing to the matrix element
(P | W (1) (@) 9T (w2) ¢ (w2): | prspa) =
(eip/l'$1+ip,2'$2 + eipll'ﬂfz+iplz‘$1)(e—ip1-x1 —ip2-T2 + e—im-xz—im'wl)
_ eipll'x1+ip/2'$2*’ip1'x1*7:p2‘12 + eipll-zerip'Q-iL‘l*ipl-r2*ip2-931
_|_€ip’1-x2+ip’2~x1—ip1-x1—ip2~x2 + P T1Fipy w2 —ip1 -T2 —ipy-T1 (5.80)
Notice that the first two terms on the first line of the final answer differs by the interchange
x1 <> 2. The same is true for the last two terms. Since we are integrating over x; and o

symmetrically, and since ¢®;5(x2) is symmetric under x <> x9, these terms must give
identical contributions to the matrix element. This factor of 2 cancels the 1/2! in Dyson’s
formula. Using our expression for the ¢ propagator, Eq. (5.58), we obtain the following
expression for the second order contribution to NN scattering

I
(—ig)Q/d4ﬂf1 d*zod(21)P(22)
% (eip’l~z1+ip’2-$2—ip1~z1—ipz'm2 + eip’l~w2+ip’2':v1—ip1~w2—ip2-w1)
= (—ig)z/d4ﬂf1 d4962/ Ak i (5.81)
(2m)4 k2 — p2 + e ’
> (ei(p’l—p1+k)-x1+z‘(p’2—p2—k)-x2 + ei(p’g—p1+k)~m1+i(p'1—pz—k‘)wz) )

The z1 and x9 integrations are easy to do — they just give us ¢ functions, so this becomes

, d*k i
(—49)2j/(2w)4k2__ﬁg<+i6 |m) 6D (0 — p1 + k) (2m) 0D (9 — p2 — )
+(2m) 5D — pr + k)27 6D (B — p2 — B (5.82)

Finally, we can do the k integration using the § functions, and we get

N2 4¢(4),1 r 1 7

1 2m)%0 + — + — . (5.83
(—ig)=(2m) (p1 + Py —p1 — p2) ((p/l —p1)2 — 2+ e (p/2 —p1)2 2 +Z€> ( )
Notice that performing the final integral over ¢ functions leaves us with a factor of

(2ﬁ)45(4) (pf — i)

where py is the sum of all final momenta, and p; is the sum of initial momenta. This

just enforces energy-momentum conservation for the scattering process. Since energy and
momentum are conserved in any theory with a time- and space-translation invariant La-
grangian, it is traditional to define the invariant Feynman amplitude Ay; by

(F1S = 1)]i) = iAz(2m) 6@ (py —ps). (5.84)

The factor of 7 is there by convention; it reproduces the phase conventions for scattering in
non-relativistic quantum mechanics. Thus, we find the invariant Feynman amplitude for

bREEN1S

“nucleon”-“nucleon” scattering to be

1 1
A:—2< — + ,). 5.85
NG —prZ =i tie " (ph—po?— W2+ ie (5.85)
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In the centre of mass frame, we can write the momenta as

Py = (Vp? +m?, —pé (5.86)
where € - ¢/ = cosf, and 0 is the scattering angle. This immediately gives
(p1 — ) = —2p°(1 — cos ), (p1 — ph)? = —2p*(1 + cosb) (5.87)
and so we get
9 1 1
A=y (5.88)

2p%(1 — cos0) + p? * 2p2(1 + cosf) + p? |-

Here we’ve dropped the ie because the denominator never vanishes. Note that the two
terms in Eq. (5.88) are required because of Bose statistics. Scattering into two identical
particles at an angle  is indistinguishable from scattering at an angle 7 — 6, and so the
probability must be symmetrical under the interchange of the two processes. Since these
particles are bosons, the amplitude must also be symmetric.

5.8 Diagrammatic Perturbation Theory

While the intermediate steps were a bit messy, our final result for NN elastic scattering,
Eq. (5.85), was remarkably simple. Indeed, nobody ever bothers thinking about Dyson’s
formula or Wick’s theorem when calculating scattering amplitudes because there is a very
simple diagrammatic shorthand which has all of this formalism built into it. These are
called Feynman Diagrams. Feynman diagrams are essentially pictures of the scattering
process - or more precisely, pictures of the fields and contractions which must be evaluated
to give the matrix element. They are very easy to construct, according to simple rules.

First of all, at n’th order in perturbation theory the interaction Hamiltonian will
act n times, so a given Feynman diagram will contain n interaction vertices. These are
diagrams representing the interaction Hamiltonian in which each field in a given term of
H; is represented by a line emanating from the vertex. To distinguish v’s from 1’s, we
can draw an arrow on the corresponding line. A single interaction vertex for our toy theory
is shown in Fig. 11.

Next, contractions are represented by connecting the lines coming out of different
vertices. Any time there is a contraction, join the lines of the contracted fields. The

T 1
arrows will always line up, because the contractions for which they don’t, ¢ (z)1(y) and
1
Pl (x) T(y), are zero. An unarrowed line will never be connected to an arrowed line because

[
W(z)p(y) is clearly zero as well. So the term in Eq. (5.64) corresponds to the diagram in
Fig. 12, while the term in Eq. (5.67) corresponds to the diagram in Fig. 13. (Since the
arrows always line up, we have only drawn one arrow on the contracted nucleon lines).
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this line is for the ¥ in ¥Tye:
— it creates a nucleon or annihilates
an anti-nucleon

this line is for the 9 in fye:

/ / it creates an anti-nucleon or

annihilates a nucleon

this line is for the ¢ in ¥ipe:
it creates or annihilates a meson

Figure 11: Interaction vertex for the “nucleon”-meson theory.

Figure 12: Diagrammatic representation of the contraction in Eq. (5.64).

!
/N

Figure 13: Diagrammatic representation of the contraction in Eq. (5.67).

Now, any fields which are left uncontracted must either annihilate particles from the
incoming state or create particles from the outgoing state. If there are different ways of do-
ing this, they correspond to indistinguishable processes, so we must add the corresponding
amplitudes. Thus, we write down a separate Feynman diagram for each distinct labeling
of the external legs. For NN scattering, this gives us the two Feynman diagrams, shown
in Fig. 14:

For nucleons, the direction of the arrow on the line indicates the direction of flow of
the U(1) charge. An incoming arrow in the initial state corresponds to a nucleon being
annihilated; an incoming arrow in the final state corresponds to an anti-nucleon being
created. Similarly, an outgoing arrow in the initial state corresponds to an anti-nucleon
and an outgoing arrow in the final state corresponds to an outgoing nucleon. Note that
I am using the convention that Feynman diagrams are read from left to right - so the
incoming states come in on the left and the outgoing states go out on the right. Other
conventions - right to left, top to bottom, bottom to top - are also used in other books (as
well as previous versions of these notes!).

These diagrams have a very simple physical interpretation. For the first diagram for
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k| k|

P2 —— b p2 — —~ D}

Figure 14: Feynman diagrams contributing to NN scattering at order g?. The arrows on the lines
indicate the flow of conserved charge; the other arrows indicate the direction of momentum flow.

NN scattering, you can say that a nucleon with momentum p; comes in and interacts,
scattering into a nucleon with momentum p} and a meson with momentum k = p; — pj.
Energy and momentum are conserved in this process, but the virtual meson doesn’t satisfy
k? = p?. In terms of the uncertainty principle, the meson must not live long enough for its
energy to be measured to great enough accuracy to measure this discrepancy. It therefore
can’t exist as a real particle, but must be reabsorbed after a short time. To distinguish it
from a physical particle, it is referred to as a “virtual” meson, and it is reabsorbed by a
nucleon with momentum pe, scattering it into a nucleon with momentum p,. (Note that
although we are writing this as though there is a definite ordering to these events, the
graph has no time-ordering in it. We could just as well say that the meson is emitted from
the second nucleon and then absorbed by the first.)

The second diagram must be there because of Bose statistics. Since the two incoming
nuclei are identical, it is in principle impossible to say which of the incident nuclei carries py
and which carries ps. The processes occuring in the two graphs are indistinguishable, and
so the amplitude must sum over both of them. Note that Bose statistics are automatically
built into our creation and annihilation operator formalism.

Having written down our two diagrams and interpreted them, we can now evaluate their
contributions to the scattering amplitude i.A; by the following rules (called the Feynman
rules for the theory):

(a) At each vertex, write down a factor of

(—ig)(2m)*6@ (Zk)

where » 7, is the sum of all momenta flowing into (or out of, if you like, as long as
you're consistent) the vertex.

(b) For each internal line with momentum k flowing through it, write down a factor

4
| P

where D(k?) is the propagator for the appropriate field:

1

2\ _
D(k )_kzZ—,u2+ie
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for a meson, and .
i
D(k?) = —os—
(k%) k2 —m? + ie

for a “nucleon”.

(c) Divide the final result by the overall energy-momentum conserving & function, (27)*6(pr—
pr1), where py and pp are the sums of the total initial and final momenta, respectively.

That’s it. Note that there is no excuse for not getting the factors of (27)* right. Every
factor of d*k always comes along with a factor of (27)~%, and every 6@ function always
comes with a factor of (27)%.

Actually, it’s a bit simpler even than this: we can shortcut some of the trivial delta
functions and integrations by simply imposing energy-momentum conservation on the mo-
menta flowing into each vertex. We can incorporate these simplifications into our Feynman
rules for iAy;. After drawing all possible diagrams at each order, assign a momentum to
each line (internal and external) and enforce energy-momentum conservation at each ver-
tex. Then

(a') At each vertex, write down a factor of (—ig).

(b’) For each contracted line, write down a factor of the propagator for that field.

This is fine for graphs like the ones we have been considering. However, there are also
diagrams with closed loops for which energy-momentum conservation at the vertices is not
sufficient to fix all the internal momenta. For example, the diagram in Fig. 15 corresponds
to the matrix element obtained from the contraction

L -
(Pl 9! (1) (@) (@)e! (@2)¢(21)d(2) - [ p). (5.89)
Enforcing energy-momentum conservation at each vertex is still not sufficient to fix the
k

—

A

Figure 15: Feynman diagram corresponding to matrix element (5.89).

momentum k flowing through the loop, and so we must keep the factor of
d*k
5.90
| & (590)

T -

(O] ¥ (@) e(@2)v(@1)d (@2)d(21)¢(2) | 0) (5.91)
corresponds to the two-loop graph in Fig. (16). In this diagram, neither p nor k is

Similarly, the fully contracted term

constrained, so we must integrate over both momenta. Thus we add an additional Feynman
rule for i.A:
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p—»
s
~p+k

Figure 16: Feynman diagram corresponding to matrix element (5.91).

(¢) For each internal loop with momentum k unconstrained by energy-momentum con-
servation, write down a factor of

d*k

(2’

With these rules, it is a simple matter to write down the two Feynman diagrams in
Fig. 14, and immediately read off the amplitude (5.85).
5.9 More Scattering Processes

We can now write down some more Feynman diagrams which contribute to scattering at

O(g?):

P1 P
P11 Dy
k| e
P2 — \‘pl2 p2— g \‘pll

Figure 17: Feynman Diagrams contributing to NN — NN

N(p1) + N(p2) — N(p})+ N(ph): There are two Feynman graphs contributing to this
process, shown in Fig.(17). Applying our Feynman rules to these diagrams, we immediately
read off

i i

2 3 T 2 2|
(p1 —p1)* —p (p1+p2)? —p

It is important to be able to recognize which diagrams are and aren’t distinct. Since the

iA = (—ig)? (5.92)

diagrams are simply a shorthand for matrix elements of operators in the Wick expansion,
the orientation of the lines inside the graphs have absolutely no significance. We could just
as well have drawn the diagrams in Fig. 17 as in Fig. (18). The diagrams are the same in
the two figures because they have the same arrangement of lines and vertices: in the first
figure, the vertices are N(p1) — N(p}) — ¢ and N(p2) — N(p) — ¢ in both diagrams, with
the two ¢’s contracted. Similarly, the second diagrams in both figures are identical. We
could even be perverse and draw the second diagram as in Fig. (19).
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P
/
P2 p
\\/:/ ' P1 /
) Do
P1 > < Y2
D2

Figure 18: Alternate drawing of the Feynman diagrams in Fig. (17).

P2 P4

/
P1 P1
Figure 19: Alternate drawing of diagram the second diagram in the previous figure.

N(p1) + N(p2) = ¢(p})#(ph), or nucleon-nucleon annihilation into two mesons. The
amplitude is given by the diagrams in Fig. (20), which gives

/
p1 Pl p1 P}
/ /
D2 D2 D2 b1
Figure 20: Diagrams contributing to NN — ¢a.

i i
+
(p1 — P2 —m2  (p1 — ph)? —m?

iA = (—ig)* (5.93)
In this case we have virtual nucleons in the intermediate state, instead of virtual mesons.
Once again, Bose statistics are taken into account by the two diagrams, which differ only
by the exchange of the identical particles in the final state.

N(p1) + ¢(p2) — N(p}) + ¢(ph), or nucleon-meson scattering. From the two diagrams
in Fig. (21) we obtain

1 1

2 7T 2 2|
(pr—p5)* —m?  (p1+p2)* —m

iA = (—ig)* (5.94)
Once again, we could have drawn the first diagram as shown in Fig. (22)

This completes the list of interesting scattering processes at O(g?). Note that there
are processes such as NN — NN and N¢ — N¢ which we didn’t write down; clearly these
are simply related to the analogous process with particles instead of antiparticles. Indeed,
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p1 P’z

P1 P
/
P2 Pll p2 b2

Figure 21: Diagrams contributing to N¢ — N¢.

Figure 22: Alternate drawing of the first diagram in the previous figure.

the fact that these amplitudes are identical to those with the corresponding antiparticles
is a consequence of charge conjugation invariance (C'), discussed in the previous chapter.

In some cases there are additional combinatoric factors which must be incorporated
into the Feynman rules. Consider the Lagrangian of a self-coupled scalar field
A

L=Lo— 2

i (5.95)

The reason for the factor of 4! in the definition of the coupling is made immediately clear
by examining the perturbative expansion of the theory. This theory has a single interac-
tion vertex, shown in Fig. (23). At O(A) in perturbation theory, the only term which

Figure 23: Interaction vertex for ¢* interaction.

contributes to ¢¢ — ¢¢ scattering is the completely uncontracted term

A

— kL kol 9(2)d(2)p(w) () = [k, ) (5.96)

Now, any one of the ¢ fields can annihilate the first meson; any one of the remaining three
can annihilate the second, leaving either of the remaining fields to create either of the final
mesons, giving a total of 4! different combinations. For the Feynman rule for this vertex,
the factors of 4! cancel and we are left simply with —i\.

At higher orders in perturbation theory, there are more complicated diagrams con-
tributing to these scattering processes. For example, for NN — NN scattering in our
meson- “nucleon” theory, at O(g*) we have diagrams like the two shown in Fig. (24). The
first diagram arises from Wick contractions of the form

T 1 [pa— [ pu—

: 7#T(331)w(502)?/)(963)1/1T(964)1/1(991)1#?(333)%0}(932)¢(~’U4)¢>(961)¢>(952)(ZS(HCS)<J5(954) : (5.97)
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D1 Pl 1 m .7

b2 %) D2 Po

Figure 24: Two representative graphs which contribute to NN — NN scattering at O(g*).

whereas the second diagram arises from Wick contractions of the form

o (@) (w2) b ()0 (20) 0 (01) 0 (200 (22) () S ) D) Bl blaa) : (5.98)

At O(g*) we also get a new process, ¢¢ — ¢ scattering, from the graph in Fig. (25).
The momenta flowing through the internal lines in this figure have been explicitly shown.

k+_p)1 ,

P1 > P

N Y LE+p -1

P2 < p’2
k —po

Figure 25: Diagram contributing to ¢¢ — ¢¢ scattering.

Because of the overall energy-momentum conserving § function, it does not matter whether
we label, for example, the bottom line by k—pg or k+p; —p} —ph. We can also see explicitly
that energy-momentum conservation at the vertices leaves one unconstrained momentum
k which must be integrated over. According to our Feynman rules, this last graph is

_ , d*k it
M= Hg”/ (@m) (k2 = m? +ie)((k + p1)2 — m? +ic)
1
kv -2 mE g ie)((k — p2)2 —m? + i)

(5.99)

The evaluation of integrals of this type is a delicate procedure, and we won’t discuss it in
this course. Note, however, that for large k* the integral behaves as

/ d'k

K8

and so is convergent. This is not generally the case: in many situations loop integrals
diverge, giving infinite coefficients at each order in perturbation theory. This was a serious
problem in the early years of quantum field theory. However, it turns out that these
infinities are similar in spirit to the infinity we faced when we found a divergent vacuum
energy. By a sufficiently shrewd redefinition of the parameters in the Lagrangian, all

infinities in observable quantities may be eliminated. There is a well-defined procedure
known as renormalization which accomplishes this feat.
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5.10 Potentials and Resonances

People were scattering nucleons off nucleons long before quantum field theory was around,
and at low energies they could describe scattering processes adequately with non-relativistic
quantum mechanics. Let’s look at the nonrelativistic limit of the “nucleon-nucleon” scat-
tering amplitude and try to understand it in terms of NRQM.

First of all, recall® the Born approzimation from NRQM: at first order in perturbation
theory, the amplitude for an incoming state with momentum k to scatter off a potential
U(7) into an outgoing state with momentum k' is proportional to the Fourier transform of
the potential,

An(F = By = —i / P e =BT (). (5.100)

In the centre of mass frame, two-body scattering is simplified to the problem of scattering
off a potential, both classicially and quantum mechanically. Let us therefore compare the
nonrelativistic potential scattering amplitude Eq. (5.100) with that from the first diagram
in Fig. (14):
) _Z'QZ Zg2
A= N2 2 o — 22
(1 =p)? = P =P+ p
where we have used the fact that in the centre of mass frame, the energies of the initial

(5.101)

and scattered “nucleons” are the same. To compare the relativistic and nonrelativistic
amplitudes, we also must divide the relativistic result by (2m)?, to account for the differ-
ence between the relativistic and nonrelativistic normalizations of the states. Defining the
dimensionless quantity A\ = g/2m, this gives
/ drU () PP T = R (5.102)
Py — PP + p? '

Inverting the Fourier transform gives

dSq eicj’-f’
U(r) = —)\2/
" @) i + 2
)\2 00 J q2 eiq'r' _ e—iqr
T 4n? 0 ¢ q% + p? qr
)\2 1 00 iqr
=2 = a4 (5.103)

21 2mi oy @2+ p?

and closing the contour of the integral in the upper half complex plane to pick up the
residue of the single pole at ¢ = +ip gives

Ur) = —2—eh", (5.104)

This is called the Yukawa potential. We note two features:

1. The potential falls off exponentially with a range of u~!, the Compton wavelength
of the exchanged particle.

8See, for example, Cohen-Tannoudji, Diu and Lalo&, Quantum Mechanics, Vol. 11, Chapter VIII, espe-
cially section B. 4

— 80 —



2. The potential is attractive.

The first feature is generic for the exchange of any particle. Indeed, this was how Yukawa
predicted the existence of the pion, by working backwards from the observed range of the
force (about 1 fm) to predict the mass (about 200 MeV). You can see directly from the
scattering amplitudes that the sign of the Yukawa term in the amplitude is the same in

”_ ”_« »_«

“nucleon”-“nucleon”, “antinucleon”-“antinucleon” and “nucleon”- “antinucleon” scattering.
This is a generic feature of scalar boson exchange - it leads to a universally attractive
potential. This is in contract to the electrostatic potential, which arises from the exchange
of a spin-1 boson, and can be either attractive or repulsive. Gravity, which is mediated by
a spin-2 field, is again universally attractive.

W

Now let’s look at “nucleon”-“antinucleon” scattering. The first term in Eq. (5.92)
again corresponds to scattering in a Yukawa potential. What about the second term?
First, we note that in the nonrelativistic limit (p; + p2)? ~ 4m? > ﬁf , so this term is
suppressed compared with the potential scattering term. This shouldn’t be surprising
- particle creation and annihilation is a purely relativistic effect. In the centre of mass

frame, we have
p1 = —ps = P, By = Ey = +\/p%2+m? (5.105)
and so the amplitude is proportional to

1
. 5.106
AX P47 2 (5-106)

There are two cases to consider. If 4 < 2m, the denominator never vanishes. We can there-
fore drop the +ie, and the scattering amplitude is a monotonically decreasing function of
p?, corresponding to the intermediate meson going further offshell as p? increases. However,
if g > 2m, the scattering amplitude has a pole, corresponding to the intermediate meson
going on mass-shell at k? = (p; + p2)? = p?. At this kinematic point, the intermediate
meson is no longer virtual, and instead is a real propagating particle. This is reflected as
a resonance in the cross section. Searching for resonances in cross sections is one way of
discovering new particles at colliders. For example, the figure below shows the cross-section
(roughly the amplitude squared) for eTe™ to annihilation to muon pairs as well as to quarks
(the curve marked “hadrons”). Both processes can proceed either through an intermediate
photon or an intermediate Z° boson. At low energies the intermediate photon dominates
and the cross-section is monotonically decreasing, but there is a clear resonance at a centre
of mass energy around 91 GeV, the mass of the Z° boson.

Note that the Z" peak in the figure is not a pole, but rather a peak of finite height.
This is another general feature of resonances. This is because, for p > 2m, the meson is

7w

unstable to decay into a “nucleon”-“antinucleon” pair via the diagram in Fig. (29). (For
p < 2m, the decay is not kinematically allowed). When treated correctly, this instability
adds a finite imaginary piece to the denominator of the scattering amplitude, shifting the
pole into the complex plane, and rendering the resulting probability finite at the peak.
The +i¢e in the amplitude is therefore not relevant in this case, either - in fact it is only in

diagram with closed loops that the —+ie is crucial.
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Figure 26: Cross sections for electron-positron scattering to various final states. Note the resonance
in the cross sections corresponding to the intermediate Z° boson going on-shell. The amplitude for
ete™ — vy does not have an intermediate Z° boson, and so the corresponding cross section does
not have a resonance.
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6. Example (continued): Perturbation Theory for nonrelativistic quantum
mechanics

We can get some more practice in the techniques of the previous chapter by applying them
to the second quantized form of NRQM, introduced at the end of Chapter 3. Since the
second quantized formulation of NRQM is the same as we have been using for relativistic
QM, we can do perturbation theory using the same techniques. (This part wasn’t on the
midterm, but did make it onto a problem set).

The Problem

Consider adding a second field x to the theory, coupled to ¥ by a potential:
L = Lo+ ix*Box + VX" - Vx — / o'V (|T T 9@ Ox(F, (@ 1) (6.1)

As you are about to show, the expectation value of the interaction Hamiltonian in the
position state |x(71)9(72)) is V(|1 —72|); hence, for V positive, this is a repulsive potential
which depends only on the distance between the particles. This potential is non-local
in space, and so violates causality in a relativistic theory, but since the theory is non-
relativistic this doesn’t matter.

1. Show that this term does indeed correspond to a two-body potential V(|Z — Z'|) by
showing that in the presence of the interaction the two-particle matrix element of the
Hamiltonian (i.e. the energy of the two-particle state) is shifted by

(@3, Z4|H1|Z1, o) = V(|Z1 — Za|) (&3, 4|21, T2)

(normal order freely). Since this is a non-relativistic theory, you can use the usual
position eigenstates from NRQM,

2. Using Dyson’s formula, find (to lowest order in V) (ks, k4|5 — 1|k1, k2), the amplitude
for two body scattering, as a function of V. Show that in the centre of mass frame you
recover the Born approximation of nonrelativistic quantum mechanics for scattering
off a potential,

iAo / BRV (|7)eIOR) (6.2)

where Ak is the change in momentum of one of the scattered particles. (You should
also get energy- and momentum-conserving 0 functions in your amplitude).

3. Returning now to relativistic quantum mechanics, consider the amplitude for the
scattering of two distinguishable “nucleons” v, and v, with identical masses and
couplings to the ¢ field. In the non-relativistic limit, we can consider this as the
scattering of two “nuclei” due to an effective nucleon-nucleon potential induced via
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meson exchange. In analogy with your answer to part (c), show that the effective
nucleon-nucleon potential has the Yukawa form

26 s

V(r)~g

Is the force attractive or repulsive?

Solution
. Since the free Hamiltonian for the y field is the same as for the v field, we can use the

same expansion as before. Using Dyson’s formula to first order, we don’t encounter
any time ordered products, so life is pretty easy

(0[S = 1]0) = (0| / ded®z'V (|17 — o)X (@, )" (T, O)x (2, £)(Z, 1)|0)

1 =
~ (2n6 /d3$/d4xV(\ x/|)/d4kad4kbd4k‘cd4]{?d
e~ et emthrether! kit (0o af ay, ar_ql0)
1 -
— o [ @t F) [athuathd 'ty
6—z/€a:c 6—ikb$eikcaj’eikd$54(k1 — k?c)54(]€2 _ k?d)64(]{23 . ka)5(k4 _ kb) % 4
1 o o o,
N (2n6 /d3 'V (T — of|)eT R g Tk gihsr gikar g
™
- / d*x' d*eV (|& — al|)em (R (amk) o 4
— (21 i /d%’d%V(\ x‘7‘)eiag’(klfkg)eif(kéka)é(El + By — By — Ey) x 4

The factor of four comes from the various ways I can get a non—zero matrix element.
This would be 4!, if the particles were identical. This is not clear from the question.
Now do a change in variables

r+s , S—rT

/ /
r=r—r, S=Tr+Ir =>ITr= 5 Tr = 5

Now d*zd®z’ = Ld3rd®s to get

11 i SN N g g
(0|S — 1]0) = (2?5 /dsrdgsV(]F]) Li(ka+ks— k4)—k1)€§S(k1+k2—k3)—k4)5(El + Ey — B3 — Ey)

- (242/d37’v(|7:1) e O e )

4
= /d3rV(|F1) Ak)a‘*(kl + ko — kg — k)

Note that I didn’t have to make use of the centre of mass frame.

— 84 —



2. The Feynman amplitude for this Feynman diagram is
0

A = (—i 2 v
iA = (—ig) 21

(2m)40(ky + ko — ks — kg), q=Ap

In the nonrelativistic limit, m? > p?, therefore the change in the energy is neglible(gz =
2m? + [pi | + |p3)> — 2/m2 + [pi|2/m2 + [p3]? = 0). Thus,

iA = (2m)46 (k1 + kg — kg — ky)

- 2
]
i

Comparing that with the result obtained in c), one finds

iqr

v - _ 22 3/d3
(I7) = —g~2m 152

e 3 oo T eiqrcos@ 5
= —g°2m / / ———sinfdfq-dq
o Jo ¢*+p

With -
/ eiqTCOSHS’ined@ — i [eirp . efirp]
0 rp
We find
1 [ e "
L o
ir) oo @0
—pr
— _g%rt €

The last step involved closing the contour above and picking up the pole at p = ipu.
This is an attractive potential.
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7. Decay Widths, Cross Sections and Phase Space

At this stage we are now able to calculate amplitudes for a variety of processes by evaluating
Feynman diagrams,

(f1(5 = Dli) = iA2m)* 6 (pr —p1)

but we have yet to make contact with anything measurable. In order to calculate probabil-
ities, we must square the amplitudes and sum over all observed final states. But it looks
like the probability is going to be proportional to

1S ~ 16D (pp — 1)

169 (pr — pr)|??? Squaring a delta function makes no sense. What happened?

The problem is that we are not working with “square-integrable” states. Instead, our
states are normalized to 6® functions. They are not normalizable because they are plane
waves, existing at every point in space-time. Thus the scattering process is in fact occurring
at every point in space, for all time. No wonder we got divergent nonsense. This is clearly
not what we wanted.

The proper way to solve this problem is to take our plane wave states and build up
localized wave packets, which are normalizable and for which the scattering process really
is restricted to some finite region of space-time. Another approach, which is simpler and
will give the right answer, is to return to our old crutch and put the system in a box
of volume V', and turn the interaction on for only a finite time 7. This will solve the
normalization problem because plane wave states in the box are square-integrable, the
states being normalized to

(7.1)

instead of 6(3) (l;/: —K ). Furthermore, if we divide our answer by T', we will get the transition
probability /unit time, which is really what we are interested in. Finally, we can take the
limit 7',V — oo and hope it makes sense (it will).
As we discussed earlier in the course, in a box measuring L on each side with periodic
boundary conditions, the allowed values of momenta must be of the form
_ 27nyg 27y,

km— L ) y

27N,
k,=—— 7.2
", X (72)

where n,, n, and n, are integers, as shown in the k, — k, plane in Fig. (27). The
integrals over momentum for the expansion of the fields therefore becomes a sum over
discrete momenta, and the scalar field ¢ has the expansion

—ik-x T ik-x

. are ape
o) = ; NN (7:3)

(you can check that this is the right expansion by seeing that the commutation relations for

a,t and ay, reproduce the correct canonical commutation relations for the fields). Switching

— 86 —



Figure 27: Allowed values of k; and k, in a box of measuring L on each side.

back to our non-relativistic normalization for our states, we see that each time a field
creates or annihilates a state it will bring in an additional factor of

eiik-x
V2w \/V

we had in the last set of lecture notes, when we were

(7.4)
(in contrast to the factor of e®¥*®
working with relativistically normalized states in infinite volume). Thus, we have for finite
V=1L%and T,

(1S = D] iyyr = iAYT 2m) 050 (or — o) x [

1 1
lewllaEmw

where the products are over final (f) and initial (7) particles, and the notation V7' indicates
finite volume and time. The function

(1) I .y
= gl Y
Syr(p) = @ s dt/vd Te (7.6)

approaches a d function in the V,T — oo limit.

Each quantity in Eq. (7.5) is finite, so squaring it is now sensible. However, since we
want to make contact with the real world, we note that no experimentalist can measure the
cross section for the scattering process N(p1)+ N(p2) — N(p}) + N(p),) for any particular
values of the momenta since it is impossible to resolve a single state. It is only possible to
measure all states about some small region Ak in momentum space. From the figure, it is
clear that in a region of size Ak,Ak,Ak, there are

L L L %

— Ak, —Ak,— Ak, = ——= Ak, Ak, Ak, .

27 & 21 ky27r b (2m)3 haky Ak (1)
states. If there are N particles in the final state, in the infinitesimal region of size
d3p1d3psy...d3pn there will be

N
\%4

H 7_‘_)3 d3pf (78)

F=1

B



states, which must be summed over. Squaring our expression for the amplitude, summing
over all final states and dividing by the total time T', we find the following expression for
the differential transition probability per unit time wyp/T":

d3pf 1
8 1;[ 2r)32w, 11 20V (7.9)

7

T T

wyr 1y 8|54 2
= AR |8 (e — b))
Note that the factors of V' cancel in the product over final particles. We will find that
for decay rates and cross sections the V' in the product over initial particles also cancel.
The only tricky part of taking the limit VT — oo is the |5$%(p)|2 function. This will
approach a function which is infinitely peaked at the origin, so we might anticipate it will

be proportional to a delta function. So let’s look at

4, | +(4) 21 4 T/ T/ / 3= 3~ ip-x—ip-a’
d*p |6yp(p)| = s [ dp dt v | d°z | d°Z'e . (7.10)
(2m) 12 Jor2 v 1%

Performing the integral [ d'p, the exponential factors just give us (27)10™ (2 — 2'), so we

can trivially do the integrals over ¢’ and 2/, and we find

i |5 P L [P / s VT
/dp‘cSVT(p)’ = @) _T/2dx de— Gt (7.11)

So indeed ‘(5(4) (p)‘2
limit T,V — oo:

is proportional to a ¢ function, with a coefficient which diverges in the

2
I ‘24(4) ‘:T24(4) . 12
im_|entslte)] = vrens ) (712)
Substituting this into Eq. (7.9) and taking the limit V,T" — oo, we find
3
w 2 45(4) d”py 1
— = JFV(2m)%6 — —_—
7 = Al V@™o (pr = pr) X H 2r)32E; H. 2E;V
final particles f initial particles @
1
=Anvo I o (7.13)

initial particles ¢

where we are using F and w interchangeably for the energies of the particles, and we have
defined the factor D by

3
D=en' e —p) ] Gt (714)
final particles f
Note that D is manifestly Lorentz invariant, since the measure d3p;/(2m)32E; is the in-
variant measure we derived earlier on. Also note that just as in the case of our Feynman
rules, each 8 function comes with a factor of (27)", and each integration d”k comes with
a factor of (27)™", so there is no excuse for getting the factors of 27 wrong.

Now, in fact we are only really interested in processes with one or two particles in the
initial state (but still an arbitrary number of particles in the final state), corresponding to
decays and 2 — N particle scattering. The relevant physical quantities we wish to calculate
are lifetimes and cross sections. So let’s examine each of these in turn.
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7.1 Decays
For a decay process there is a single particle in the initial state, so

w 1 9

— = —|Ax|*D. 1
Note that the factors of V' have cancelled, as they must in order to have a sensible V — oo
limit. In the particle’s rest frame, we will define the quantity dI' as the differential decay
probability /unit time:

1
dl' = —|A+2D. 1
2Ml«‘lfz! (7.16)

Then the total decay probability /unit time, T, is

r |A|?D. (7.17)

i /
2M all final states

Since the probability of the particle decaying/unit time is I, after a time ¢ the probability

—I't. Therefore, I' = 1/7, where 7 is the particle’s

that the particle has not decayed is just e
lifetime (in natural units). I' is called the “decay width.” If we consider the uncertainty
principle, we see that it does in fact correspond to a width. Since the particle exists for a
time 7, any measurement of its energy (or mass, in its rest frame) must be uncertain by
~ 1/7 =T. Thus, a series of measurements of the particle’s mass will have a characteristic

spread of order I, as indicated in Fig. (28).

>

A

Number of measurements

>
>

M Measured mass

Figure 28: The result of a series of measurements of the mass of a particle with lifetime 7 = 1/T.
The width of the distribution is proportional to I.

7.2 Cross Sections

In a physical scattering experiment, a beam of particles is collided with a target (or an-
other beam of particles coming in the opposite direction), and a measurement is made of
the number of particles incident on a detector. So for an incident flux F =+# of parti-
cles/unit time/unit area, an infinitesimal detector element will record some number dN
scatterings/unit time

dN = Fdo (7.18)
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where do is called the differential cross section. The total number of scatterings per unit
time is then N = Fo, where o is the total cross section. With this definition, we have

differential probability

do = — -
unlg time x unit flux
= Af ' _Dx !
41 BV flux
Al ! »p (7.19)
4B Es |07 — 03 ‘

where ¥ and ¥ are the 3-velocities of the colliding particles, in terms of which the flux is
|v1 — v3|/V. This is easy to see. Consider first a beam of particles moving perpendicular
to a plane of area A and moving with 3-velocity . If the density of particles is d, then
after a time ¢, the total number of particles passing through the plane is

N = || Atd. (7.20)

Therefore the flux is N/At = |v]d. With our normalization, there is one particle in the box
of volume V, so d = 1/V, and the flux is |7|/V. In the case of two beams colliding, the
probability of finding either particle in a unit volume is 1/V, but since the collision can
occur anywhere in the box the total flux is |7 — t|/V? x V = |#; — Ta|/V.

From Eq. (7.19), the total cross section is

1 1

4F o ’UI - UQ‘ all final states

o |Ai|?D. (7.21)

Once again, the factors of V' cancel and the result is well-behaved in the limit T,V — oo.

7.3 D for Two Body Final States

These formulas for the decay widths and the cross sections are true for arbitrary numbers
of particles in the final states. For two particles, there are six integrals to do (d*p1d>ps),
but four of the variables are constrained by the energy-momentum conserving ¢ function
5@ (p1 + p2 — p1), leaving only two independent variables to integrate over. Thus, we can
write D in a simpler form. For a two-body final state,

d3ﬁl dgﬁg 45(4)
v (2m)32E (2m)32F; (2m)70" (p1 + p2 = p1)- (7.22)
In the centre of mass frame, p; = 0, and E; = Er, the total energy available in the process.
Therefore
d*py 3, ) L
D = (27T)32E1 (27.[.)32E2 (277') 0 (pl +p2)(27r)6(E1 + Fy — ET)
d*p
= s, O B B
1
= WTlEQP%dpldQl(%)(;(& + Ey — E7) (7.23)
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where we have performed the integral over ps, and ps = —p; is now implicit. We have also
written d3py = pidpid cos 01ddy = p?dp1dQ, where 0 and ¢ are the polar angles of .

To eliminate the last dependent variable, the § function of energy must be converted
to a d function of p;. Using the general formula

= Y mau o) (7.24)

xo€zeroes of f
to change variables from F; to p;, we must include a factor of
-1

‘8(E1 + E»)
op1

—

Since E? = p? +m?, and E2 = p2 + m? = p? + m? (from py = —py),

0F; _ n 0F, _ P

== == 7.25
Opr  Ei° Opx Eo (7:25)
and so
)O(El + E») _ p1(Eq + Es) _ piEr (7.26)
op1 ErEs E\Ey .

The desired result for a two body final state in the centre of mass frame is therefore

1 prd&y
1672 Ep

(7.27)

In this derivation, we have assumed that the particles A and B in the final state are
distinguishable, because we treated the final states |A(p}), B(p2)) and |A(p2), B(p1)) as
distinct. In fact, if the particles are identical then these states are in fact identical, and
so we’ve double-counted by a factor of 2!. In general, for n identical particles in the final
state, we must multiply D by a factor of 1/n!.

Now let’s apply this to a couple of examples. Going back to our QMD theory, suppose
u? > 4m?, so that the decay ¢ — NN is kinematically allowed. There is only one diagram
contributing to this decay at leading order in perturbation theory, shown in Fig. (29), so
iA = —ig (simple!) and the decay width of the ¢ is

2
g P1
I = =— df)
24 167r2u/ !
2
g pi
= 7.28

since [dQ) =4m. p is straightforward to compute from energy-momentum conservation.
The initial four-momentum is (,u,@) and the final momenta of the nucleons are P; =

( p%+m2’ﬁ1)7 P2:( p%+m27_ﬁ1)7 Soplz\/m/2.

As a second example, we consider 2 — 2 particle scattering in the centre of mass frame.
Since the results which follow are just kinematics and don’t depend on the amplitude A,
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—1 g
Figure 29: Leading contribution to u — NN.

they are valid in any theory. The 3-velocities are 7 = pi/(ym1) = p1/E1, and ¥y =
p2/E2 = —p1/E», so

. 1 1 Ey+E1  piEr

7o — 4 )= — . 7.29
o1 = %3 = p1 (El * E2> p EEy E1Es (7:29)

This leads to ) . £

Dy 1 2
do = ; 7.30
7 4p7lET 1671’2 ET |Afl’ ( )
and so p )
o P

LI Agif? (7.31)

dQ ~ 64m2E2 p;
where p; and py are the magnitudes of the three-momenta of the incoming and outgoing
particles, respectively.

7.4 D for 3 Body Final States

For three body final states, there are nine integrals to do and four constraints from the §
function, leaving five independent variables. The derivation is straightforward but more
lengthy than for the 2 body final state, so we will just quote the result here. If the outgoing
particles have energies E1, Es and Fs3, then we will choose the independent variables to be
Ey, Es, 01,¢1 and ¢19, where ¢15 is the angle between particles 1 and 2. In terms of these
variables,

D dEy dE, d dro (7.32)

2567
in the centre of mass frame. In some cases (such as the decay of a spinless meson), the

amplitude is independent of €27 and ¢19; in this case, we can integrate over those three
variables ( [ dQid¢ro = 872) to obtain

1
D = —dEdEs. .
32r3 TR (7:33)
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8. More on Scattering Theory

Having now gotten a feeling for calculating physical processes with Feynman diagrams, we
now proceed to put scattering theory on a firmer foundation. To do that, it is useful first
to think a bit about Feynman diagrams in a somewhat more general way than we have
thus far.

8.1 Connected and Amputated Diagrams

In the previous section, we noted that at O(g?) in perturbation theory, contracting all the
fields gives us the “vacuum bubble” shown in Fig. 16. Since this doesn’t contribute to a
scattering process, we neglected it. However, the graph does contribute to the “scattering”
process of the vacuum state in the far past to the vacuum state in the far future; that is,
the matrix element (0[S|0).

This is a peculiar result! In a theory with energy and momentum conservation, if you
start out in the vacuum you should stay in the vacuum state with unit probability (in
Latin, ex nihilo nihil fit). However, one can show that if the interaction is turned on for a
finite time T, the effect of adding up all these vacuum bubbles is simply a phase?:

(015]0) = exp (—iET) . (8.1)

Aha! This is just the usual Schrodinger evolution of a state with energy Ey! The problem
is that when you turn on interactions, the zero particle state is no longer the state of lowest
energy of the theory - the vacuum state is instead a very complicated state containing lots
of virtual nucleon-antinucleon-meson states. Since by fiat (and normal ordering) we set the
energy of the zero particle state in the noninteracting theory to be zero, the energy of the
true interacting vacuum is not zero, but FEj.

This sounds like a problem. When we scatter particles, we are scattering them in the
background of the true vacuum, not the noninteracting vacuum. For example, at O(g*) in
perturbation theory we would expect to have to include graphs like Fig. 30, while at higher
orders we would include all other possible vacuum bubbles. These are called disconnected

S

Figure 30: A disconnected diagram.

diagrams. The bubble graphs tell us how the true vacuum state | ) is related to the 0-
particle state |0), and since they involve no internal or external particles, are the same no
matter what scattering graph they are added onto. However, as we will argue in the next

9See Peskin & Schroeder, section 4.4, for a more thorough discussion and proof of this.
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section, there is a simple fix: if we simply agree not to include disconnected diagrams when
we calculate scattering amplitudes, we will get the correct scattering amplitude in the true
VaACUUM.

A similar effect occurs for the single particle states. If we naively calculate the graph in
Fig. 31 we will get infinity, since the nucleon line after the bubble is an on-shell propagator,
i/0. T won’t discuss these diagrams in detail in this course, but they are related to the
fact that the single particle states in the free theory are not the same as the single particle
states in the interacting theory. In particular, the energy in the meson field surrounding
the nucleon will shift the energy (and hence the mass) of the single nucleon state. More
subtly, these diagrams will also change the amplitude for the nucleon field to annihilate
or create single nucleon states. As you will show next semester, when these two effects
are properly taken into account, you will get the correct result for scattering amplitudes
by neglecting diagrams of the form in Fig. 31, with loops on external lines. We refer to
diagrams in which all loops on external lines have been cut off as “amputated”.

In the rest of this chapter we will justify these two claims, as well as giving a more
formal discussion of Feynman diagrams.

Figure 31: An un-amputated diagram.

8.2 Feynman Diagrams, S-matrix elements and Green’s Functions

Up to now, we’ve had a rather straightforward way to interpret Feynman diagrams: with all

the external lines corresponding to physical particles and satisfying the mass-shell condition
2

p? = mj, they correspond to S matrix elements. In this section we will find it useful to
generalize our notion of Feynman diagrams to include diagrams where the external legs are
not necessarily on the mass shell (that is, for external momenta which do not necessarily
obey p? = m?) Clearly, such quantities do not directly correspond to .S matrix elements.
Nevertheless, they will turn out to be extremely useful objects.

Let us denote the sum of all Feynman diagrams with n external lines carrying momenta
ki,...,k, directed inward by

é(n)(klv R kn)

as denote in the figure for n = 4. (For simplicity, we will restrict ourselves to Feynman
diagrams in which only one type of scalar meson appears on the external lines. The
extension to higher-spin fields is straightforward; it just clutters up the formulas with
indices). The question we will answer in this section is the following: Can we assign any
meaning to this blob if the momenta on the external lines are unrestricted, off the mass
shell, and maybe not even satisfying k1 + ko + ks + ks =07
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Figure 32: The blob represents the sum of all Feynman diagrams; the momenta flowing through
the external lines is unrestricted.

In fact, we will give three affirmative answers to this question, each one of which will
give a bit more insight into Feynman diagrams.

8.2.1 Answer One: Part of a Larger Diagram

The most straightforward answer to this question is that the blob could be an internal part
of a more complicated graph. Let’s say we were interested in calculating the graphs in Fig.
33(a-d), which all have the form shown in Fig. 33(e), where the blob represents the sum
of all graphs (at least up to some order in perturbation theory). Recalling our discussion

\\ \\
\\
(a) (b)
Figure 33: The graphs in (a-d) all have the form of (e).

of Feynman diagrams with internal loops, we would label all internal lines with arbitrary
momenta and integrate over them. So if we had a table of blobs, we could simply plug it
into this graph, do the appropriate integrals, and have something which we do know how
to interpret: an S-matrix element.

So this gives us a sensible, and possibly even useful, interpretation of the blob. Before
we go any further, we should choose a couple of conventions. For example, we could include
or not include the n propagators which hang off G(ky, ..., k,). We could also include or
not include the overall energy-momentum conserving d-function. We’ll include them both.
Fig. 34 shows a few contributions to G (ky, ko, ks, k4).

One simple thing we can do with these blobs is to recover S-matrix elements. We
cancel off the external propagators and put the momenta back on their mass shells. Thus,
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by ky
(2 ]{3]_> <_k34 ]{3] — (—]{32 k] — <—k3
G )(k1:k25k3:k4) - = + + +O(gg)

ko ks

1
m@”) 5 (ky+ks)

m“‘ (2 permutations)

Figure 34: Lowest order contributions to 6(4)(]@‘1, ko, ks, ky).

we get
k2 —
1

4 2
(kg ka |(S = 1) k1, ko) = [ [ PG (—ks, —ka, by, ). (82)
r=1
Because of the four factors of zero out front when the momenta are on their mass shell, the
graphs that we wrote out above do not contribute to S — 1, as expected (since they don’t
contribute to scattering away from the forward direction).

8.2.2 Answer Two: The Fourier Transform of a Green’s Function

We have found one meaning for our blob. We can use it to obtain another function, its
Fourier transform, which we can then give another meaning to. Using the convention for

Fourier transforms,

4 ~
f(w)—/d)f()m

/d4xf e~ ke (8.3)

(again keeping with our convention that each dk comes with a factor of 1/(2)), we have

() d'ky d'ky ~ “(n)
G"(x1,...,zpy) = ani ) @ 7 exXp(iky - x1 4+ ..+ ikn - 20)G (K1, k) (844)

(hence the tilde over G defined in momentum space).
Now, consider adding a source to any given theory,

L — L+ p(x)p(zx) (8.5)

where p(z) is a specified c-number source, not an operator. As you showed in a recent
problem set, this adds a new vertex to the theory, shown in Fig. 35.

~—k

——X
ip(k)

Figure 35: Feynman rule for a source term p(x).
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Now, consider the vacuum-to-vacuum transition amplitude, (0]S]0), in this modified
theory. At n’th order in p(x), all the contributions to (0|S|0) come from diagrams of the
form shown in the figure.

Figure 36: n’th order contribution to (0|S|0) in the presence of a source.

Thus, the n’th order (in p(z)) contribution to (0|S]0) to all orders in g is

i [ d o ; ;

n!

The reason for the factor of 1/n! arises because if I treat all sources as distinguishable, I
overcount the number of diagrams by a factor of n!. Thus, to all orders, we have

S d*k _
— ] —— " 5(— 5(— (n)
1+n§1n!/(2ﬂ')4”'/(2ﬂ)4p( kl)"'p( kn)G (kla"'akn)

= 1+Zn!/d4x1...d4xnp(x1)...p(xn)G( N1, x). (8.7)
n=1

(01510)

This provides us with the second answer to our question. The Fourier transform of the sum
of Feynman diagrams with n external lines off the mass shell is a Green’s function (that’s
what the G stands for). Recall we already introduced the n = 2 Green’s function (in free
field theory) in connection with the exact solution to free field theory with a source.

Let’s explicitly note that the vacuum-to-vacuum transition ampitude depends on p(x)
by writing it as

(015]0),.

(015]0), is a functional of p, which is how mathematicians denote functions of functions.
Really, it is just a function of an infinite number of variables, the value of the source at
each spacetime point. It comes up often enough that it gets a name,

Zlp) = (015]0),. (8.8)

(The square bracket reminds you that this is a function of the function p(x).) Z|p] is called
the generating functional for the Green’s function because, in the infinite dimensional
generalization of a Taylor series, we have

5" Zlp]
op(z1) .. 6p(zn) | ,—0

= "G (xy,...,x,) (8.9)
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where the ¢ instead of § once again reminds you that we are dealing with functionals here:
you are taking a partial derivatives of Z with respect to p(z), holding a 4 dimensional
continuum of other variable fixed. This is called a functional derivative. As discussed
in Peskin & Schroeder, p. 298, the functional derivative obeys the basic axiom (in four
dimensions)

J

Wj(y) =60 —y), o (sjm /d4y JW)e(y) = ¢(x). (8.10)

This is the natural generalization, to continuous functions, of the rule for discrete vectors,

0 0
%:Ej = (5Zj, or % Z.I‘jkj = ki. (8.11)
% i J

The generating functional Z[.J] will be particularly useful when you study the path integral
formulation of QFT in the spring.

The term “generating functional” arises in analogy with the functions of two variables,
which when you Taylor expand in one variable, the coefficients are a set of functions of the
other. For example, the generating function for the Legendre polynomials is

1
f@2) = e (8.12)

since when expanded in z, the coefficients of 2" is the Legendre polynomial P, (x):

1
flz,2) =1+z2+ 5(33:2 —1)22+...

= Py(z) + 2Py (x) + 22 Py(z) + .. .. (8.13)
Similarly, when Z[p] in expanded in powers of p(z), the coefficient of p™ is proportional to
the n-point Green’s function G() (z1,...,2y). Thus, all Green’s functions, and hence all
S matrix elements (and so all physical information about the system) are encoded in the
vacuum persistance amplitude in the presence of an external source p.
8.2.3 Answer Three: The VEV of a String of Heisenberg Fields

But wait, there’s more. Once again, let us consider adding a source term to the theory.
Thus, the Hamiltonian may be written

Ho +Hr — Ho +Hi — p(z)p(z) (8.14)

where H is the free-field piece of the Hamiltonian, and H; contains the interactions. Now,
as far as Dyson’s formula is concerned, you can break the Hamiltonian up into a “free”
and “interacting” parts in any way you please. Let’s take the “free” part to be Ho + Hy
and the interaction to be py. I put quotes around “free”, because in this new interaction
picture, the fields evolve according to

(T, 1) = eMp(&,0)e (8.15)
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where H = [ d3z (Ho + H1). These fields aren’t free: they don’t obey the free field equa-
tions of motion. You can’t define a contraction for these fields, and thus you can’t do
Wick’s theorem. They are what we would have called Heisenberg fields if there had been
no source, and so we will subscript them with an H.

Now, just from Dyson’s formula, we find

Zlp) = {015 0), = (0T exp ( / d4xp<x>soH<x>) 10) (8.16)

= 1—1-2:1?::/d4x1...d43:np(x1)...p(mn)<O\T(g0H(:n1)...(pH(xn))\0)

and so we clearly have

G (21, ... 2n) = (O|T (pr(z1) ... 0r(x)) ] 0). (8.17)

For n = 2, we have the two-point Green’s function (0|7 (¢x(z1)em(z2))|0). This looks
like our definition of the propagator, but it’s not quite the same thing. The Feynman
propagator was defined as a Green’s function for the free field theory; the two-point Green’s
function is defined in the interacting theory. One of the tasks of the next few sections is to
see how these are related.

8.3 Scattering in the True Vacuum

From the discussion in the previous section, we have three logically distinct objects:

1. S-matrix elements (the physical observables we wish to measure),
2. the sum of Feynman diagrams (the things we know how to calculate), and
3. n-point Green’s functions, defined by Eq. (8.9) or, equivalently, (8.17).

By thinking about scattering naively (introducing a turning on and off function to make the
interaction vanish in the far past and distant future, and hoping everything holds together
when we take the appropriate limits), we could show that these were all related. Now we
want to get rid of that crutch, and define perturbation theory in a more sensible way. The
question we will then have to address is, what is the relation between these objects in a
more rigorous formulation of scattering theory?

We set up the problem as follows. Imagine you have a well-defined theory, with a
time independent Hamiltonian H (the turning on and off function is gone for good) whose
spectrum is bounded below, whose lowest lying state is not part of a continuum (i.e. no
massless particles yet), and the Hamiltonian has actually been adjusted so that this state,
| ©2), the physical vacuum, satisfies

H|Q) =0. (8.18)

Note that in an interacting theory the true vacuum | Q) is not the same as the 0-particle
state | 0), because of the presence of disconnected bubble graphs. The vacuum is transla-
tionally invariant and normalized to one

P|Q)=0, (Q]Q)=1. (8.19)
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Now, let H — H — p(x)p(z) and define

Zlp] = (2151,
(Q]U (00, —0)| ), (8.20)

where the p subscript again means, in the presence of a source p(z), and the evolu-
tion operator U (t1,t2) is the Schorddinger picture evolution operator for the Hamiltonian
[ d3z (H — p(x)p(x)). We then define

1 0"Zpl
" op(x1) ... 0p(xn) | ,—0 '

G (zy, ... ) = (8.21)

which, using Dyson’s formula just as we did at the end of the last section, is equivalently

G (21, ... x0) = (T (pr(x1) ... or(E)) | Q). (8.22)

Note that this is, at least in principle, different from our previous definitions of Z and G,
which implicitly referred to S matrix elements taken between free vacuum states, with the
interactions defined with the turning on and off function. Thus, we can ask two questions:

1. Is G defined this way the Fourier transform of the sum of all Feynman graphs?
Let’s call the G(™ defined as the sum of all Feynman graphs ng) and the Z which
generates these Zp. The question then is, is G(™ = Ggl)? Or equivalently, is Z = Zg?

The answer will be “almost”: we can compute Green’s functions just as we always
did, as the sum of Feynman graphs, with the added caveat that we neglect all vacuum
bubble diagrams, as we discussed earlier. This is actually rather surprising, since we
derived Feynman rules based on the action of interacting fields on the bare vacuum,
not the full vacuum.

2. Are S matrix elements obtained from Green’s functions in the same way as before?
For example, is
k2 _ FLQ

(ki K|S — 1|k ko) = [ ]~ - G(—=k,, =k, k1, ko)? (8.23)

a

The answer again will be “almost.” The problem will be, as we have already discussed,
that in an interacting theory, the bare field pg(z) no longer creates mesons with unit
probability. The formula will hold, but only when the Green’s function G is defined
using renormalized fields ¢ instead of bare fields.

First we will answer the first question: Is G(") = ng)? Our answer will be similar to
the derivation of Wick’s theorem on pages 82-87 of Peskin & Schroeder, which you should
look at as well.

The object which had a graphical expansion in terms of Feynman diagrams was

t+—Fo0

Zelp) = mn_0(Texp (=i [ s = padonta))) 0) (s.24)
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where I remind you that | 0) refers to the bare vacuum, satisfying Hp|0) = 0. Instead, let
us consider the following object:

=t IO (U~ oo ]) 10

br—too (0|T exp (—i fttj 7—[1) | 0) (529

where we have divided the the vacuum-to-vacuum S-matrix element (0|S|0), which is just
the sum of all vacuum bubbles. But since the vacuum bubbles are independent of the
initial and final states, they are universal for all diagrams, and so dividing Zg by (0|S5]0)
cancels the effects of the vacuum bubbles. Z7, is therefore simply the sum of all Feynman
diagrams, ignoring vacuum bubbles.

To get Gg?) (x1,...,2p), we do n functional derivatives with respect to p and then set
p =
n) 0T |er(x1)...e1(xn) exp (—thtj H[)] | 0)
Gp'(z1,...,2p) = lim : (8.26)
tamkoo (O[T exp (=i [ #1) |0)

Now, we have to show that this is equal to Eq. (8.22). This will take a bit of work.
First of all, since Eq. (8.26) is manifestly symmetric under permutations of the z;’s,
we can simply prove the equality for a particularly convenient time ordering. So let’s take

1>ty >...>1, (8.27)

In this case, we can drop the T-ordering symbol from G(”)(xl, ..., Ty). Now, since

tp
Ur(ty, tq) = Texp <—2/ d4$7-{1> (8.28)
ta

is the usual time evolution operator, we can express the time ordering in Ggf) as

(n) . 01U+, t1)er(21)Ur(t1, t2) pr(@2) - - . pr(zn)Ur(tn, t-)| 0)
“ o n) — 1
GF (3717 y L ) tiinzéoo <0|U1(t+7t—)|0>

(8.29)
Now, everywhere that U;(ts,t5) appears, rewrite it as Uy(tq,0)Ur(0,15), and then use the
relation between Heisenberg and Interaction fields,

(@) = Us(ti,0) o1 (2:)Ur(t;, 0)
= U[(O,ti)(p](:ti)U[(ti,O) (8.30)

to convert everything to Heisenberg fields, and get rid of those intermediate U’s:

G (o ) = lim (01Ur(t4, 0)pm (x1)er(@2) - - - pr(xn)Ur(0, )] 0)
e = (007 (t+.0)U7(0,-)] 0)

(8.31)

Let’s concentrate on the right hand end of the expression, Ur(0,¢_)|0) (in both the numer-
ator and denominator), and refer to the mess to the left of it as some fixed state (¥ |. First
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of all, since Hy|0) = 0, we can trivially convert the evolution operator to the Schrédinger
picture,

(W[U7(0,¢-)[0) = (W U1(0,1-) exp(itpt-)[ 0) = lim (¥ |U(0,¢-)]0). (8.32)

lim lim
t_—o0 t_—o00

Next, insert a complete set of eigenstates of the full Hamiltonian, H,

im (@U(0,12)[0) = Tim (W [U(0,¢-) ||2)(Q]+ ) [n)(n]| |0)
n#0
= (UQ)Q0) + lim 3" e (W] n)(n|0) (8.33)
n#0

where the sum is over all eigenstates of the full Hamiltonian except the vacuum, and we
have used the fact that H|Q) = 0 and H|n) = E,|n), where the E,’s are the energies of
the excited states.

We're almost there. This next part is the important one. The sum over eigenstates is
actually a continuous integral, not a discrete sum. As t_ — —oo, the integrand oscillates
more and more wildly, and in fact there is a theorem (or rather, a lemma - the Riemann-
Lebesgue lemma) which states that as long as (¥|n)(n|0) is a continuous function, the
sum (integral) on the right is zero.

The Riemann-Lebesgue lemma may be stated as follows: for any “nice” function f(x),

lim bf(a:) { Sin“:”} = 0. (8.34)

p—oo [ COS Ux

It is quite easy to see the graphically, as shown in Fig. 37. Physically, what the lemma is

Figure 37: The Riemann-Lebesgue lemma: f(x) multiplied by a rapidly oscillating function inte-
grates to zero in the limit that the frequency of oscillation becomes infinite.

telling you is that if you start out with any given state in some fixed region and wait long
enough, the only trace of it that will remain is its (true) vacuum component. All the other
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one and multiparticle components will have gone away: as can be seen from the figure, the
contributions from infinitesimally close states destructively interfere.
So we’re essentially done. A similar argument shows that

(01Ur(t+,0)[ 0)[0) = (O] 2)(2 W) (8.35)

lim
ty—00
and applying this to the numerator and denominator of Eq. (8.31) we find
012 @ pr (1) . .- pr(xa)| ) (2]0)
(01 2) (@ [2){§2]0)
= G (zy,...,x,)
= Z (connected diagrams with n external legs) . (8.36)

G;-Tf)(ml, ceeyTp) =

So there is now no longer to distinguish between the sum of diagrams and the real
Green’s functions.

8.4 The LSZ Reduction Formula

We now turn to the second question: Are S matrix elements obtained from Green’s func-
tions in the same way as before?
By introducing a turning on and off function, we were able to show that

<l17"'7l8|5_llklv"'akT> =

S22l k22l
K Z,“ [ RE i“ GO+ (1, —ls ks K. (8.37)
b=1

a=1

The real world does not have a turning on and off function. Is this formula correct? The
answer is “almost.”

The correct relation between S matrix elements (what we want) and Green functions
(what, as we just showed, we get from Feynman diagrams) which we will derive is called
the LSZ reduction formula. Since its derivation doesn’t require resorting to perturbation
theory, we no longer need to make any reference to free Hamiltonia, bare vacua, interaction
picture fields, etc. So FROM NOW ON all fields will be in the Heisenberg representation
(no more interaction picture), and states will refer to eigenstates of the full Hamiltonian
(although for the rest of this section we will continue to denote the vacuum by | Q) to avoid
confusion)

p(x) = pu(z), [0)=]9). (8.38)

The physical one-meson states in the theory are now the complete one meson states, rela-
tivistically normalized

H|k) = k2 + 12| k) = wi| k), (K |k) = (27)32wp0®) (k — k). (8.39)

The reason the answer to our question is “almost” is because the field ¢ in the La-
grangian does not have the correct amplitude to create and annihilate mesons in the in-
teracting theory. In particular, it is not normalized to create a one particle state from
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the vacuum with a standard amplitude - instead, it is normalized to obey the canonical
commutation relations. For free field theory, these two properties were equivalent. For
interacting fields, however, the amplitude to create a meson from the vacuum has higher
order perturbative corrections. It is easy to see this diagrammatically. In free field theory,
(k|#(0)]0) = 1, and matrix elements of ¢ between the vacuum and non single-particle states
vanish. Once we include interactions, this is no longer the case - for example, the diagram
in Fig. (29) contributes to the matrix element (N N|¢(z)|0). By conservation of proba-
bility, this means that once you turn on interactions, (k|¢(x)|0) < 1, so in an interacting
theory the fields are not correctly normalized to create mesons.

We can fix this with a simple rescaling. Let us denote the fields in the Lagrangian
which are normalized to obey the canonical commutation relations by g (these are typically
referred to as “bare” fields), and define a rescaled (“renormalized”) field ¢(z) in terms of
po. By translational invariance,

(klp(2)| Q) = (k[eTp(0)e™ | Q) = e (k |(0)| ). (8.40)

By Lorentz invariance, you can see that (k|¢(0)|€2) is independent of k. It is some number,
which for historical reasons is denoted Z'/2 (and traditionally called the “wave function
renormalization” ), and only in free field theory will it equal 1,

ZY?% = (k|(0)| Q). (8.41)

We now can define a new field, ¢, which is normalized to have a standard amplitude to
create one meson'?,

p(a) = Zp0(),  (klp(2)| Q) = ™. (8.42)

However, the renormalized fields still produce multiparticle states from the vacuum. De-
spite this, we can now state the LSZ (Lehmann-Symanzik-Zimmermann) reduction formula:
Define the renormalized Green functions G,

G (21, ... 20) = (T (p(21) . .. p(2)) | Q) (8.43)

and their Fourier transforms, G, In terms of renormalized Green functions, S matrix
elements are given by

S lz _ MQ T kz - MQ ~(T+S)
<11,...,z5\5—1\/<;1,...,kT>:H - H - GUHs) (—ly, ..., —lg k1, ... k)
b=1

a=1

(8.44)

That’s it - almost, but not quite, what we had before. The only difference is that the
S matrix is related to Green functions of the renormalized fields - in our new notation,

197f the free field has a nonvanishing vacuum expectation values, i.e. (0]¢o(z)|0) # 0, we will have to
subtract this off as well.
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the factors of G in Eq. (8.2) should be Gy. Given that it is the renormalized fields o(z)
which create normalized meson states from the vacuum, this is perhaps not so surprising.
What is more surprising is that even the renormalized field ¢(z) creates a whole spectrum
of multiparticle states from the vacuum as well, and that these do not pollute the relation
between Green functions and S-matrix elements. Naively, you might think that the Green
function would be related to a sum of S-matrix elements, for all different incoming mul-
tiparticle states created by ¢(z). However, as we shall show, these additional states can
all be arranged to oscillate away via the Riemann-Lebesgue lemma, much as in the last
section.

8.4.1 Proof of the LSZ Reduction Formula

The proof can be broken up into three parts. In the first part, I will show you how to
construct localized wave packets. The wave packet will have multiparticle as well as single
particle components; however, the multiparticle components will be set up to oscillate away
after a long time. In the second part of the proof, I will wave my hands vigorously and
discuss the creation of multiparticle states in which the particles are well separated in the
far past or future; these will be called in and out states, and we will find a simple expression
for the S matrix in terms of the operators which create wave packets. In the third part
of the proof, we massage this expression and take the limit in which the wave packets are
plane waves, to derive the LSZ formula.

1. How to make a wave packet
Let us define a wave packet | f) as follows:

3 —
= (dkF(k)\ k) (8.45)

-

where F(k) = (k|f) is the momentum space wave function of | f). Associate with each F
a position space function, satisfying the Klein-Gordon equation with negative frequency,

3
f(z) = / (2:)%17(%)6“”, ko = wg, (O+ p?)f(x) =0. (8.46)
Note that as we approach plane wave states, |v) — | k), f(z) — e~FZ,

Now, define the following odd-looking operator which is only a function of the time, ¢
(recall again that we are working in the Heisenberg representation, so the operators carry
the time dependence)

P =1 [ (e 0000 - (7 009(E.0). (8.47)
This is precisely the operator which makes single particle wave packets. First of all, it

trivially satisfies
Qe () =0 (8.48)
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and has the correct amplitude to produce a single particle state | f):

(ko (1) )
d3k’ _, - y
3 —ik'x _ _—ik'x
d3k:' _, o y
’ e W ik
/ d / ey P (e 7 = 00 ) k(o) )
B o
= 2/(2)22WF<]§/)<_%U]§/ — zwk) / d&x el(k —k)-xe—z(wk,_wk)t
T k!
o (8.49)
where we have used o
/d3aj ei(k/_k).f _ (27_‘_)5(3) (E . E/) (8‘50)

and we note that the phase factor e *“r k)t hecomes one once the § function constraint
is imposed (this will change when we consider multiparticle states). Note that this result
is independent of time.

A similar derivation, with one crucial minus sign difference (so that the factors of wy
and wy cancel instead of adding), yields

Q! (1)]k) = 0. (8.51)

Thus, as far as the zero and single particle states are concerned, ¢f (t) behaves as a creation
operator for wave packets. Now we will see that in the limit ¢ — 400 all the other states
created by o/ (t) oscillate away.

Consider the multiparticle state | n), which is an eigenvalue of the momentum operator:

PP n) = pl| n). (8.52)

Proceeding much as before, let us calculate the amplitude for ¢/ () to make this state from
the vacuum:

(n e (1)
K ! —ik’-x —ik’-x

= /d‘5 / IS k:)(n\(g)(x)aoe Kea _ o=k 80cp(x)>\Q)
3K 7 . —ik’-x —ik’-x

=i [ [ TR P (e = W) (o) )

3L/ 1 ] .
— /d3 / d’k (kil) (_iwk/e—zk x e—zk xa()) elpn~;r<n |<,0(0)| Q>

27)2 2wy

37/ e
_ ’L/ (dkF(kZ/)(—iwk/ _ Zp%) /d?)l’ ek —pn)'me—l(wk/—Pg)t<n lp(0)] ©2)

27)2 2wy
0
= o0 Pn g e i =m0t (1 | (0) ) (8.53)
2u@n
where
Wp, = VD2 + p. (8.54)
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Note that we haven’t had to use any information about (n|p(x)| Q) beyond that given by
Lorentz invariance; thus, we haven’t had to know anything about the amplitude to create
multiparticle states from the vacuum. The crucial point is the existence of the phase factor
e~ iwpn =Pt in Eq. (8.53), and the observation that for a multiparticle state with a finite
mass,

Wy, < P2 (8.55)

This should be easy to convince yourself of: a two particle state, for example, can have p'= 0
if the particles are moving back-to-back, while the energy of the state p! can vary between
21 and oo. In contrast, a single particle state with 7= 0 can only have p° = wp = p < J
Thus, for the single particle state the oscillating phase vanishes, as already shown, whereas
it can never vanish for multiparticle states.

So now we have the familiar Riemann-Lebesgue argument: take some fixed state | ),
and consider (¢ |of(t)| Q) as t — do0. Inserting a complete set of states, we find

lim (1 1of ()] Q) = lim | (6]2)(Q1e7 (1))

t—+oo

3
+ [ G W IE I + 3 el 0]9)

27r)32wk or
= @[f)+0 (8.56)

where we have used the fact that the multiparticle sum vanishes by the Riemann-Lebesgue
lemma.

Similarly, one can show that

Jim (@ o/ (8)]9) =0 (8.57)
for any fixed state |v).

Thus, our cunning choice of ¢/ (t) was arranged so that the oscillating phases cancelled
only for the single particle state, so that only these states survived after infinite time. We
have a similar interpretation as before: in the t — —oc limit, ¢/ (¢) acts on the true vacuum
and creates states with one, two, ... n particles. Taking the inner product of this state with
any fixed state, we find that at ¢ = 0 the only surviving components are the single-particle
states, which make up a localized wave packet.

2. How to make widely separated wave packets
The results of the last section were rigorous (or at least, could be made so without a lot of
work). By contrast, in this section we will wave our hands violently and rely on physical
arguments.

We now wish to construct multiparticle states of interest to scattering problems, that
is, states which in the far past or far future look like well separated wavepackets. The

physical picture we will rely upon is that if (k) and F5(k) do not have common support,
in the distant past and future they correspond to widely separated wave packets. Then
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when ¢/2(t) acts on a state in the far past or future, it shouldn’t matter if this state is the

vacuum state or the state | f1), since the first wavepacket is arbitrarily far away. Let us

4 9

denote states created by the action of ¢/2(¢) on | f1) in the distant past as “in” states, and
states created by the action of p/2(¢) on | fi) in the far future as “out” states. Then we

have

lim (o) f1) = | f1, fo)0ut (i) (8.58)

t—o0 (—oo
Now by definition, the S matrix is just the inner product of a given “in” state with
another given “out” state,

Out (o fulfr, f) = (fa, fa1S] f1, fo)- (8.59)

Thus, we have shown that

(f, fa|S| f1, fo) = lim lim lim  lim

tg—o0 t3—00 ta——00t1——00

(T (t2) " (83) 07 (£2)07 (81)] ). (8.60)

3. Massaging the resulting expression
In principle, we have achieved our goal in Eq. (8.60): we have written an expression
for S matrix elements in terms of a weighted integral over vacuum expectation values of
Heisenberg fields. However, it doesn’t look much like the LSZ reduction formula yet, but
we can do that with a bit of massaging.

What we will show is the following

(s f2]S = 1| fr, fo) = / iz . AV £ () £ (28) fol2) fi (1)
x T [@ + ) (QTe(@1) - . p(24)] Q). (8.61)

This looks messy and unfamiliar, but it’s not. If we take the limit in which the wave
packets become plane wave states, | f;) — | k;), fi(z) — €% we have

(K3, k]S — 1| k1, k2) = / d'zy ... d'e, s retihera ik ik

Xi4 H(Dr + /L2)G(4) (ZEl, ce ,:L'4)

ky —p® ~(4)
= T 526G  (ky, kg, —ks, —k), (5.62)
. i
which is precisely the LSZ formula. Note that we have taken the plane wave limit after
taking the limit in which the limit ¢ — +oo required to define the in and out states; thus,
in this order of limits even the plane wave in and out states are widely separated.
Before showing this, let us prove a useful result: for an arbitrary interacting field A
and function f(x) satisfying the Klein-Gordon equation and vanishing as |z| — oo,

i/d4x f@)(O+ p?)A(z) = i/d4w F@)05A(x) + A(2)(=V? + 1?) f ()
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i / d'z f(2)RA(x) — A()3R f (x)

_ / dt 3, / i (f(2)0A() — A2)00f (x))

- _ / dt 9y A’ (t)

— ( lim — lim )Af (t) (8.63)

t——o00 t——+o0

where we have integrated once by parts, and Af(t) is defined as in Eq. (8.47). Similarly,
we can show

i / d*z f*(2)(O 4 p?)Az) = ( lim — lim )AfT(t). (8.64)

t—+00 t——o00

Note the difference in the signs of the limits. We can now use these relations to convert
factors of (O + p?)¢(x) to ¢/ (t) on the RHS of Eq. (8.61). Doing this for each of the x;’s,
we obtain

RHS:< lim — lim >< lim — lim >< lim — lim )
ta——+o0 tg——00 tz——+oc0 t3——00 to——0o0 to—+4o00

< dim = ) @176 (006 22) () o) ),
1——00

t1—+0o0

(8.65)

Now we can evaluate the limits one by one.

First of all, when t4 — —o0, it is the earliest (in the order of limits which we have
taken), and so acts on the vacuum. Thus, according to the complex conjugate of Eq. (8.57),
we get zero. When t4 — +o0, it is the latest, and acts on the vacuum state on the left,
to give (f4|. Similarly, only the ¢35 — oo limit contributes, creating the state 0ut< fa, fal.
Next, taking the two limits of t9, we find

RHS — ( lm — lim )<°ut<f3,f4|<pf1(t1)\fz>

t1——00 t1—+o0

to——400

C lim Oty o (1) ()] Q>> | (8.66)

Unfortunately, we don’t know how ¢/2(ty — 00) acts on a multi-meson out state, and so

it’s not clear what the second term is. Let’s parameterize our ignorance and define
(] = lim (s, falp" (t2). (8.67)
Then taking the ¢; limits, we find

RHS = " (fy fulf1, fo)™ — O fo, fa 1, Fo)ON — (00| f1) + (0 |f1)
= (fs, 218 = 1| f1, f2) (8.68)

as required. Note that we have used the fact (from Eq. (8.56)) that

. (Y 7 (1) Q) = (W 1" ()| Q) = (W | f1)- (8.69)

lim
t1——0o0
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So that’s it - we’ve proved the reduction formula. It was a bit involved, but there are
a few important things to remember:

1. The proof relied only on the properties
(Qp(0)[ ) =0, (k|p0)[2)=1. (8.70)

No other properties of ¢ were assumed. In particular, ¢ was not assumed to have
any particular relation to the bare field pg which appears in the Lagrangian - the
simplest relation is Eq. (8.42), but the Green functions of any field ¢ which satisfies
the requirements (8.70) will give the correct S-matrix elements. For example,

G(x) = p(x) + sgp(x)? (8.71)

is a perfectly good field to use in the reduction formula. As a simple test of this,
try making the substitution in Eq. (8.71) for a free field theory and calculate a
scattering amplitude - despite the fact that you will now have a lot of nontrivial
graphs to calculate, you should find that scattering amplitudes in this theory vanish
identically.

Physically, this is again because of the Riemann-Lebesgue destructive interference.
One appropriately renormalized, ¢(0) and ¢(0) only differ in their vacuum to mul-
tiparticle state matrix elements. But this difference just oscillates away - the multi-
particle states created by the field are irrelevant.

Practically, this has a very useful consequence: you can always make a nonlinear field
redefinition for any field in a Lagrangian, and it doesn’t change the value of S-matrix
elements (although it will change the Green functions off shell, but that is irrelevant
to the physics). In some cases this is quite convenient, since some complicated non-
renormalizable Lagrangians may take particularly simple forms after an appropriate
field redefinition.

This is a good result to remember, if only to save a few trees. A lot of papers have
been written (even in recent years) which claim that some particular field is the
“correct” one to use in a given problem. Most of these papers are silly - the authors’
pet form of the Lagrangian has been obtained by a simple nonlinear field redefinition
from the standard form, and so is guaranteed to give the same physics.

2. We can also use the same methods as above to derive expressions for matrix elements
of fields between in and out states (remembering that the S matrix is just the matrix
element of the unit operator between in and out states). For example,

out<k17 o 7kn |A(:L‘)| Q) _ /d41‘1 o d4l’n eik1'ﬂc1+...+ikn-xn

xq" H (O + 1) T(Q |p(21) . . . p(zn) A2)| ) (8.72)
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for any field A(x). Substituting the expression for the Fourier transformed Green
function, the matrix element can be calculated in terms of Feynman diagrams:

4 o2 2
out _ Ak g ki —p ~(2,1) )
(k1,... kn|A(2)] Q) _/(%)4@ [:[1 =Gk, k) (8.73)
where G(Q’l)(xl, ..., xp;x) is the Green function with n ¢ fields and one A field.

. In principle, there is no problem in obtaining matrix elements for scattering bound
states - you just need a field with some overlap with the bound state, which can then
be renormalized to satisfy Eq. (8.70). For example, in QCD mesons have the quantum
numbers of quark-antiquark pairs. So if ¢(z) is a quark field and g(z) an antiquark
field, g(x)g(z) should have a nonvanishing matrix elements to make a meson. So
“all” you need to calculate for meson-meson scattering from QCD is

T (gq) r(x1)(@q) r(22)(@q) r(23)(Gq) r(24)] €2) (8.74)

where the renormalized product of fields satisfies (meson |(gq) g(0)| ©2) = 1. Of course,
nobody can calculate this T-product since perturbation theory fails for the strong
interactions, but that’s not a problem of the formalism (as opposed to the turning
on and off function, which had no way of dealing with bound states). One could use
perturbation theory to calculate the scattering amplitudes of an ete™ pair to the
various states of positronium.
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9. Spin 1/2 Fields

9.1 Transformation Properties

So far we have only looked at the theory of an interacting scalar field ¢(z). Recall that since
¢ is a scalar, under a Lorentz transformation xz# — 2'* = A*, 2", ¢ transforms according
to

¢(z) = ¢/ (x) = p(A™'2). (9.1)
This simply states that the field itself does not transform at all; the value of the field at
the coordinate = in the new frame is the same as the field at that same point in the old
frame. In general, ¢ could have a more complicated transformation law. For example, we
could have four fields ¢*, u = 1..4, which make up the components of a 4-vector. In this
case, ¢* will transform under a Lorentz transformation as

¢H(x) — ¢ (x) = A*, 0" (A ). (9:2)
In general, a field will transform in some well-defined way under the Lorentz group,
¢a() = Dap(N)pp(A™ ). (9.3)

If ¢, has n components, Dg(A) is an n X n matrix. The matrices D(A) form an n-
dimensional representation of the Lorentz group: if Ay and As define two Lorentz transfor-

mations,

> " Day(A1)Dpe(A2) = Dac(A1Ay). (9.4)
b

In addition, D(A™') = D(A)~!, and D(1) = I, the identity matrix.

We are interested in describing particles of spin 1/2. From our previous experience
in quantum mechanics, we already know how such objects transform under rotations, a
subgroup of the Lorentz group. A spin 1/2 state | 1) has two components:

o= (12)

The spin operators S;, S, and S, are given by
S, = %am, S, = %ay, S, = %O’Z (9.6)

where o0,, 0y and o, are the Pauli matrices

(O (U D) e (00 )

For a particle with no orbital angular momentum, the total angular momentum J is just
given by the spin operators. In general, rotations are generated by the angular momentum
operator J: 1! a general state | 1)) transforms under a rotation about the é axis by an angle
0 as

|9) = Ur(é,0)| ¢) (9-8)

"See, for example, Cohen-Tannoudji, Diu and Laloé, Quantum Mechanics, Volume 1, Chapter VI (espe-

cially Complement Byr).
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where the rotation operator

Ur(é,0) = e=/¢ (9.9)
is unitary. Therefore, a state with total angular momentum 1/2 transforms under this
rotation as'?

|9) = e 7O ) (9.10)
so the matrices

o —i3e0/2

form the spinor representation of the rotation group. Hence, a quantum field u which
creates and annihilates spin 1/2 particles will transform under rotations according to

W () = Ubu(z)Ug = e~/ 2y(R™1x) (9.11)

where R is the rotation matrix for vectors, and we are suppressing spinor indices.

In a relativistic theory, we must determine the transformation properties of spinors
under the full Lorentz group, not just the rotation group. The most satisfying way to
do this would be to pause for a moment from field theory and develop the theory of
representations of the Lorentz group. We could find all possible representations of the
group, and then finally restrict ourselves to the spinor representation. But since we have
only a small amount of time, and since we are really not interested in any representations
of the Lorentz group beside the scalar, vector (both of which we already understand) and
spinor representations, corresponding to particles of spin 0, 1 and 1/2 respectively, we
will simply introduce a nice trick for obtaining the spinor representation from the vector
representation. This is not generalizable to other representations, but it will serve our
purposes.

Let us return to the rotation subgroup of the Lorentz group. The rotations are the

group of transformations (z,y, z) — (2, 9/, 2’) which leave 7? = 22 + 32 + 22 invariant (and
which retain the handedness of the coordinates, so we do not include reflections). We can

assemble the components of a 3-vector into a two by two traceless Hermitian matrix

X = < : x_zy) = z00. (9.12)

T+ 1y —z

a
A two by two complex matrix <
c

complex entry). Hermiticity requires Rea = Red, Ima = Imd = 0, Reb = Rec and

b
d> has eight independent components (two for each

Imb = —Imc, reducing the number of independent components to four, and tracelessness
reduces this to three, so Eq. (9.12) is the most general form for a two by two traceless
Hermitian matrix. Consider the transformation X’ = UXUT, where U is a two by two
unitary matrix with unit determinant. Then X’ is also a traceless, Hermitian matrix

TrX' = TrUXUT = oUTUX = Tr X
t
X't = (UXUT) = X' (9.13)

2Recall that the exponential of a matrix M is defined by the power series e™ = 1-4+M+M?/214+M3 /3!+....
This is only equal to the exponential of the entries in the matrix if M is diagonal.
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so in general we can write it as

2! ' — iy
X' = . 9.14
(v "2 (0.14)
Since
detX’ = detUdet XdetUT = detX (9.15)
we have
2?4y + 2% =2yt 22 (9.16)

so this is another way of writing the transformation law of a vector under rotations. It is
easy to show by direct matrix multiplication that

U = e 10e0/2 (9.17)

is the appropriate transformation matrix for a rotation about the é axis.
The U’s by themselves form a two-dimensional represenation of the rotation group, and
a spinor is defined to be a two-component column vector which transforms under rotations
through multiplication by U:
u' = Uu. (9.18)

This agrees with our previous assertion, Eq. (9.10).
We can extend this construction to the whole connected Lorentz group. Removing the
tracelessness condition on X increases the number of free parameters by one, so it now

X:(HZ x_iy). (9.19)

x4y t—=z

takes the general form

Now consider the transformation
X' =QxQT (9.20)

where @ is no longer required to be unitary, but still det Q = 1. Then under the transfor-
mation Eq. (9.20), detX = detX’, so

t/2 _ .1/'/2 _ y/2 _ 212 — t2 _ xQ _ yQ _ 22 (921)

and so the transformation corresponds to a (proper!3) Lorentz transformation. We note
that the matrix ) has six independent parameters, which is the same as a proper Lorentz
transformation (three independent rotations and three independent boosts).

Consider the transformation of the 4-vector (1,0) under a boost in the # direction,

(1,0) = (v, =42 — 12), (9.22)

It is convenient to introduce the parameter ¢, defined by

cosh¢ =+, sinh¢=—/72—-1 (9.23)

3The proper or connected Lorentz transformations do not include reflections or time reversal. Any proper

Lorentz transformation may be written as a product of a rotation and a boost.

- 114 —



where 7 = v/v2 — 1 parameterizes the boost. Then the vector transforms as
(1,0) — (cosh ¢, sinh ¢). (9.24)

It is straightforward to verify that in our matrix representation, this boost corresponds to
the transformation matrix @), = exp(0.¢/2) (note that there is no i in the exponential; @,
is Hermitian, not unitary, so Qi =Q.):

X' = €¢UZ/QX€¢JZ/2

e?2 1 0\ /e??2 0
:( 0 e—¢/2> <0 1>< 0 e—¢/2)
e? 0
(5 %)

_ <cosh ¢ + sinh ¢ 0 >

9.25
0 cosh ¢ — sinh ¢ ( )

and so t' = cosh ¢ and 2’ = sinh ¢, as required. In general, you can verify that a boost in
the é direction is given by
Q = e79/2, (9.26)

The @’s, the group of unitary two by two matrices with unit determinant (including the
rotation matrices U) form a representation of the connected Lorentz group. Under a boost,
a spinor transforms as u — Qu.

This construction is not unique. If we have a set of matrices Q(A) which form a
representation of a group, so do the matrices Q*(A), as do the matrices SQ*(A)ST for some
unitary matrix S. This is easy to verify; for example, the new representation preserves the
group multiplication rule:

SQ*(A1)STSQ* (A2)ST = S[Q(A)Q(A)]* ST = SQ*(A1A2)ST (9.27)

where we have used the fact that the @)’s form a representation. However there may or
may not be any physical difference between the two representations. Two representations
@ and @ are said to be equivalent if there is some unitary matrix S such that

Q(A) = 5Q(A)S" (9-28)

for all transformations A. This is physically sensible because if two representations are
equivalent, I can always transform an object u transforming under one representation to
one transforming under the other representation by performing the change of basis

u — Su. (9.29)

There is no physics in a change of basis, so a set of fields transforming under @) are physically
equivalent to a set of fields transforming under (. On the other hand, if no such matrix
S exists, then the two representations are inequivalent, and there is a physical difference
between fields transforming according the two representations. We will see a practical
illustration of this shortly.
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For the Lorentz group, the two representations ) and Q* are, in fact, inequivalent.
Therefore there are two different types of spinor fields we can define; those which transform
according to ) and those which transform according to *. However, for the rotation
subgroup, U and U* can be shown to be equivalent representations, with S = ios:

0 1 0 -1
U(R) = iooU*(R)(ioy)! = U*(R) (9.30)
-1 0 1 0
for all rotation matrices U(R) = exp(—ic - é0/2). This is why we never encountered two
different types of spinors when dealing only with rotations. However, for boosts, it can be
shown that

io9 (ef‘?'éd’/z)* (iog)t = e769/2 oL =20/2 (9.31)

and so the two representations Q and SQ*ST of the Lorentz group are not equivalent.
Thus we can define two types of spinors which we shall denote by u4+ and u_. They
transform in the same way under rotations,

Uy — €700/, (9.32)
but differently under boosts
uy — €T 2 (9.33)

In group theory jargon, u, is said to transform according to the D(0:1/2) pepresentation of
the Lorentz group and u_ transforms according to the D(/2:0) representation.

In order to construct Lorentz invariant Lagrangians which are bilinear in the fields, we
shall need to know how terms bilinear in the u’s transform. Not surprisingly, since in some

sense the spinors were the “square roots” of the vectors, we can construct four-vectors from

pairs of spinors. First consider the bilinear u1u+. Under a Lorentz transformation,

ui_u+ — ULQTQU_;,_. (9.34)

If Q is purely a rotation, Q = Q™' (Q is unitary) so uiqu — ulu+. Therefore it is a

scalar under rotations (but not under Lorentz boosts). The three components of
ul Fuy = (ul f f 9.35
Youy = (ufopuy,uloyuy,ulouy) (9.35)

form a three-vector under rotations (I have left this as an exercise for you to show).
Putting these together, you should also be able to show that the four components of

VH = (u1u+,u16u+) (9.36)
form a four-vector. A similar construction shows that the components of
W = (ulu_, —ul Gu) (9.37)

transform as a four vector under a proper Lorentz transformation.

- 116 —



9.2 The Weyl Lagrangian

We will now promote our spinors to fields, that is spinor functions of space and time,
transforming under Lorentz transformations according to

Uy (x) = Up(A)Tuy (2)Up(A) = D(A)uy (A ) (9.38)

and similarly for u_, where Uj(A) is the unitary operator corresponding to Lorentz trans-
formations,

Ux(A)| k) = | AK). (9.39)

Note that the u’s are complex fields. We can now construct a Lagrangian for u,, keeping
in mind the following restrictions:

1. The action S should be real. This is because we want just as many field equations
as there are fields. By breaking up any complex fields into their real and imaginary
parts, we can always think of S as being a function only of a number of real fields,
say N of them. If S were complex, with independent real and imaginary parts, then
the real and imaginary parts of the resulting Euler-Lagrange equations would yield
2N field equations for N fields, too many to be satisfied except in special cases (see
Weinberg, The Quantum Theory of Fields, Vol. 1, pg. 300).

2. L should be bilinear in the fields, to produce a linear equation of motion. In the
absence of interactions, we want uy to be a free field with plane wave solutions,
which requires linear equations of motion.

/\U+, UL —

3. L should be invariant under the internal symmetry transformation u; — e~
e“‘ui. This is because we want to have some contact with the real world, and all
observed fermions carry some conserved charge (like baryon number or lepton num-

ber).

We'’ve already seen that bilinears in w4 and ul form the components of a four-vector; to
make this a scalar we have to contract with another vector. The only other vector we have
at our disposal is the derivative 0,. Hence, the simplest Lagrangian we can write down
satisfying the above requirements is

L=i (ui@om + ui&’ . ﬁqu) . (9.40)

The i in front is required for the action to be real, which you can verify by integrating by
parts. The sign of £ is not fixed; we will take it at this point to be +. We will see later on
that this theory has problems with positivity of the energy no matter what sign we choose,
so we will defer the discussion to a later section.

The Lagrangian Eq. (9.40) is called the Weyl Lagrangian. We can get the equation of

motion by varying with respect to ul:

m, = —=__ —0 9.41
W 0,ul) (941)
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so the equation of motion is

oL

ot = 0= (o +7 V)uy =0. (9.42)
Uy

Multiplying this equation by dy — & - V and using the relation

0;0j = ZZ €ijk0k + 0ij (9.43)
k
gives us (¢ - V)2 = V2 and so
(88 - V*) us = Ouy =0, (9.44)

Remember that uy is a column vector, so both components of u; obey the Klein-Gordon
equation for a massless field.
Defining the energy to be positive,

ko = \/| k|2 (9.45)

there are two solutions for uy (x):

—ik-x

ug(z) = uye  ug(z) = vpeth® (9.46)

where uy and vy are constant 2 component spinors. Based on our previous experience
with complex fields, we expect that when we quantize the theory, u, will multiply an anni-
hilation operator for a particle and v; will multiply a creation operator for an antiparticle.
Substituting the positive energy solution into the Weyl equation gives

8y + & - V)ug () = (—iko + iG - K)uy(z) =0 (9.47)

and so
(ko — G- K)uy = 0. (9.48)

Consider k to be in the # direction, k = ko2. Then we have (1—-0,)uy =0, 0r

s (é) . (9.49)

What does this tell us about the states of the quantum theory? Well, in the quantum
theory we expect that uy will multiply an annihilation operator. Consider a state | k)
moving in the positive z direction, k = (0,0, k,), ko > 0. Then we expect that

s R e () (9.50)

or

Ol R o). (9.51)
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It will turn out that this state is in an eigenstate of the z component of angular momentum,
Jy:
Jo| kY = A k). (9.52)

It is straightforward to find A. Since u is a spinor field, we know how it transforms under
rotations about the z axis by an angle 6,

Ub(2,0)us (0)UR(2,8) = e=7=/2u  (0) (9.53)
and therefore

(0Ufur (0)Ur| k) = (0]e™7=%/*u (0)| k)

. 1 . 1
—i0,0/2 _ —i0/2 4
x e (O> e <0> . (9.54)

Ur|k) = e ™[ k)

But since

Ur|0) = [0) (9.55)
we also have
tora 5 —iXg —ing (1
O UK ORI F) = 0y @R xe ™ (1) (950
and so
A=1/2. (9.57)

Therefore in the quantum theory the annihilation operator multiplying u4 will annihilate
states with angular momentum 1/2 along the direction of motion. Similarly, we can show

that
1
Vo X
+ e

and that v; will multiply a creation operator that creates states with angular momentum
-1/2 along the direction of motion.

Therefore, the quanta of this theory consist of particles carrying spin +1/2 in the di-
rection of motion and antiparticles carrying spin —1/2 in the direction of motion, while
there are no corresponding states with particles (antiparticles) carrying spin antiparallel
(parallel) to the direction of motion (since there is no corresponding solution to the equa-
tions of motion for the fields). These states don’t look much like electrons, since electrons
(or any other massive spin 1/2 particle) can have spin either parallel or antiparallel to the
direction of motion. In fact, it is not consistent for a massive particle to have only one spin
state, since for a massive particle it is always possible to boost to a frame going faster than
the particle. In this frame, the particle’s 3-momentum is in the opposite direction but its
spin is unchanged. Thus, if the spin was parallel to the direction of motion in one frame,
it is antiparallel in the other.

Thus, spin along the direction of motion is only a good quantum number for massless
particles, and is usually called the helicity of the particle. Spin is usually reserved for
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massive particles to describe their angular momentum in the rest frame. A particle with
positive helicity (along the direction of motion) is referred to as “right-handed,” while if
the helicity is negative (antiparallel to the direction of motion) it is “left-handed.” Thus,
in the quantum theory we expect that u4 (x) will annihilate right-handed particles. Since
the field operator therefore changes the helicity of the state it acts on by —1/2, it should
also create left-handed antiparticles. For the u_(x) field, we would find that it annihilates
left-handed particles and creates right-handed particles.

This doesn’t sound very much like an electron, or a quark, or a proton, or most of
the fermions observed in Nature. It sounds the closest to a neutrino. The masses of the
three types of neutrino observed are very small - less than about 10~7 of the mass of the
electron - so to a good approximation they are massless. Indeed, right-handed neutrinos
and left-handed antineutrinos have never been observed, and so neutrinos are, to a good
approximation, described by the u_ field.

Clearly the Weyl Lagrangian, in distinguishing right and left-handed particles, violates
parity. Under a parity transformation the three momentum of a particle flips sign, while
its spin is unchanged. Thus parity interchanges left and right-handed particles. Similarly,
the Weyl Lagrangian violates charge conjugation invariance, since charge conjugation will
turn a left-handed neutrino into a left-handed antineutrino, which has never been observed.
However, the combined operation of C'P will turn a left-handed neutrino into a right-handed
antineutrino. Thus, although we haven’t quantized the theory to show this explicitly, we
expect that the Weyl Lagrangian violates C' and P separately, but conserves the product
CP.

9.3 The Dirac Equation

This is all very well, but it’s not what we set out to find. We were really looking for a theory
of electrons, which are certainly not massless. Furthermore, the strong and electromagnetic
interactions of electrons are observed to conserve parity (the weak interactions, which we
shall study later, violate parity). Therefore we would like to write down a free field theory
of massive spin 1/2 particles which has a parity symmetry.

We have already argued that parity interchanges left and right-handed fields. Thus we
can define the action of parity on the u fields to be

P:ug(Z,t) = ugp(—2,t). (9.58)

A parity invariant theory must therefore have both types of spinors. The simplest La-
grangian is just
Lo =iul (9o +7-V)uy +iul (8 — - V)u_ (9.59)

but this is nothing more than two decoupled massless spinors. However, it is easy to

check explicitly that uiu_ and qu_u+ transform as scalars under Lorentz transformations.

Therefore we can include the parity conserving term
L=Ly—m (u+u +ul u+>

= iui(@o 7 V)uy + il (8 — - V)u_ —m (uiu_ + uT_u+> (9.60)
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The coupling multiplying the uiu_ term has dimensions of mass, so we have suggestibly
called it m. This is the Dirac Lagrangian, and as we shall see it describes massive spin
1/2 fields. In its current form it doesn’t look the way Dirac wrote it down, but we will be
introducing some slick new notation shortly to put it in a more elegant form.

We can again vary the fields and derive the equations of motion. We find the coupled
equations

Juy = mu_
Ju_— = mu.. (9.61)

Multiplying the first equation by 0y — & - V, we find
(2 — Vuy = —im(9y — & - Vu_ = —mPuy (9.62)
and so each of the components of u; and u_ obeys the massive Klein-Gordon equation
(8,0" + m?)ux(x) = 0. (9.63)

At this point we will introduce some notation to make life easier. We can group the
two fields u4 and u_ into a single four component “bispinor” field :

b = <“+> _ (9.64)

u—

In terms of v, the Dirac Lagrangian is

L = iptoyy +ipta - Vi — myt By (9.65)

&—<§_$),5—<?é> (9.66)

and each entry represents a two-by-two matrix. The equation of motion is

where

i(B+ @ - V) = Bma. (9.67)

This is the Dirac equation. Note that we can get the Dirac equation directly from Eq. (9.65)
from the Euler-Lagrange equations for :

oL

Lot = 50
aE—o ) V-V =0 9.68
ot = 0o + a - Vi —mpy = 0. (9.68)

You just have to remember that 1) is now a four component column vector, and so these
are now matrix equations. If you prefer, you can leave the spinor indices explicit in this
derivation.

In terms of v, a parity transformation is now

P (T, t) — BY(—7,1) (9.69)
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and under a Lorentz boost
) — X020y, (9.70)

Since u4 and u_ transform the same way under rotations, ¥ transforms under rotations as

R:vy— ez'éeip (9.71)
- 7 0
here L =3 (7
where 2\ o &
The a’s and 8 obey the relations

B,a;} =0, {a;, a5} =0 (i #j), 52204%:04%:042:1 9.72
J 3
where {A, B} is the anticommutator of A and B:
{A,B} = AB + BA. (9.73)

Finally, we note that the components of (T4, 1)T@y) form a 4-vector.
This representation is not unique. We could, for example, have defined ¢ by

o= ) o

and all of these results would still hold, except the a’s and 8 would be different. However,
they would still obey the anticommutations relations Eq. (9.72). In this basis (the “Dirac”

a=<2 g) 5:((1] 2) (9.75)

We could define other bases as well. The Weyl basis turns out to be convenient for highly

basis), we find

relativistic particles m < E while the Dirac basis is convenient in the nonrelativistic limit
m > FE. However, as we shall see, in most situations we will never have to specify the
basis. The anticommutation relations Eq. (9.72), which hold in any basis, will be sufficient.

Very shortly we will introduce some even more slick notation which will allow us to
write all of our results in a Lorentz covariant form. However, before proceeding to that let
us finish our discussion of the plane wave solutions to the Dirac equation. We will need
these solutions to canonically quantize the theory, since the plane wave solutions multiply
the creation and annihilation operators in the quantum theory.

9.3.1 Plane Wave Solutions to the Dirac Equation

As in the Weyl equation, take the energy py to be positive, pg = +/|p]? + m2. Then we
have both positive and negative frequency solutions

P(x) = uge” P, p(x) = vyt (9.76)

where u; and vy are constant four component bispinors. Substituting the first solution into
the Dirac equation, we find
(po — @ - Pluy = fmug. (9.77)
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0

For definiteness, we will work in the Dirac basis, so 8 = < 0 1

>. In the rest frame, p=0

and pg = m, so we find

a
b
up = Pug = uy=| (9.78)
0
and so two linearly independent solutions are
1 0
0 1
uél) =V2m o | uéz) =V2m 0 (9.79)
0 0

(The factor of v/2m in the normalization is a convention. Note that Mandl & Shaw do not
include this factor in their definition of the plane wave states.) Now, in both the Dirac and

1 /0, O
SZ_2<O Uz) (9.80)

SO Szug) = +%u§71) and Szué.z) = —%ug). The two solutions correspond to the two spin
states. As we expected, both solutions are present for a massive field.

Weyl bases the spin operator is

Now we use our knowledge of the transformation properties of ¥ to find the the plane
wave solutions when p’'# 0. Instead of solving the Dirac equation for ' # 0, we can just
boost the coordinate system in the opposite direction

ug) = e&'é¢/2ug) (9.81)

where é = p/|p], cosh¢ = v = E/m and sinh ¢ = |p|/m. Using o? = 1 and ;oj = —aja,
we get

—~

(r _ AR PR . )
Uy’ = [cosh2+a-esmh2}u . (9.82)

(=]

Now, cosh ¢/2 = /(1 + cosh ¢)/2 and sinh ¢/2 = /(1 + sinh ¢)/2, so
\/E +m E—m_
+ a-e|lu
2m 2m
so in the Dirac basis we find, for g in the Z direction,

vVE+m 0

a0 —
p

) (9.83)

oy

(9.84)
0 —VE-—-—m

The case where p'is not parallel to Z is straightforward to compute from Eq. (9.83).
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Similar arguments also allow us to find the solutions for the v’s, which in the quantum
theory we expect to multiply creation operators for antiparticles. We find

0 0
vél) =V2m (1] , Vs ) = V2m 8
0 1
E—-—m 0
o _ 0 @ _ | —VvE-m
S VETm | Y T 0 (9.85)
0 vVE+m
Notice that we have chosen our solutions to be orthonormal:
(Mt (s) _ T8 (mt, (s) _ TS
ug " ug” =2mo", vg g = 2mo (9.86)
or
ul Mgl = 2mors, w0l = —2mer (9.87)

This second form is useful because we've already noted that ¥ is a Lorentz scalar.
Therefore we can immediately write

o0 = o8l = —amars (9.88)

since the scalar is unaffected by Lorentz boosts.

9.4 v Matrices

With all of these a’s and 3’s, the theory doesn’t look Lorentz covariant. Time and space
appear to be on a different footing, although we know they’re not because L is a scalar.
We can clean things up a bit by introducing even more notation which makes everything
manifestly Lorentz covariant. It will also allow us to write down combinations of bispinors
which transform in simple ways under Lorentz transformations.

We’ve already seen that for two bispinors 11 and 2, @Z)Iﬂ@[}g is a Lorentz scalar. It’s
convenient to make use of this fact and define the Dirac Adjoint of a bispinor

=i (9.89)
Therefore 1,15 is a scalar: under a Lorentz transformation

Yythy = i (9.90)

(note that since 5% = 1, i = 13). Furthermore, we know that the components of
(1/111#2,1/116@2) = (¢ Baba, v, Bdrby) transform like the components of a four-vector. It’s
convenient then to define the four matrices v*, u = 0..3, by

=8, 4 = Ba;. (9.91)
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(Note that the label i on the a’s is not a Lorentz index and so there is no distinction
between upper and lower indices on «. The index ¢ on < is a Lorentz index, and so this
equation defines v* with raised indices.) The components of the four vector are now simply
written as ¥;y"12. The v*’s are called the Dirac v matrices. You will learn to know and

love them.
Under a Lorentz transformation v — D(A)y, and so ¢ = g — ¢iDI(A)B =
Y1BBDY(A)B = D(A), where we have defined the Dirac adjoint of the operator D(A)

D(A) =+4"DT(A)4°. (9.92)
Since under a Lorentz transformation,
Uy = YDAV D(A)Y = A gy (9.93)

we find that the v matrices satisfy

D(A)y"D(A) = Ay, (9.94)

We can now use this technology to construct objects from the bispinors which transform
in more complicated ways under the Lorentz group. For example, 1y*~"1) transforms like
a two index tensor:

Py — P D(A)Y' D(A)D(A)y” D(A)y
= AN gUn (0.95)

(where we have used D(A)D(A) = 1, which follows from the fact that 1) is a scalar).
The commutation relations for the a’s and 8 may now be written in terms of the +’s
as

{47} = 29" (9.96)

Thus, the v matrices all anticommute with one another, and (79)? = —(¢!)? = —(v%)%? =
—(73)? = 1. For any four-vector a,, we define ¢ (“a-slash”) by

4= auy*. (9.97)
From the v algebra it follows that
dp + pt = 2a - b (9.98)

and d¢ = a?. The Dirac Lagrangian may be written in a manifestly Lorentz invariant form

(i —m)y (9.99)
and the Dirac equation is
(i@ —m)y = 0. (9.100)

Note that these are all four by four matrix equations, where we have suppressed matrix
indices. Also, everything is still classical, and the v matrix algebra is simply a statement
about matrix multiplication, not about quantum operators anticommuting.
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Another property of the v matrices is that they are not all Hermitian,

P =Y = g’ =" (9.101)
but they are self-Dirac adjoint (“self-bar”)

= At (9.102)

aul) = 2mers = oDl A =0 (9.103)

and since iQuz(z) = i(—ip)uz(x) = puy(x) and igvy(x) = i(ip)vs(x) = —pvs(x), the Dirac
equation implies that the plane wave solutions satisfy

p—mu =0=(p+mp (9.104)

5

Taking the Dirac adjoint of Eq. (9.104) gives
@ (p—m) =0=70(p+m). (9.105)

The plane wave bispinors also obey the completeness relations

2 2
S = pem S 0108
r=1

r=1

These will be very useful later on when we calculate cross sections.

9.4.1 Bilinear Forms

We have already seen that 1) transforms like a scalar and that the components of 1)yt
form a 4-vector. We could go on indefinitely and construct n component tensors {y*y"...y*1),
but since any collection of v matrices is simply a four by four matrix there are only be
sixteen independent bilinears which can be constructed out of 1) and ). We already have
five - the one component scalar and the four-vector. We can choose the remaining eleven
to transform simply under Lorentz transformations.

Consider first 1y#~y"1). This is a sixteen component object. However, we may split it
up into symmetric and antisymmetric pieces: ¥ {y*,v*}t and [y, 4*]¢. Since {y*, 7"} =
2g"", the symmetric combination is simply 2¢g#11 and so is not an independent bilinear
form. The antisymmetric combination is new. We define

o = Z[r",7"] (9.107)

and then the six independent components of Yo" transform like a two index antisym-
metric tensor (note that some books define o#” with an opposite sign to this). This bring
the number of bilinears to eleven, so we need to find five more.
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Skipping to four component objects, we next consider y*~v*~v*y51). But if any two
indices are the same, this doesn’t give us anything new. For example,

V09 = 0909192 = —41y? = ig2, (9.108)

1.2,3

So only the matrix 7°y'v2+3 and its various permutations are new. Thus we define a new

matrix vs: .
. ’L v p—
Y5 = 2’70717273 = 4l€uuaﬁ7“7 v b= 75- (9.109)

Here, €, is a totally antisymmetric four index tensor, and
€0123 = 1 = —€1023 = €1032 = .. (9.110)
75 is in many ways the “fiftth v matrix.” It obeys
()2 =1, 9= =75 {1} =0. (9.111)

Since @eum[g’y“v” v*~P1) has no free indices, it transforms like a scalar under boosts and
rotations, ¢y5¢ — 1ys1). However, its transformation differs from that of 1t when we
consider parity transformations. Under parity,

V(T ) = BY(=7,t) = 1"(=7t)
(&, 1) = Y(=2,1)8 = Y(~Z, )y (9.112)
and so under a parity transformation
(T, 1) = p(—F, t) (9.113)
exactly as a scalar should transform. However,
U5t = 7 s (=T, 1) = —y5y (T 1) = s (=T, 1), (9.114)

Thus vy57 changes sign under a parity transformation, and so transforms like a pseu-
doscalar.
The final four independent bilinear forms are the components of

PYuysY (9.115)

which make up an axial vector. Again, we see that under a parity transformation {y*)(Z,t) —
P90 (=2, 1), and so

Py P(Z, 1) = =Py (=, t), i = 1..3. (9.116)
The spatial components of ¥yt flip sign under a reflection whereas the time component is

unchanged, which is how a vector transforms under parity. On the other hand, the addition
of the 75 means that the axial vector transforms like

@’70751#(57 t) — —JWO%’M(—@ t)
DY ysh(Z,t) = oy s (—2,t), i =1..3 (9.117)
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which is the correct transformation law for an axial vector.
Thus, we have chosen the sixteen bilinears which can be formed from a Dirac field and
its adjoint to transform simply under Lorentz transformations. To summarize, we have

S = ¢tp (scalar)
VH = apytp  (vector)
TH = a4y (tensor)
P = 9y5¢ (pseudoscalar)
AP = pytysep  (axial vector). (9.118)

Given these transformation laws it will be easy to construct Lorentz invariant interaction
terms in the Lagrangian. For example, if we have a vector field A* (such as a photon), a
Lorentz invariant interaction is A“E%ﬂ/). An axial vector field B* could couple in a parity
conserving manner as B“@%ﬁg,w. A scalar field ¢ (such as a meson) could couple like ¢,
whereas the coupling ¢1yy51 conserves parity if ¢ transforms like a pseudoscalar. Finally,
in a parity violating theory (such as the weak interactions) a vector field W* could couple
to some linear combination of vector and axial vector currents: W1y, (a + bys). This
interaction is parity violating because there is no way to define the transformation of W#
under parity such that this term is parity invariant.

9.4.2 Chirality and ~5
1 0

In the Weyl basis, v5 = <0 1

>. We can define the projection operators (in any basis)

Prp=3(1+7), Po=311-"). (9.119)

These satisfy the requirements for projections operators: P2 = Pg, Pg = P, PrPr, =0,
Pr + Pr, =1, and they project out the Weyl spinors uy and u_ from the Dirac bispinor:

<u0+> = 3(14+75)Y = Prtp = g

0
(u ): 3(1—v5)¢ = Prap = ¢ (9.120)
We also find that ¥p = Pr = Yy Pry? = P, and ¢y, = ¢Pg. 11, and 1r are just
the left and right-handed pieces of the Dirac bispinor in four component, rather than two
component (u_ and w4 ), notation. The Weyl Lagrangian for right-handed particles may
therefore be written

L = YifPryp = $idP = YPLifPr = Vridur. (9.121)
Similarly, for left-handed particles we have £ = 11 . The Dirac Lagrangian is
L = Prir + Pridr — m(Prr + PriL)- (9.122)

As we noticed before, we see that without the mass term the Dirac Lagrangian just describes
two independent helicity eigenstates. The mass term couples the right and left-handed
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fields, so the helicity of the massive field is no longer a good quantum number. As we
argued from physical grounds earlier, this is exactly what must happen for a massive
particle, since its helicity is no longer a Lorentz invariant quantity.

We also note that we may write the parity violating Weyl Lagrangian describing left-
handed neutrinos in the four-component form

L= idyr. (9.123)

When m # 0, the Dirac Lagrangian is invariant under the U(1) symmetry ¢ p —
e‘i/\wL Rr. Because of the mass term, the left and right handed fields must transform the
same way under the internal symmetry. However, when m = 0 this is no longer required,
and the theory has two independent U (1) symmetries,

v, — efi)‘w[/, ’(ﬁR — Yr (9.124)

and
YR = e MR, P — YL (9.125)

The independent symmetries are called chiral symmetries, where the term chiral denotes
the fact that the symmetries has a “handedness”, that is, it distinguishes left and right
handed particles. Chiral symmetries play an important role in the study of both the strong
and weak interactions. For example, the weak interactions involve the coupling of vector
fields (the W+ and Z bosons) to only the left-handed components of spin 1/2 fields. The
Z boson, for example, is the quantum of the Z* vector field, which has a coupling of the
form

ZM pvutbr = 205y, (1 = 5 )0. (9.126)

Such a theory clearly violates parity.
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9.5 Summary of Results for the Dirac Equation

These pages summarize the results we have derived for the Dirac equation, without proofs.
You will find many of these results in Appendix A of Mandl & Shaw; however, they use a
different normalization for the plane wave states.

9.5.1 Dirac Lagrangian, Dirac Equation, Dirac Matrices

The theory is defined by the Lagrange Density
L=y [i@o +id -V — Bm]| v (9.127)

where 1 is a set of four complex fields, arranged in a column vector (a Dirac bispinor) and
the a’s and 3 are a set of 4x4 Hermitian matrices (the Dirac Matrices). The corresponding

equation of motion is

(i + i@ -V — Bm)p = 0. (9.128)
The Dirac matrices obey the following algebra,
{a17aj}:267,]7 {alaﬁ}zo) /32:1 (9129)

Two representations of the Dirac algebra that will be useful to us are the Weyl represen-

L (& 0 /01
a_<0 _&), 5_<1 0) (9.130)

and the standard (or Dirac) representation

(2 7) e 0) .

(where each component represents a 2 X 2 matrix).

tation

9.5.2 Space-Time Symmetries

The Dirac equation is invariant under both Lorentz transformations and parity. Under a
Lorentz transformation characterized by a 4 x 4 Lorentz matrix A,

A p(x) = D(A)Y(A ). (9.132)
For a boost characterized by rapidity ¢ in the é direction,
D (A(é¢)) = e¥e0/? (9.133)

while for a rotation of angle # about the é axis,

D (R(é6)) = e7i¢0 (9.134)
where L /5 0
- o
L == 1
2 <0 &) (9.135)

in both the Weyl and standard representations.
Under parity,
P (2, t) — pY(—2,t). (9.136)
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9.5.3 Dirac Adjoint, v Matrices
The Dirac adjoint of a Dirac bispinor is defined by
=98
and the Dirac adjoint of a 4 X 4 matrix is
A= BARB.
These obey the usual rules for adjoints, e.g.

(0A9)" = oA
The v matrices are defined by
7’ =8, v = Bai.
From these we can define the «v matrices with lowered indices by
Tu = g;w'yy-
The ~ matrices are not all Hermitian,
P = = gy’ = 19"

but they are self-Dirac adjoint (“self-bar”)

They obey the v algebra
{77} = 29"

and also obey

D(AM)Y*D(A) = A¥ 4",
For any 4-vector a, we define
¢ = au*
and from the v algebra it follows that

dp + pd = 2a - b.

In this notation, the Dirac Lagrange density is

$(ig —m)y

and the Dirac equation is

(if) = m)v = 0.
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9.5.4 Bilinear Forms

There are sixteen linearly independent bilinear forms we can make from a Dirac bispinor
and its adjoint. We can choose these sixteen to form the components of objects that
transform in simple ways under the Lorentz group and parity. These are

S = 1) (scalar)
VH = opytah  (vector)
Y = 9pa"¥yp  (tensor)
P = 1y5¢ (pseudoscalar)

AF = pyF5p  (axial vector) (9.150)
where we have defined )
i
o =S (9.151)
and
i
="'’ = Gewasy" v =17, (9-152)
Here, €, is a totally antisymmetric four index tensor, and
€0123 = 1. (9.153)
~5 is in many ways the “fifth v matrix.” It obeys
()2 =1, 9= =75 {1} =0. (9.154)

9.5.5 Plane Wave Solutions

The positive-frequency solutions of the Dirac equation are of the form

b = ue P (9.155)
where p? = m? and p® = \/m The negative-frequency solutions are of the form

Y = ve??, (9.156)

There are two positive-frequency and two negative-frequency solutions for each p. The
Dirac equation implies that

(P—m)u=0=(p+m)v. (9.157)

For a particle at rest, p = (m, 6), we can choose the independent v’s and v’s in the standard
representation to be

V2m 0 0 0
wm_| 0 2 _ | v2m wm_| 0 @ _ 0
Us = 0 yUs ™ = 0 Vg = NoT U5 = 0 (9.158)

[\)

0 0 0 V2m
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(Note that these are normalized differently than in Mandl & Shaw. They omit the v2m
from the normalization and instead include it in the definition of D, the invariant phase

space factor.) We can construct the solutions for a moving particle, ug) and vg), by

applying a Lorentz boost.
These solutions are normalized such that

2 = omams = gl gy =g, (9.159)

2
Zug)ﬂ(f) —ptm Y v(%,(,f) —p—m. (9.160)

r=1 r=1

Another way of expressing the normalization condition is

a ) = 267sp = 5y, (9.161)

This form has a smooth limit as m — 0.
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10. Quantizing the Dirac Lagrangian

10.1 Canonical Commutation Relations
or, How Not to Quantize the Dirac Lagrangian

We now wish to construct the quantum theory corresponding to the Dirac Lagrangian, and
so we expect to be able to set up canonical commutation relations much in the same way
as for the scalar field. The momentum conjugate to ¢ is

0 oL

_ VA
I, = o0d) i (10.1)

while the momentum conjugate to ! vanishes. Although this seems odd, it is not a

problem. The equations of motion from the Dirac equation are first order in time, and so
¥ and o' form a complete set of initial value data. That is, if we know 1 and ' at some
initial time, we can find the state of the system at any following time (if the equations were
second order in time, we would also need the time derivatives of the fields at the initial
time). It is only on these fields, which completely define the state of the system, that we
need to impose canonical commutation relations. Therefore we take

[Va(@, 1), (I1)(7, t)] = 16,0 (& — 7). (10.2)

Here we have explicitly displayed the spinor indices a and b. Suppressing the indices, we
have

(@), 01 (7, 1)] = 69 (@F — ), [W(@ 1), (7 1)] = [W1(& 1), 077, 1)] = 0. (10.3)

Just as in the case of the scalar field, any solution to the free field theory may be written
as a sum of plane wave solutions

} - &5 i »
Y(Z,t) = ;/ (277)3/2%/@ [b](;)ug)e P4 cg)Tvg)e’p x]
W (@ 1) = 22: / &’p [bwum GirT C(T)Uwe_ip.x} (10.4)
’ —~ (277)3/2\/E I I ' ‘
In the classical theory, the b’s and ¢’s are numbers, the Fourier components of the solution,
just as in the case of the scalar field. The u’s and v’s are the four component bispinors
we found explicitly in the previous section. Since there are two spin states for the fields, a
general solution to the Dirac Equation has components with both spin states, and so the
b’s and ¢’s carry a spin index.
In the quantum theory, the b’s and ¢’s are replaced by operators. We expect that the

canonical commutation relations Eq. (10.2) will require that the b’s, ¢’s and their conjugates
be creation and annihilation operators, so to make things simpler let us make the ansatz

b(_"")7 b(S)T] — Bérs(s(i’)) (ﬁ— p—l)

I
[CZ(;)7 CI(S;S)T] = C§ 6B (5= ') (10.5)
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where B and C are constant which we shall solve for. Substituting Eq. (10.5) into the
commutation relations gives

T J. d3ﬁd3_; T S T ip-r—1
[w(a:,t),wT(y,t)] - Z/ (27) {[b( : b( i ]Ug)u(ﬂ)’yoep Py

5 /2B, /2E,

—‘r[C(T) (5)],0(7‘),0( ),.Y e zp-x-i—ip’-y}

7o
1 d®p —ip(F—

- (zﬂ):’,/QEp{ (p+ m)ye P ED)
—C(p— m)voeiﬁ(ffﬂ)}

1 4
- / EP @D {Bpor® + piy' +m)°

(2m)3 ) 2E,

~C(poy’ = pin' — m)vo} : (10.6)
Here we have used the completeness relations ) u (T) =p+mand ), (T)v(f) =p—m.
Clearly if B = —C, the p;7* and m terms cancel, and the po = B, in the numerator cancels

the denominator. So choosing B = —C = 1, we obtain

1 NP
= Trm 1\ 3, —ip- (@) _ s(3) (7 _ ~

V(0. 01(7.0) = Gy [ @ TED = 50— ) (10.7

as required. Note, however, that the sign in the commutator for the ¢’s is opposite to what
we might have expected, and suggests that something may not be quite right here.

To see if this is a sensible quantum theory, we should look at the Hamiltonian and see
if the energy is bounded below:

H =113,000) — £ = ipy 001 — ipy Opt) + mptp = —ipy'Onp + mapep. (10.8)
Since 1) satisfies the Dirac equation, we can write this as
= ipy°00 = i dyp. (10.9)

In terms of the creation and annihilation operators,

100y = Z/ 3/2\/ —= [b;r)u;r)e_ip'w - Cg)Tvg)eip'x (10.10)

and so the Hamiltonian is

H:/d%%

= / >z pTidyy

B oy EPEY By [t 0t it () o'

=2 T o) Ep,[ﬁ’“ﬁ’ e X
[bz(?s)ul(;)e—ipm _ CZ(;)TU](;)GWI'SE] . (1011)
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As usual, the d®z integral times the exponential becomes a delta function, and using

u ) = ug)you(is) =20"E, = (T) 1)1(7)

p p
H= Y [, ) -

= Z/d?’pE bg” ) — e 1 6@ (0 )}. (10.12)

we arrive at

The 6 (0) will vanish when we normal order, so we just find
H=>)_ / d*pE, [Ny(p,r) — Ne(p,7) (10.13)
T

where Ny(p,r) and N.(p,r) are the number operators for b and ¢ type particles.

There is indeed something seriously wrong with this theory - the Hamiltonian is un-
bounded from below! The c-type particles (antiparticles) carry negative energy. The theory
therefore has no ground state, since you can always lower the energy of a state by adding
antiparticles.

Unlike previous problems with positivity of the energy, we can’t fix this problem simply
by changing the sign of the Lagrangian. This will simply force the b particles to carry
negative energy. There is therefore no way to obtain a sensible quantum theory from the

Dirac Lagrangian using canonical commutation relations.

10.2 Canonical Anticommutation Relations

We didn’t spend two lectures on spinors and v matrices just to throw it all in at the
first sign of trouble. The theory can be rescued, but the canonical commutation relations
must be abandoned and replaced with something else. Recall that for the scalar field
theory we could interpret a}; and aj as creation and annihilation operators because of their
commutation relations with the number operator N = [ A3k aLak (or equivalently, with
the Hamiltonian H = [ A3k wka;iak.). Let me remind you that this worked because of the

following useful identity for commutators:

[AB,C] = A[B,C] + [A, C]B. (10.14)
This immediately gives
[N, a};] = /dgkr’ [aﬂ k,,a,t] = aL (10.15)
and also
[N, ak] = —ag. (10.16)

Therefore aL acting on a state raises the eigenvalue of N by one and the energy by wyg,

while a; acting on the states lowers both eigenvalues, exactly as expected for creation and
annihilation operators. However, there is another useful identity for commutators

[AB,C] = A{B,C} — {A,C}B (10.17)
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where {A, B} = AB + BA is the anticommutator of A and B. This is extremely useful,
because it means that if we were to impose anticommutation relations on the ay’s and ay,’s,
they could still be interpreted as creation and annihilation operators. That is, let us impose
the relations

{ar,al} = 6Ok~ F)
ag,apy = {al,al,} = 0. 10.18
k> "k
We then find, using Eq. (10.17)
[N, aL] = /d3k’ [a}%/ag,,am = /d?’k’ ak,{ak/ ak} = ak
[N,ax] = /d3k’ [a]g,alg,,ak} = —/dgk"{az,,ak}ak/ = —ay (10.19)
exactly as required. This suggests we try the following anticommutation relations for the
b’s and c¢’s:
(r) (o)t TS
ol ,bp b= 07558 (5 - )
{5 *} = oo <p 7)
{05y = (o 05Ty =
{c~,cﬂ} {,(;,p} {b ,J}— = (10.20)

Not surprisingly, substituting these anticommutation relations into the field expansions
we find that the equal-time commutation relations are replaced by now obey equal time
anticommutation relations

{w(@, 1), 017, )} = 6@ —7)
{v(@ 1), 0.1} = {1(@ 1), 0" (7.1} = 0. (10.21)

Note that you have to be careful when dealing with anticommuting fields, since the order
is always important. For example, (Z, t)Y(y,t) = —(y, ) (Z, t).

The crucial step is now to see if this modification gives us an energy bounded from
below. It is easy to see that it does, since the previous derivation of the Hamiltonian goes
through completely unchanged up until the last line:

H = Z / dpEy [bTb) — ) eT]
_ Z/dng b}()rTb(r)Jrc(j)T ) 4 53)(0 )} (10.22)

The anticommutation relations have given us a crucial sign change in the second term.
Throwing away the §(3)(0) as usual, we now have

=Y [ @0, Nifp.r) + Nelp. ) (10.23)

which is bounded from below. Both b and ¢ particles carry positive energy.
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10.3 Fermi-Dirac Statistics

We have saved the theory, but at the price of imposing anticommutation relations on the
creation and annihilation operators, and we must now examine the consequences of this.
First consider the single particle states in the theory. We label these by the spin r (where
r = 1 or 2 labels spin up and down, as we did when in the last chapter when writing
down the explicit form of the plane wave solutions) as well as the momentum p. As usual,
they are produced by the action of a creation operator on the vacuum (for definiteness, we
consider particle states, not antiparticle states, although the arguments will clearly apply
in both cases):

_ gt
r >—bﬁ ro>
0|{bﬂ ,b“" "}10)
= "68) (5 — ) (10.24)

{
{

and so the states have the correct normalization, just as they did in the scalar case. How-
ever, the multiparticle states are different from the spin 0 case. We find

|51, 73 5, 8) = by 10T 0) = =660 0) = |, 5351, 7) (10.25)

and so the states of the theory change sign under the exchange of identical particles. Thus,
the particle obey Fermi-Dirac statistics, instead of Bose-Einstein statistics. Consistency of
the theory has demanded that we quantize the particles as fermions instead of bosons. In
particular, the Pauli exclusion principle follows immediately from

(bg)>2 _ (bg))Q =0 (10.26)

which means that there is no two-particle state made up of two identical particles in the
same state

| p1,7;P1,7) = 0. (10.27)

Thus, it is impossible to put two identical fermions in the same state.

It isn’t immediately obvious that a theory with Fermi-Dirac statistics will be causal.
For bosons, we said that [¢(x),¢(y)] = 0 for (x — y)? < 0 guaranteed that spacelike
separated observables, which are constructed out of the fields, couldn’t interfere with one
another:

[O(x),0(y)] =0, (z—1y)*<0. (10.28)

However, for fermi fields we now have the relation {¢)(x), ¥ (y)} = 0 as well as {¢(z), ¥ (y)} =
0 for (z—y)? < 0 (this follows from the analogous calculation to that from which we derived
Ay (z—y) =0 for (x—1y)? <0.) How do we see that this requirement guarantees causality
in the quantum theory?
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The reason it does it that observables are always bilinear in the fields. For example,
the energy, momentum and conserved charge are given by

H=i / Bl (E, )00 (T, t)
P =i [ @oul(@ 00,
Q= /d%: V(& )Y(Z,t). (10.29)

This is not surprising. We know that spinors form a double-valued representation of the
Lorentz group since they change sign under rotation by 2w. Observables, on the other
hand, are unaffected by a rotation by 27 and so must be composed of an even number
of spinor fields. Using the anticommutation relations (10.21), we can easily verify that
observables bilinear in the fields commute for spacelike separation, as required.

The fact that particles with integer spin must be quantized as bosons while particles
with half-integral spin must be quantized as fermions is a general result in field theory,
and is known as the spin-statistics theorem. We have, at least for spin 1/2 fields, demon-
strated the second part of the theorem. The first part of the theorem, the fact that
particles with integral spin must be quantized as bosons, follows from that observation
that if we were to attempt to impose canonical anticommutation relations on the creation
and annihilation operators for a scalar field we would find that the fields obeyed neither
[9(2), 9(Y)](z—y)2<0 = 0 nor {d(z), ¢(y) }(2—y)2<0 = 0. The theory would therefore not be
causal. This is the gist of the spin-statistics theorem: quantizing integral spin fields as
fermions leads to an acausal theory, while quantizing half-integral spin fields as bosons
leads to a theory with energy unbounded below (and so with no ground state).

10.4 Perturbation Theory for Spinors

Now that we understand free field theory for spin 1/2 fields, we can introduce interaction
terms into the Lagrangian and build up the Feynman rules for perturbation theory. Let us
consider a simple nucleon-meson theory (now that the nucleons are fermions, we no longer
need to enclose the word in quotations)

— . 1 MQ —
L= —m)p+ 5(0u9)" — 50" — guTve (10.30)
where we either take I' = 1, in which case ¢ is a scalar, or I' = 475, in which case ¢

is a pseudoscalar (we include the i so that the Lagrangian is Hermitian, £ = £f.). The
theory with I' = 1 is known as Yukawa theory; it was originally invented by Yukawa to
describe the interaction between real pions and nucleons. It turns out that Yukawa theory
does not, in fact, provide the correct description of nucleon-meson interactions even at low
energies (where the internal structure of the nucleons and pions is irrelevant, so they may
be treated as fundamental particles). However, in modern particle theory the Standard
Model contains Yukawa interaction terms coupling the scalar Higgs field to the quarks and
leptons.
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Dyson’s formula and Wick’s theorem go through for fermi fields in almost the same
way as for scalars. However, the anticommutation relations introduce a crucial difference.
Recall that when (z — y)? < 0, time ordering is not a Lorentz invariant concept. In one
frame x¢ > yo while in another yy > x¢. Nevertheless, the T-product of two scalar fields s
Lorentz invariant because the fields commute when (z — y)? < 0, so ¢(2)o(y) = o(y)o(x)
and the order is unimportant. However, for fermions this no longer holds. If (z — )2 < 0,
fermi fields anticommute. So for spacelike separation,

T(p(x)p(y)) = ()¢ (y) (10.31)

T((x)(y) = b(y)p(z) = —(@)v(y) (10.32)

in the frame where yg > xg. Therefore we must modify our definition of the T-produce of
fermi fields to make it Lorentz invariant. The solution is simple: just define the T-product
to include a factor of (—1)¥, where N is the number of exchanges of fermi fields required
to time order the fields. Thus, for two fields

Y(@)Y(y), w0 > Yo;
—p(y)(z), Yo > wo.

since for yg > x¢ we must perform one exchange of fermi fields to time order them. When

T((@)b(y)) = { (10.33)

(x — y)? < 0 the fields anticommute and the T-product is the same in any frame. Also,
from Eq. (10.33) and the anticommutation relations, we have

T(P1(w1)h2(z2)) = =T (2(22)Y1 (1)) (10.34)

Therefore we treat fermi fields as anticommuting inside the time ordering symbol. (Note
that in this discussion of T-products I am using 1 to represent any generic fermi field,
including ).

The normal-ordered product is defined as before. Writing ¢ = (t) +4(=), where ()
multiplies an annihilation operator and (=) multiplies a creation operator, the normal-
ordered product : 119 : is

St = < [$PD 4 o0+ pOu) 10w
= [0fPul? = 60uM + 9Dl + Dy (10.35)
where the second term has picked up a factor of (—1) because of the interchange of two

fermi fields. Just as for the T-product, fermi fields can be treated as anticommuting inside
a normal ordered product,

Db = — bty k. (10.36)

(Recall that bose fields commuted inside T-products and N-products; that is, their order
was unimportant).
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With this modified definition of the time-ordered product, Dyson’s formula and Wick’s
theorem go through as before. Note, however, that we must be careful with contractions
in Wick’s theorem, for example for fermion fields A; — A4 we have

A AgAg Ay = — : A\ Ag Ao Ay = — A1 Ag s AsAy - (10.37)

and so pulling this particular contraction out of the normal-ordered product introduces a
minus sign. In general, pulling a contraction out of a normal-ordered product introduces a
factor of (—1)", where N is the number of interchanges of fermi fields required.

10.4.1 The Fermion Propagator

The fermion propagator is obtained from the contraction ¢ (x )E( ) (note that this is a four
- 1

by four matrix: S,y = ¥(1)a(y)p. As with scalar fields, this is number (or rather a matrix
of numbers) instead of an operator, so

= (0|7 (¢ (2)¢(y))] 0). (10.38)

First consider the case w9 > yo. Then T'(¢(z)1(y)) = ¥(z)1(y). Putting in the explicit
expressmns for the fields and using the completeness relations for the plane wave states
> uﬂ uq = p+ m we find

— 3 ,
P@)o(y) = / (‘”’H (p+m)

om)32E,
= (i, + m)D(z —y) (zo > yo) (10.39)

where .
D(z —y) = / (27:;3];&)@@'(“’) (10.40)

was defined in Chapter 2. Performing a similar calculation for zg < yg, we find!*

B(2)b(y) = 0(zo — 0)

(i@ +m)D(x —y) + 0(yo — x0)(id, + m)D(y — )
= (1, +m) (6(

2o —yo)D(x = y) + 0(yo — x0) D(y — ))

= (if), +m)o(x)(y) (10.41)
where “ '
6(x)o(y) = / (2W€4e’ip'(””’y)m. (10.42)

MNote that it is legitimate to pull the derivative outside of the @ function because the additional term
which arises when a time derivative acts on the 6 function vanishes.
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We have now related the fermion propagator to the scalar propagator. Moving the
derivative back inside the integral we have

- d'p i(Poy + mla)
= —pey), 10.43
e =t (10.43)
(where we have explicitly included the matrix indices, and [ is the four by four identity
matrix). We immediately see that this gives the Feynman rule for the fermion propagator
shown in Fig. (38). Note that the propagator is odd in p, so it matters that p and

P . ptm
2 ;
p% —m? +ie

Figure 38: The fermion propagator.

the conserved charge (the arrow on the propagator) are pointing in the same direction.
When they point in opposite directions the sign of p is reversed (Fig. (39)). Note that
P —p+m

p? —m? + i€

Figure 39: The fermion propagator is odd in p.
p? —m? +ie = (p +m — ie)(Pp — m + ie), so the propagator is often written as

i(p+m) _ i
(p+m —ie)(p—m+ie) p—m+ic

(10.44)

(the ie in the p + m term in the denominator does not affect the location of the pole, so in
the limit € — 0 we may cancel this against the numerator).

Of course, just as in the scalar theory, contractions of fields which don’t create and
then annihilate the same particle vanish,

$(2)(y)a = 0

1

Y(@)at(y)p = 0
P(@)ad () = 0. (10.45)

10.4.2 Feynman Rules

We can deduce the Feynman rules for this theory by explicitly calculating the amplitudes
for several scattering processes. The O(g?) term in Dyson’s formula is

(—ig)?
9!

/d4$1 d*y T [0, (21)ap(@1) (1) (21 (22)eatbal(2) p(22)] (10.46)

where we have included the spinor indices, and we are using the convention that repeated
spinor indices are summed over (so this is just matrix multiplication). This term contributes
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to a variety of processes. First we consider nucleon-meson scattering, N + ¢ — N + ¢.
There are two contractions which contribute:

D) Dty (1) (e (o) Deatha (2 b ()
1@;(ﬂfl)Fabwb(afl)tﬁ(xl)@0(962)ch;%(962)¢($2) i (10.47)
Anticommuting the fields inside the normal-ordered product, we can rewrite the second
term as
: ac(l?)chwd(x2)¢(x2)ia(l’l)Fab¢b($1)¢($1) :(—1)* (10.48)

since there are four permutations of fermion fields required (note that fermi fields commute
with bose fields). This only differs from the first time by the interchange of x; and x5,
and since we are symmetrically integrating over x; and x2, the two terms give identical
contributions. Just as before, this cancels the 1/2! in Dyson’s formula.

We can pull the propagator out of the first term, and since this involves an even number
of exchanges of fermi fields (two), we get

Do (1) Tast(@1) S ) e (02) Ceatba(w2) b(2) =

L —

Up(21)Ve(22) Yo (21)Tapd(21)Tegiba(z2)d(a2) : . (10.49)

The ) field inside the normal product must now annihilate the nucleon. For the relativis-
tically normalized nucleon state | N(p,r)) (momentum p, spin ) we have

(0[1(x2)| N(p,7)) = e xuff) (10.50)
and similarly
(N(pr) [P(20)] 0) = €771 x 7y (10.51)

This immediately gives us two additional Feynman rules:

(r)

e For each incoming fermion with momentum p and spin r, include a factor of Uy

e For each outgoing fermion with momentum p and spin r, include a factor of ﬂg)

(see Fig. (40).) Finally, each interaction vertex corresponds to a factor of —igl' (see Fig.

D —>
(7)
—)—.
’le
D —>
()
>
’LLp

Figure 40: Feynman rules for external fermion legs.

(41).) The vertices and fermion propagators are four by four matrices while the bispinors
are four component column vectors. The amplitude is given by multiplying all of these
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—1gI”
Figure 41: Fermion-scalar interaction vertex.

factors together. From Eq. (10.49) we see that the matrices are multiplied together in
the order ﬂg/)FSFug), where Sy is the fermion propagator. Diagrammatrically, this just
corresponds to starting at the head of the arrow and working back to the start, including
each matrix as it is encountered along the fermion line.

That last point is important, so I'm going to say it again. When calculating Feynman
diagrams for spinors, the order of matriz multiplication is given by starting at the head of
an arrow and working back to the start, including each matriz as it is encountered along
the fermion line.

The ¢ fields act as they always did on the meson states, and as before we get two
Feynman diagrams corresponding to the two choices of which ¢ field creates or annihilates

which meson, as shown in Fig. (42). Applying the Feynman rules, we find the invariant

/ / / !/

q p,T b, T p,r
a) b) >_<
P, q '

q q

Figure 42: Feynman diagrams contributing to nucleon-meson scattering.

amplitude for this process to be

iA = (—ig)?uy T ip+ gt m) g +m) } Tull’. (10.52)

2 (p+q?2—m?2+ic (p—q)>—m?+ie

We next consider antinucleon-meson scattering, N + ¢ — N + ¢. This is almost
identical to the previous process, but now the 1) field annihilates the incoming antinucleon
and the 1 field creates the outgoing antinucleon. So in the normal-ordered product :
(21)To(21)T9(22)d(x2) : the 1 field has to be moved to the right of the v field in order
to annihilate the incoming state, introducing a factor of —1 because of the interchange of
the two fermion fields. When acting on the external states, the fields now include factors
of v and w:

(0[th(x1)| N(p, 7)) = e Pt x Eg)

(N (', 77) [(w2)] 0) = P72 x " (10.53)

This leads to three more Feynman rules:
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(r)

e For each incoming antifermion with momentum p and spin 7, include a factor of Vg

e For each outgoing antifermion with momentum p and spin r, include a factor of Ug).

—>
PR
p

p—>

—<— ’Uz(gr)

Figure 43: Feynman rules for external fermion legs.

e Include the appropriate minus signs from Fermi statistics.

This time the matrices are multiplied by starting at the incoming antinucleon and
working back to the outgoing nucleon. Diagrammatically, it’s the same as before: start at
the end of the arrow (with a factor of Wg) this time, instead of ﬂ](;))
line to the start of the arrow. The two diagrams contributing to the process are shown in
Fig. (44). The amplitude is

q ', r p,r p,r
a) b) >—<
DT ! !

q q q

and work along the

Figure 44: Feynman diagrams contributing to antinucleon-meson scattering.

iAd = —(—Z'g)QW(—T)F Z(—ﬁ—ﬂ—‘y—m) + Z(_ﬁ—i-g,—i—m) :| FUZ(;J) (1054)

P lp+@?—m?tic (p—q)t—m?tic] P

The overall —1 is clearly irrelevant, since it vanishes when the amplitude is squared. How-
ever, the fermi minus signs will be significant in the next example, because they will differ
between the two diagrams.

Finally, we consider nucleon-nucleon scattering, N + N — N + N. In this case the ¢
fields are contracted, leaving us with the matrix element

(N, 7"); N(q',s') | : ¥Tp(z1)YT(22) : | N(p,7); N(g, 5)). (10.55)

Now we have to be careful. The (relativistically normalized) state | N(p,7); N(q,s)) can
be defined either as

(27‘()3(20.)(1)1/2(pr)lmbt(;ﬁbgﬁ| 0> (10.56)
or
(2m)%(2wg) /2 (20) 265 0T 0). (10.57)
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Because of Fermi statistics, the two definitions differ by a relative minus sign. So for
definiteness, let us choose the first definition. This sets the convention, and so we have
now choice but to define the corresponding bra as

(N, 1) N, ) | = (2m)% (2uwg) 2 (2) 205585 (10.58)
and so the matrix element in Eq. (10.55) becomes
4(2m)% (wywywqwp) V20 05057 YT (21 )P () - 557057 0). (10.59)

There are now two possibilities: either 1 (x1) or ¥ (x2) can annihilate the nucleon with
momentum ¢. First we choose the case where 1) (x2) annihilates the nucleon. Using the
field expansion for 1, we then obtain

/

(0157057 - YTy (1) () Tul 0T 0)e a2
(OGBS - ) TP )l BT 0) 002
— —op” b<s> B P B2 Tuld| O)eiawamive
(10.60)

(r)

where in the last line we have put the factor of Uy (which is not an operator, so it commutes
with the fields) in the correct position as far as matrix multiplication goes.

Now there are two choices for which 1) field creates which nucleon. The crucial obser-
vation is that the two choices differ by a relative minus sign. If 1)(z;) creates the nucleon
with ¢/, then there is no relative minus sign. However, if ¢)(x9) creates the nucleon, the
fields must be anticommuted, and there is an additional minus sign. Thus, we find two

terms

_ﬂ((;’)ru((;)ﬂg’)Fug)efi((qfq’)-wfr(pfp’)-wl) (10.61)
and

U((;I)I‘ug)ﬂg/) I‘u((;) o~ i((a—p) a2+ (p—d')x1) (10.62)

We could now follow through the same line or reasoning, except choosing ¥ (1) to annihilate
the nucleon with momentum ¢, and we would find the same result with the interchange
1 <> x9. Since we are integrating over x; and zo symmetrically, once again this cancels
the 1/2! in Dyson’s formula.

The two terms clearly correspond to the diagrams in Fig. (45), and the two graphs
have a relative minus sign. Therefore the amplitude for the process is

H(l,g/)Fu(f) (T )Fu(f) (S )Fu(f) (T )Fu(f)
—ig? | t— - (10.63)
(q—Q) —u + i€ (q p) —u + i€

Note that since the overall sign of the graphs is unimportant. It is only the relative minus
sign which is significant. Also note that in this case there are two sets of arrowed lines,
corresponding to two independent matrix multiplications. Again, the rule is to follow each
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p,T p/,T'/ b,r q',s

q,s q,s as p,r

Figure 45: Feynman diagrams contributing to nucleon-nucleon scattering.

arrowed line from finish to start, multiplying matrices as you come to them. In these
diagram you simply have to do this twice.

The two graphs differ only by the interchange of identical fermions in the final state.
As expected, our theory automatically incorporates fermi statistics. The two amplitudes
interfere with a relative minus sign.

A similar situation arises in nucleon-antinucleon scattering. It is straightforward to
show, using the techniques of this section, that two diagrams which differ by the exchange
of a fermion in the final state and an antifermion in the initial state (or vice versa) also
interfere with a relative minus sign.

10.5 Spin Sums and Cross Sections

Our Feynman rules allow us to calculate amplitudes in terms of plane-wave solutions v and
v. To calculate the rate for a process with given initial and final spins, we could simply use
the explicit forms of the w’s and v’s that we found earlier. However, in many cases this is
not necessary. In a large number of experimental situations the spins of the initial particles
are unknown, and so a given particle has a 50% chance to be in either spin state. Similarly,
the final spins are often not measured, so we are interested in cross sections or decay rates
in which we sum over all possible spins of the final particles. In such situations we can use
the completeness relations for the spinors to perform the averaging and summing without
ever writing down the explicit form of the plane wave states. We will demonstrate this in
a worked example, nucleon-meson scattering in the “pseudoscalar” theory, I' = i5. This
example also shows you several other tricks which are useful for evaluating amplitudes with
Fermi fields.

From Eq. (10.52) the invariant Feynman amplitude for nucleon-meson scattering is

iA=ig*uy

)., [ (P+d+m) N =4 +m) } ~sul?) (10.64)

(P+q)?-m?+ic (p—q)2—-m?+ie] 77"

Using 72 = 1 and {73, Yu} = 0, we can anticommute the second 75 through the propagators,
where it hits the first 5 and the two square to one. Also, by conservation of momentum,
p—q =p — q, so we may rewrite the amplitude as

o[ (p—d+m) (' +d+m) 1 o
iA =ig Uy {(p P PR + 7 — 2 —m2+ ie} Uy (10.65)
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Next we use the fact that the spinors obey (p — m)ug) = ﬂg) (p —m) = 0 as well as the

mass-shell conditions p? = p? = m?, ¢® = ¢’> = ;2 to write this as
/ 1 1
iA = ig?a") gl
gy Ay g+ tic g ie

(10.66)

Let us call the expression in the square bracket F(p,p’,q). Squaring the amplitude we get

AP = g*F(p, o/, q)*a gl 2

= ' F(p,0, )y 7w 1 15090y

= ¢'F(p, 7 ) quaviy " (T)u(”'y”u(” (10.67)

where we have use the relations 73 = 1 and yoy"y0 = ~"t. The collection of spinors and
gamma matrices is simply a number (a one by one matrix) and so is equal to its trace. The
reason for writing it in this way is that a trace of a product of matrices is invariant under
cyclic permutations of the factors. Therefore

A2 = g*F(p,p, 0 e Tr [0 )7 ul )y ul |

= ¢"F(p.0,0)%au0, Tr [y a5 . Py (10.68)
Now the completeness relations comes in. Averaging over initial spins (corresponding to

3>, |Al*) and summing over final spins (corresponding to Y, |.A|?) we obtain

1 1 r’ r
52 AP = §ZQ4F(p,p’,q)2ququTr [ué,) al Ty }

rr!

= éfF(w@ 02qua T [(F +m)y"(p+m)y"] . (10.69)

The traces of products of v matrices have simple expressions, which are straightforward
to prove just using the anticommutation relations and the cyclic property of traces. Some
useful formulas are:

—

' (1#9°) = 5 Tr({3#,9)) = g Tr (1) = 4g"

Tr (#9"7*+" ) = 4(g"g*" + ¢"7g" — g"*g"")

Tr (odd number of v matrices) = 0

Tr (v"y5) = Tr (v"9y5) = Tr (v"7"y%5) = 0

Tr (7 vy 7575) = 4ietvep, (10.70)
Applying these trace theorems to our expression gives

1
=D AP =2¢"F(p,p. a)*quan [p"” + 07" — 9" p - P+ mPg"]
2

rr!
= 29'F(p,p,0)> 200" - Q) (p- @) —p - P'i” + m°p®] . (10.71)
At this point it is straightforward, if somewhat tedious, to go to the centre of mass frame,

substitute explicit expressions for the external momenta and perform the phase space
integrals to obtain the total cross section for meson nucleon scattering.
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11. Vector Fields and Quantum Electrodynamics

Quantizing a scalar field theory led to a theory of mesons, while the quantized spinor field
allowed us to describe the interactions of spin 1/2 fermions. In this section we will see
that a classical free field theory of a massless vector field is simply Maxwell’s equations in
free space. Quantizing the theory will give us the theory of the quantized electromagnetic
field, Quantum Electrodynamics. The particles associated with the quantized vector field
will be photons. However, quantizing a massless vector field is a delicate procedure, due to
complications arising from gauge invariance of the classical theory. In this section we will
finesse these problems by quantizing the theory of a massive vector field and then taking
the massless limit and tackling any problems that arise at that stage.

11.1 The Classical Theory

A vector field is a four component field whose components transform in the familiar way

under Lorentz transformations,
AM(z) = A* AV (A ). (11.1)

Since we already know how products of four-vectors transform, we can go straight to writing
down Lagrangians. As before, we want to construct the simplest £ which is quadratic in
the fields (so that the resulting equations of motion are linear), has no more than two
derivatives (a simplifying assumption) and is Lorentz invariant. This gives the following

terms:
e 0 derivatives: there is only one possibility,

AFA,,.

e 1 derivative: there are no possible Lorentz invariant terms in four dimensions.
e 2 derivatives: there are two independent terms,
0,A"0"A,, 0,AN0VA,.

Any other term may be written as a sum of these terms and a total derivative, and
so gives the same contribution to the action. For example, up to total derivatives,

0, AY O, AF ~ AY0,0, A ~ 0,A” 0, AF.
The most general Lagrangian satisfying these requirements is then

L= % 0,470, A” + ad, A"d, A” + bA, A"] (11.2)

for some constants a and b. This leads to the equations of motion

—OA, — ad,d, A" + bA, = 0. (11.3)

— 149 —



As before, we look for plane wave solutions of the form
Ay (z) =g e ke (11.4)
for some constant 4-vector €,. This leads to
k*e, + ak,k -+ be, = 0. (11.5)
The solutions to Eq. (11.5) may be classified in a Lorentz invariant manner into two classes,
1. € < k (4-D longitudinal)
2. € -k =0 (4-D transverse).

In the rest frame of the field, these two types of solution correspond to € = (50,6) and
e = (0,8), respectively. The lead to the equations of motion

1. (4-D longitudinal)
K2k, + ak’k, + bk, =0 = (K*(14+a) + b)k, =0

—b )
= 11.
1+a KL ( 6)

= k> =

This solution has the right dispersion relation for a particle of mass ,u%.

2. (4-D transverse)
k%e, +be, =0 = k? = —b = 3. (11.7)

This solution describes a field of mass 4.

The 4-D transverse solution appears to be what we are looking for, since the €’s clearly
correspond to the three polarization state of a massive spin one particle. The 4-D longi-
tudinal solution, however, isn’t very interesting. This type of solution looks exactly like a
scalar field. Since we already know how to quantize scalar field theory, this doesn’t lead
to anything new. It would be nice to get rid of this solution altogether. This is simple
enough to do: if b # 0 (that is, if the 4-D transverse field is massive), setting a = —1 takes
w1, to oo, removing it from the spectrum. Or, if you prefer, when a = —1 and b # 0, the
equation of motion Eq. (11.6) has no solutions!>. Therefore the longitudinal solutions are
absent from the Lagrangian

1
L=+ (8,4,)% — (9, AM)* — 12 A? (11.8)
where p? = 2. This leads to the equations of motion

0A, — 0,0, A" + ?A, = 0. (11.9)

5When a = —1 and b = 0, any k is a solution to Eq. (11.6). It is this arbitrariness in the solution to the
classical theory which makes the massless theory difficult to quantize.
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This can be written in a more compact form by introducing some more notation. Define
the field strength tensor

FHrY = 9t AV — 0¥ AF. (11.10)
In terms of F*¥, the Lagrangian is
c=x|tp,pm g 11.11
== 1w - 5“ p (11.11)
and the equations of motion are
OuF" + u?A” = 0. (11.12)
Equation (11.12) is known as the Proca Equation. Using the fact that F),, is antisymmetric,
F,, = —F,,, we derive the requirement that the field is transverse
0,0, F*" =0 = 0,A" = 0. (11.13)

Substituting this condition into the Proca equation, each component of A* is found to
satisfy the massive Klein-Gordon equation,

(O+ u?)A, = 0. (11.14)

Equations (11.13) and (11.14) are equivalent to the Proca equation, although in this form
it is not clear how to derive them from a Lagrangian. They look promising, however. At
the level of these two equations the u? — 0 limit is smooth,

OAM =0, 8,A" =0. (11.15)

These are just Maxwell’s equations in free space. Recall that in classical electromagnetism
the scalar and vector potentials ¢ and A make up the components of the four-vector
AP = (¢, ff) In the gauge where 0,A* = 0, each component of A* satisfies the massless
wave equation. The vector field A* is thus the familiar vector potential of classical electro-
dynamics, while the components of the field strength tensor are the electric and magnetic
fields

—Vé— 94

ot

x A. (11.16)

E

o]l
I
<

By direct substitution, we easily find

0 -BE, —E, —E.
E, 0 —B. B,
E, B. 0 -B,
E. =B, B, 0

FM = (11.17)

We may also verify directly that the massless Proca equation, 0,F*” = 0, corresponds to
the free-space Maxwell Equations
oF

ﬁxé:—t V-E=0 (11.18)

—
I
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while the remaining two equations,

vxi=-28 .50 (11.19)
ot
immediately follow from the definitions Eq. (11.16). However, things aren’t quite so simple.
The condition 9,A4* = 0 could only be derived when u? # 0. Therefore we will stick with
finite 2 for a while longer.
Returning to the plane wave solutions to the Proca equation, A, = Eue_“”, there are
three linearly independent polarization vectors 5,(f) , 7 = 1..3. In the rest frame, we could
choose the basis

M =(0,1,0,0), e? =(0,0,1,0), e® =(0,0,0,1) (11.20)
but in fact it is usually more convenient to choose the basis vectors to be eigenstates of J,:

1 1
M = —(0,1,4,0), e = —
e =50L60), e =5

which have J, = +1,—1 and 0 respectively. In any basis, the basis states are chosen to

(0,1,—4,0), e® = (0,0,0,1) (11.21)

obey orthonormality

elPenle)r = —grs (11.22)
and completeness
3
* k Ky
D el = —gu + —ZQ (11.23)
r=1

relations. The minus sign in Eq. (11.22) arises because the polarization vectors are space-
like. The orthonormality and completeness relations are Lorentz covariant, so are true in
any frame, not just the rest frame.

The sign of the Lagrangian may be fixed by demanding that the energy be bounded
below, as usual. Denoting spatial indices by Roman characters, the Lagrangian may be
written as
1

T FaF? = S AAT - ?AOAO (11.24)

1 4
L=+ §F0iFOZ +
and so the time components of the canonical momenta are

oL

L p0i
(o A;) =
oL
— = 0. 11.25
(00 Ao) ( )

The fact that the momentum conjugate to Ay vanishes does not constitute a problem.
Because 9, A" = 0, there are fewer degrees of freedom than one would naively expect, and
the spatial A;’s and their canonical momenta are sufficient to define the state of the system.
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The Hamiltonian is

H = +F,0°A' — L
= + Ly FY 4+ Fp,0'A° — £
= +F FY 7 0'Fp A" — L
= +F FY F 2 AgA° — L

1 0i 1 ij M2 i M2 0
= + §F0iF v ZEjFZ] + ?AZAZ — ?A()A (11.26)

where we have integrated by parts and used the equation of motion 6MF”0 = O;FV =
—u? A, The metric tensor obscures it, but each term in the square brackets is a sum of
squares with a negative coefficient and so is negative (for example, —A; A = A*A* > 0),
and so the Lagrangian has an overall minus sign,

1 2
L= _EFWFW + ?AMA“. (11.27)

11.2 The Quantum Theory

Canonically quantizing the theory is a straightforward generalization of the scalar field
theory case, so we will skip some of the steps. Since the spatial components A; and their
conjugate momenta form a complete set of initial conditions, it is only on these fields that
we impose the canonical commutation relations

[Ai(@, 1), F(F,
t

[Ai(Z, 1), A3 (7. 1)) = [FO(2,1), F/°(g,1)] = 0. (11.28)

Expanding the field in terms of plane wave solutions times operator-valued coefficients aj ")

and aL(r)

r) (7 —ik-x (r) r)* ik-x
Z/ o 3/2\/ﬂ [ K ell (ke - al Vel (k)e™ (11.29)

and substituting this into the canonical commutation relations gives, not unexpectedly, the
commutation relations

0, al, ) = 57560 (F — )
r t(r) + ()
[a, (") a,(c,)] = [ak ,aL ]=0. (11.30)

The Hamiltonian also has the expected form
H = Z/di”kwka;(r)ak(r) (11.31)

. (r) . el .
and so we can interpret a}i and a;(") as creation and annihilation operators for spin one

particles with polarization 7.
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[ a——
The propagator A, (x)A, (y) may be calculated in a similar manner as the spinor case.

Proceeding as before, we write

Aul@) A, (y) = (01T (A,(2) A, ()] 0) (11.32)

If xo > Yo,

= [A[P(z), AT (y)] (11.33)

)

where we have split A, into the piece containing the creation operator, AEL_ and a piece

A,(f) containing the annihilation operator. From the expansion of A,(x), it is straightfor-
ward to show that

AP AD W] = [ G D T D we b

27r)32wk
A3k ik k. k
— e —ik(x—y) [ puhv
/(27T)32Wke < I 72 )
AN
= <_g,uu_ 22 >ZA+(1’—Z/) (11.34)
where .
d’k :
iNp(z—y) = | —ee F@Y) 11.
e —1) = [ G (11.35)

and 9y, = 0/0yH. After including the yo > o term we obtain
7 OROY\ .
AM(IE)AV(y) = 0(:1:0 - yO) —Guv — 7 ZA+($ — y)
o040y
+6(yo — o) <—g,w - 22> iA(y — ). (11.36)

Now, the scalar propagator is

6(2)b(y) = 0(z0 — y0)ilds (z — ) + O(yo — 70)ilrs (y — 2)
_ (A% ey i
— /(%)46 v o —— (11.37)

and so we would like to commute the § functions and derivatives in Eq. (11.36) to obtain
—n oY
@A) = (o = P2 ) G0 = )it o =) + 00— a0)id sy~ )

d'k kb \ oy 0
_ o k)t 11.
/(2ﬂ)4< G 72 )e k2 — i + de (11.38)
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Figure 46: The propagator for a massive vector field.

This leads to the propagator for a massive vector field, which is represented by a wavy line:

. ATy %2
—i (g’“’ - 7)

B e (11.39)

Note that the vector propagator carries Lorentz indices: one end of the line corresponds
to a field created by A, while the other corresponds to the field created by A,.

While this is correct, the derivation was not quite right when p = v = 0. In this case,
the time derivatives don’t commute with the 6 functions and there is the additional term
when one of the derivatives acts on the 6 function, giving a factor of d(xg — yo), and the
other acts on the Ay function. This wasn’t a problem in the spinor case because there was
only a single time derivative, and the term vanished because A(z — y) = 0 when z¢ = yo.
In this case, however, the time derivative of A(z — y) does not vanish when zp = y¢ and
so there is an additional term. The fact that this term does not contribute is not obvious
in the canonical quantization procedure. The path integral formulation of quantum field
theory, which we will not discuss in this course, puts this derivation on sounder footing.
If you like, you can use the derivation above for (u,v) # (0,0), and then argue that by
Lorentz invariance the result must have this form for (u,v) = (0,0) as well.'6

Now consider adding a fermion such as an electron to the theory. A simple interaction
term between the fermi field ¢ and A, is

L;=—gy"TYA, = —gp ATy (11.40)

where I' has the general form I = a + b5 by Lorentz Invariance. As we discussed before,
when both a and b are nonzero this theory violates parity, since there is no choice of
transformation for A* under which the interaction term Eq. (11.40) is invariant. A parity
conserving theory may have either I' = 1 (vector coupling) or I' = 75 (axial vector coupling),
in which case the components of A* transform under parity as a vector or an axial vector,
respectively.

From our previous experience with interacting theories, the interaction term Eq. (11.40)
leads to the interaction vertex shown in Fig. (47). We note at this stage that there is a
simple rule for writing down the Feynman rule associated with an interaction term in L.
When all the fields in the interaction term are different, the resulting Feynman rule is just
—i times the interaction Hamiltonian, or i times the interaction Lagrangian. A term with
n identical fields has a combinatoric factor of n! in the Feynman rule, corresponding to the
n! different way of choosing which field corresponds to which line in the vertex.

16T his sort of difficulty arises in the canonical quantization procedure because it breaks manifest Lorentz
invariance, by treating temporal indices different from spatial indices. The path integral formulation treats
space and time in a symmetric fashion.
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Figure 47: Fermion-vector interaction vertex

Finally, evaluating Dyson’s formula requires matrix elements of the A, field between
incoming and outgoing vector meson states and the vacuum. From the field expansion,

(0|4, ()| V (k7)) 23/‘ () 0ol VB2 20l 0)

21)3/2\ 2wy

o 31/ —zk’ r') T()
- Z &’k “(0ag, af "' |0)

r’'=1

w ! —ik! 2 (r)

=Z/“VJ$%>kmmL]w

r'=1 K
_ Eg)(k)efik-x (11.41)

where | V(k,r)) is a relativistically normalized single particle state containing a vector
meson with momentum k and polarization r. Therefore, each incoming vector meson

(

contributes a factor of EJ) to the amplitude in addition to the usual exponential factor.
Equation (11.41) and its complex conjugate lead to the Feynman rule

incoming

e For every { } vector meson with momentum % and polarization r, include

outgoing

()
a factor of {Sfé)ﬁk) }
e (k)

k—>
LANANANANANANN el (k)
k—>

ONNNNNNNNN e (k)

Figure 48: Feynman rules for external vector particles.

11.3 The Massless Theory

To obtain a quantum theory of electromagnetism, the limit ;4 — 0 must be taken of the
results in the previous section. This limit looks bad for several reasons. In the quantum
theory, there is a factor of k*k”/u? in the vector propagator. This will turn out to be
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closely related to a problem which arises at the classical level. Consider £ coupled to a
source JH*(x)

L=Ly— AT (). (11.42)
The equations of motion in this theory are
OuFM 4 2 A" = Jv (11.43)
which leads to 1
O A* = Eauj“. (11.44)

Again, this looks bad in the limit g — 0. However, it gives a clue to how to obtain a theory
with a sensible g — 0 limit: the limit exists only if A, couples to a conserved current. In
this case, 9,J* = 0 and the p — 0 limit of Eq. (11.44) is well defined.

Fortunately, we're old hands at finding conserved currents. Recall that Noether’s the-
orem ensures that any internal symmetry has an associated conserved current and charge,
the simplest example being a U(1) symmetry associated with the transformation

Ga(w) = €My () (11.45)

for some set of fields (not necessarily scalar fields) {¢,}. There is no implied sum over a in
Eq. (11.45), and the ¢,’s are numbers (the charge of each field), not operators. Note that
the g,’s are arbitrary up to a multiplicative constant; that is, if ¢, — exp(—iga\)pq is a
symmetry, so is (for example) ¢, — exp(—2iga\)dq. There is no physics in this ambiguity
- if j# is a conserved current, so is any multiple of j*.

If Eq. (11.45) is a symmetry, DL = 0 and the current

"= MDDy = —i y_ Mqupa (11.46)

is conserved. For example, the Dirac Lagrangian is invariant under the transformation
Y — e My, P — ey (11.47)
Therefore the corresponding ¢,’s are
=1 qz=-1 (11.48)
and D) = —itp, Dip = i1p. The conjugate momenta are
I}, = iy", H% =0 (11.49)

and so the conserved current is
=Py, (11.50)

For a charged scalar field'” ¢ we have

I = ot'e*, M. =0ty (11.51)

7To avoid confusion with fermi fields ¢, we switch our notation for charged scalars at this point from
to .
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and so the conserved current is
gt = —i(0"p™)p + i(0Fp)p™. (11.52)

Therefore, we might hope that if we couple a vector field A* only to these conserved
currents we will obtain a theory with a well-defined ¢ — 0 limit. So we might try the
following interaction terms:

e Fermions:
Lr=—gpy"App = —gp 4 (11.53)
This is the interaction we had written down earlier, but with I' = 1. For massive
fermions, only the vector current ¥y is conserved; the axial vector current 1y*vys)
isn’t associated with an internal symmetry and is not conserved.'® Therefore we
expect that only the theory where the vector field couples to the vector current will
have a smooth p — 0 limit.

e Charged scalars:
Ly = —ig[(0"¢")p — (0"0)¢™ Ay (11.54)
The situation here is not as nice as it was for fermions. The interaction term contains
derivatives of the fields, so it changes the canonical momenta of the theory, thereby
changing the expression for j#. So although this theory still has a U(1) symmetry
and a conserved current, the conserved current is no longer given by Eq. (11.51), and
therefore this theory is not expected to have a smooth p — 0 limit.

We see from the scalar case that it’s not always so easy to ensure that A, always couples
to a conserved current, because the coupling itself will in general change the expression for
the current. Fortunately, there is a magic prescription which guarantees that A, always
couples to a conserved current. It is called minimal coupling.

11.3.1 Minimal Coupling

The minimal coupling prescription is very simple. Given a Lagrangian as a function of the
fields and their derivatives, £ (¢a, 0u¢a), which is invariant under the U(1) transformation
$a — e, replace it by Lar(¢a, Dyda), where

Dt g = 0o + ie A quda (11.55)

(no sum on a). DM is called the gauge covariant derivative. (Note that again there is
an ambiguity in the q,’s; this just corresponds to the freedom to choose the overall cou-
pling constant for the interaction term. For quantum electrodynamics, if we choose the
dimensionless coupling constant e to be the fundamental electric charge, then ¢ will be
the electric charge of the field measured in units of e.) The resulting Lagrangian has the
following two properties:

8For massless fermions, we saw in the chapter on the Dirac Lagrangian that the theory has two U(1)
symmetries and therefore two conserved currents, j’ﬁ, R= EL’ rY'YrLr = %E'y“(l F v5)%. Since any linear
combinations of these currents are conserved, both 17" and ¥y*~ys1) are conserved. Thus, it is possible
to couple a massless vector field to the axial vector current in the special case of massless fermions. The
mass term breaks the axial U(1) symmetry associated with ¥y*y51 but not the vector U(1).
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1. Ly is still invariant under the U(1) transformation, and

2. A* is coupled to a conserved current. That is

oLy .,
and
B,5" = 0. (11.57)

This is straightforward to show. Under a U(1) transformation,
Dyda — Dy (716,
=0, (e_i’\qa%) +ieAuq, (e‘i)‘q“qba)
_ Mg, (11.58)

and so D, ¢, transforms in the same way as 0,¢4. Therefore if L(¢q,0u¢q) is invariant
under the U(1) symmetry, so is £(¢a, D,¢q). This proves the first assertion.
In terms of the canonical momenta, the conserved current is

j* = ThD¢y =Y I (—igaga). (11.59)
From the definition of the gauge covariant derivative, we also have
O(Dy¢a) _ .
—————— = jeqqpaot 11.
aAM Zeq ¢) 14 ( 60)
and so we find
8»CI o Z a»CM 8 I/d’u)
0A, d(Dypa) O0A,
0L\
= T 1€GaPa
Z 300,00 0e?
= ZHgZeQa¢a
= —ej# (11.61)

as required, proving the second assertion.
Going back to our examples, the minimally coupled Dirac Lagrangian for a fermion
with charge ¢ (in units of the elementary charge e) is

L= —m)yp =i — eqf —m)y (11.62)
which is just what we had before. However, the minimally coupled scalar Lagrangian for
a scalar with charge ¢ is

L = D,p*Dlp —m?AF A,
= (0, —ieqA,) " (0" +ieqAM)p —m2AF A,
= 0up* 0" —ieqAu (P 00 — 00" ") + P A AV G p. (11.63)
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The term linear in A, is what we had before, but there is a new term quadratic in A,,.
This will lead to a new kind of vertex, with the Feynman rule in Fig. (49), the so-called
“seagull graph” (to avoid confusion with fermion lines, we will denote charged scalars by
dashed lines in this chapter). Only the theory defined by Lagrangian Eq. (11.63) with all

Figure 49: The “seagull graph” for charged scalar-photon interactions.

the interaction terms given by minimal coupling has a well-defined limit as g — 0.

The Feynman rule for the term in Eq. (11.63) linear in A, is slightly subtle, but it turns
out that the naive approach gives the correct answer. Naively, we notice that a derivative
0, acting on the piece of the field which annihilates an incoming state (and so has a factor
of exp(—ip - x)) brings down a factor of —ip,. Similarly, when acting on the piece of the
field which creates an outgoing state, it brings down a factor of ip,. Therefore, we expect
the Feynman rule shown in Fig. (50). There are two problems with this derivation.

Figure 50: Feynman rule for the derivately coupled charged scalar.

First of all, the derivative interaction changes the canonical momenta in the theory, and so
changes the canonical commutation relations. Second, in Dyson’s formula the derivative
cannot be pulled out of the time ordered product. However, it turns out (we won’t prove
this here) that these two problems cancel one another, and that the naive Feynman rule is
actually correct.

We now justify the assertion that the coupling constant e arising in the covariant
derivative is just the elementary charge. We will show this for the Dirac field. Recall
that in the scalar case the U(1) charge was just proportional to the number of particles
minus the number of antiparticles, indicating that particle and antiparticle carried opposite
charges. The same is true for Dirac fields: the conserved charge is

Q= [dsiy
= /d?’:cz/JTz/J. (11.64)

Substituting the field expansion in terms of creation and annihilation operators, it is
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straightforward to show that this is

Q= Z/dz, T)Tb ;)Tcgo)

= N, — N,. (11.65)

If the particles annihilated by v have electric charge ¢ in units of the elementary charge e,
the total electric charge of the system is therefore Qem. = qe@, and the electromagnetic
four-current is therefore j&'m = geyy*yp. Thus, for electrons (¢ = —1), the electric charge
and electromagnetic current are

Qum. = —e / Bt (@)(z)

G, = —eyep. (11.66)
The Euler-Lagrange equation for a massless vector field A* is therefore

O™ = — ey
(11.67)

which is just Maxwell’s equations in the presence of an electromagnetic current j7,,, .
The elementary charge is often expressed in terms of the “fine-structure constant” «
where
e? 1
~ 4rhe  137.035

(11.68)

and so in natural units

e = Vira. (11.69)

11.3.2 Gauge Transformations

The minimally coupled Lagrangian Las(¢q, D;¢dq) is invariant under a much larger group
of symmetries than Lys(¢q, 0pda). It is invariant under the strange-looking transformation

A(@) : pal@) = e XD (2)
Au(e) > Au(a) + T0A) (11.70)

for any space-time dependent function A(z). Note that when A(x) is a constant and not
a function of space-time this is just the usual U(1) transformation on the ¢,’s (note that
the A* field is invariant if A is constant). This kind of symmetry is called a global U(1)
symmetry, since A is the same at all points.

The transformation Eq. (11.70) is called a local or gauge transformation, and £y is said
to have a U(1) gauge symmetry. Since A(x) is now a function of space-time, the theory
is invariant under different U(1) transformations at each point in space-time. The odd
transformation law of the A* fields is crucial here: the Dirac Lagrangian is not invariant
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under gauge transformations, since ¥@y picks up a term proportional to (OuA) Yy*p. The
transformation property of A* is chosen precisely to cancel this term:

D,u¢a = (a,u + ieAuQa)d)a
= (O ieAuta + a0\ (@) (7N, )

= e—iqu(x))(au - iQaau)‘(~T) =+ ieAMqa + iqaau)‘(x))d)a
= ¢74AID h,. (11.71)

Therefore unlike the usual derivative d,,¢,, the gauge covariant derivative D, ¢, transforms
in the same way under a gauge transformation as it does under a global transformation.
Thus, if Li(¢a,0ude) is invariant under a global U(1) transformation, L£s(¢pa, Dy¢a) is
invariant under a gauged U (1) transformation. Therefore, every time we use the minimal
coupling prescription we end up with a theory in which £, is invariant under a gauge
symmetry.

So far we have just looked at Ly, the “matter” (fermions and scalars) Lagrangian,
and ignored the free part of the vector Lagrangian, —%FWF 4 ";A#A“. Since F},, is
antisymmetric in its indices, it is also gauge invariant,

1
MNx): Fu — Flu + - (0uOuA(x) — 0,0\ () = Fpp. (11.72)
However, the vector meson mass term “—;AMA“ is mot gauge invariant:
2 1
Ax): A AR — A AP + gau)\(aj)A“ + EOH)\(x)O“)\(m). (11.73)

The complete Lagrangian is only gauge invariant when p = 0.

In quantum electrodynamics, which is the vector theory we are really interested in,
the photon is massless and so the theory has exact gauge invariance. Rather than being a
help in solving the theory, this gauge invariance complicates things tremendously, making
it difficult to quantize the massless theory directly. The problem arises at the classical
level: if {A,(x),¢a(x)} is a set of fields which form a solution to the equations of motion
then so is the set

{Au(x) + é(’?u)\(x), e—“@)%%(x)} (11.74)

for some arbitrary function A(z). Therefore the problem of finding the time-evolution of
the fields from some initial values is ill-defined. No matter how much initial value data
I have at ¢t = 0 (the fields, their first, second, third ... derivatives), I can never uniquely
predict the field configuration at some later time, since their exist an infinite number of
gauge transformed solutions of the equations of motion which also have the same initial
value data. These field configurations just differ by a gauge transformation which vanishes
at t = 0.

Furthermore, in the massless theory the condition d,A* = 0 implied by the Proca
equation is no longer implied by the equations of motion. If A,(z) is a solution to the
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equations of motion satisfying 0, A* = 0, then another solution to the equations of motion
is A),(z) = Au(z) + 9uA(x)/e, which satifies

0, AM () = %m(m) £, (11.75)

The four dimensionally longitudinal mode which we had banished has come back to haunt
us. 0, A" is no longer zero, but arbitrary.

Things are not actually so badly defined. F*" is gauge invariant, and therefore so are
the electric and magnetic fields E and B. In fact, any observable is gauge invariant. Two
systems different by a gauge transformation contain identical physics; they just differ in
the choice of description. So we can fix the description by fixing the gauge once and for
all. Some popular gauge choices are

V- A =0 (Coulomb gauge)
9, AP =0 (Lorenz'® gauge)
Ay = 0 (temporal gauge)
As = 0 (axial gauge)

The trick is then to canonically quantize the theory in the given gauge, that is, subject
to the corresponding constraint?’. In perturbation theory, different choices of gauge result
in extra terms in the photon propagator proportional to k*k¥. However, as we will see in
the next section, these terms in the propagator do not contribute in a minimally coupled
theory and so, as expected, physical amplitudes are independent of gauge.

11.4 The Limit 4 — 0

Since we are avoiding quantizing the gauge invariant massless theory directly, we will
instead derive the Feynman rules for Quantum Electrodynamics by examining at the u — 0
of the theory of a minimally coupled massive vector field. With any luck the minimal
coupling prescription will have solved the problems we previously noted in taking this
limit. Indeed, in this section we will see by direct calculation that the factors of 1/u? in
the quantum theory do not contribute to amplitudes when the theory is minimally coupled,
and that the massless theory does in fact have sensible Feynman rules.

First consider the process ete™ — ptpu~, where e and p are two different fermion
fields (electrons and muons), minimally coupled to a massive gauge boson. In the limit
i — 0 this is just the pair production process eTe™ — pu*p~ in QED. There is only one
graph at O(g?) which contributes to this process, shown in Fig. (51). The 1/u4? term in

19Until recently, this was known as “Lorentz” gauge, after H. A. Lorentz, but it is now attributed to L.
V. Lorenz. See Griffiths, “Introduction to Electrodynamics”, Chapter 10.

208ee Chapter 5 of Mandl & Shaw for a discussion of the Gupta-Bleurer method of canonically quantizing
the massless theory.
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Figure 51: Feynman diagram contributing to eTe™ — pu*pu~.

the amplitude is
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Iu2vﬁ+7 P- k2 — 42 +je P- A
. 62 7(7,) (8)7(7’/) (Sl)
= ZMQ(kZ _ ,LL2 4 iﬁ)vﬁ+%uﬁ—uﬁ, k'l)ﬁ,+ . (1176)
But by the Dirac equation,
oy by =05 (6 pu) =75 (me — mu? = 0. (11.77)

So this term vanishes before taking p to zero. Of course, this is no accident (there are no
accidents in field theory). It just follows from current conservation:

Fug" = 0= (0]9u"| eTe™) = (0]derte[eFeT)
= 8u(527“u§je_i(p++p*)'m)
(r) (5) g—i(p++p-)-z

7 o H
i(ps + p- oy Yy

= —iny) ful) e Hp) (11.78)

+

and so fu = 0. Although we have just demonstrated it in one process, this is a very
general feature of minimal coupling, and it means that in such theories we can completely
ignore the piece of the propagator proportional to k#k”. Therefore, in the p — 0 limit the
vector boson is the photon of quantum electrodynamics, with the propagator shown in Fig.
(52).

k—>
[ ZaVAVAVAVAVAVAVAVAVAR RS

v
9
k? 4 ie
Figure 52: The photon propagator.

In a similar vein, you might worry about the factor of 1/u? in the polarization sum,
Eq. (11.23), but a similar thing happens here. We can demonstrate this by looking at
Compton scattering of a massive vector boson off an electron, Ve~ — Ve™. Two diagrams
contribute to this process, giving

id = i) [P E A W =m0

24 (p’ + k’)Q —m2 (p' _ k)2 —m2 Up Ep v
= M (KNl (k). (11.79)
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Squaring and summing over final spins of the vector particles and averaging over initial
spins will give a result proportional to

K k!, kK
MM MOP [—gmﬁ Zz ] [—g,,g-f— Mzﬂ] (11.80)

and so the terms proportional to k:LM # and k, M* look bad as p — 0. However, just as
before, the contributions from these terms vanish:

4! / / /
g o o) [E@HE+m” A = +m)E] (o)
Ky MM o< U _ SR + "oy K Uy
_ o) [CHW mb 425 Ky Ak — K +2 k)] o
4 I 2p/ k! 2]9 k! p
— ) [l + mff + 29" K)y” Al — Fm+2p - K)] )
A 2 - k! 2p - k! D
=5 [y —"]ul) = 0. (11.81)

Similarly, k, M* = 0, and so the k*k" term doesn’t contribute to the polarization sum.

11.4.1 Decoupling of the Helicity 0 Mode

The result that k), M = 0 has another consequence in the ¢ — 0 limit. A massive spin 1
particle has three spin states, J, = £1,0, whereas a massless gauge boson like the photon
only has two helicity states, £1 (once again, this is only possible because the photon is
massless. For a massive particle you can always boost to its rest frame and perform a
rotation to change a J, = 1 state to a J, = 0 state.) This corresponds to the fact that
classical electromagnetic waves are always transverse. The absence of a longitudinal mode
corresponds to the absence of a (3-dimensionally) longitudinal photon, & o« k. (We call
mode satisfying & k “3D longitudinal” to distinguish it from the 4D longitudinal mode
discussed earlier, € o< k.) How is this apparently discontinuous behaviour possible if the
@ — 0 limit of the theory is smooth?

A massive vector particle travelling in the z direction has four-momentum k* =
(VK% + p12,0,0, k) and three possible polarization states sl(f), where

M =(0,1,4,0)
@ =(0,1,-4,0)

e® = ;(k,0,0, VE2 + 12) (11.82)

£®) is the 3D longitudinal polarization state, satisfying B B = 1, B .k =0,
£3) « k. The amplitude for a longitudinal vector boson to be produced in any process
(like the Compton scattering process from the previous section) is proportional to

e pmp (11.83)
where the tensor M* satisfies
k w2
¥ J— — — L
EfM, =0= My = Mg\/m— M3<1+(9<k2>>. (11.84)
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The amplitude to produce the helicity 0 state is therefore proportional to

M = My [—k (1 +0 (f)) T <1 o (f)ﬂ

_ o <”2> —0asE 0. (11.85)
I

Therefore, as a result of current conservation, the amplitude to produce a 3D longitudinally
polarized vector meson vanishes as p — 0. The helicity zero mode smoothly decouples in
this limit, and for g = 0 is absent as a physical state. (Nothing special happens to the
transverse modes in this limit). Therefore, in the massless theory, there are only two
physical polarization states of the vector boson, both of which are 3D transverse. The
appropriate form of the polarization sum is

2
> el = —g,. (11.86)
r=1

11.5 QED

At this point it is worth summarizing our results. We set out to find a quantum theory
of a massless vector field, the photon. We discovered that the massless limit is in general
ill-defined, unless the vector field couples to a conserved current. This requirement gave us
the interaction between the photon and charged scalars and Dirac fields (up to the overall
coupling constant). The resulting theory is quantum electrodynamics, the quantum theory
of electromagnetism. The QED Lagrangian for a theory with a single charged scalar ¢ and
a single charged fermion ¢ with charges g, and g, respectively, is

L =Dy Dlo — pPo*o + ¢ (i —m) P — iF’“’FW
= 0up 0" p — ieqp AL (0 0o — pI'") + E2q7 AL AV %
+ (i) —m) 9 — equp A — iF“”FW (11.87)
The Feynman rules for the Feynman amplitude i.4 in QED are illustrated in Fig. (53).

1. For each interaction vertex (fermion-fermion-photon, scalar-scalar-photon, or scalar-
scalar-photon-photon) write down the appropriate factor.

2. For each internal line, include a factor of the corresponding propagator.

3. For each external fermion or photon, include the appropriate factor of the four-spinor
or polarization vector.

4. The spinor factors (v matrices, four-spinors) for each fermion line are ordered so that,
reading from left to right, they follow the fermion line from the end of an arrow to
the start.

5. The four-momenta associated with the lines meeting at each vertex satisfy energy-
momentum conservation.
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Figure 53: Feynman rules for QED

6. Multiply the expression by a phase factor § which is equal to +1 (—1) if an even (odd)
number of interchanges of neighbourhing fermion operators is required to write the
fermion operators in the correct normal order.

There are additional rules for diagrams with loops, which we have not considered because
we are just working at tree-level in this theory.

In some future version of these notes, I will include a few worked examples for QED
processes. In the meantime, you should read Chapter 8 of Mandl & Shaw and work
through Sections 8.4 (lepton pair production), 8.5 (Bhabha scattering) and 8.6 (Compton
scattering). Note than M&S use differently normalized fermion fields than we do; however,
the final answers are independent of normalization.

11.6 Renormalizability of Gauge Theories

In this chapter we started with the theory of a massive vector boson and showed that,
despite appearances, it was possible to take the ¢ — 0 limit, in which case the theory had
a larger symmetry, that of gauge invariance. Now we will go one step further and assert
that gauge-invariance is required in order for a theory of vector bosons to make sense as a
fundamental theory (I will explain what I mean by “fundamental” in a moment). To see
why this is so, let’s go back to the discussion of the previous section.
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If a vector boson is coupled to a non-conserved current, the cancellation in Eq. (11.85)
does not occur, and instead of being suppressed, the amplitude to produce a helicity 0
mode grows like k/u. Thus, the probability of producing this mode grows with increasing
energy without bound. This is in fact a Bad Thing, because at some energy the probability
will become greater than 1! (This is known as “unitarity violation”). At this energy the
theory has clearly stopped making sense (at least perturbatively).

There is nothing a priori wrong with this; we just have to interpret our theory a bit
differently - not as a fundamental theory (valid up to arbitrary energy scales), but as an
effective field theory. This kind of thing is very familiar in physics. If we are interested in
fluid dynamics, for example, we don’t have to consider the single atoms which make up the
fluid. It makes much more sense to consider the fluid as a continuous medium. Similarly, if
we are interested in the hydrogen atom we can treat the proton as a point object, despite
the fact that we know it is made up of quarks and gluons. Many aspects of nuclear physics
can be described by a field theory of nucleons and pions, despite the fact that we know that
these particles aren’t “fundamental.” It all depends on the scale of physics we're interested
in.

In our case, what the theory is telling us is that a theory of massive vector mesons
coupled to a nonconserved current is a perfectly fine theory at low energies, but that it can’t
be valid up to arbitrarily high energy scales (that is, down to arbitrarily short distances).
At some scale (typically set by the mass of the particle, since that’s the only dimensionful
parameter in the theory), this theory has to break down in some way - for example, the
vector boson could be revealed not to be fundamental, but to be a composite particle,
and so its dynamics would change at the scale of order the size of the particle. What is
fascinating is that the theory carries within itself the seeds of its own destruction.

This property of a theory, that it be valid up to arbitrarily high energies and so
not predict its own demise, is related to a property known as “renormalizability.” Roughly
speaking, renormalizability is the extension of the above discussion to radiative corrections.
You recall that internal loops in a Feynman diagram come with a factor of

[y

since the momentum running through the loop is unconstrained. As a result, arbitrarily

high momenta run through loop graphs, even if the process being considered is a low-energy
process. It is perhaps not surprising, then, that if the theory breaks down at a certain scale,
this will affect loop graphs even for low-energy processes. Without getting into the details
of radiative corrections, I will just assert that if one attempts to calculate loop graphs in
a theory of a massive vector boson coupled to a non-conserved current one is again led to
the conclusion that the theory cannot be fundamental.

So what are the requirements for a theory to be renormalizable? It is easy to get an
idea, just by unitarity arguments. Imagine a theory with a four-fermion interaction term

L= —<T0v0v.

Now let’s do some dimensional analysis. You showed on an early problem set that in 4
dimensions, the Lagrangian density has dimensions of [mass]*. From the Dirac Lagrangian,
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we conclude that the dimensions of ¢ are [mass|®/? (so that ma1) has the right units). i)
has dimension [mass|®, so the coupling must have dimensions [mass]~2, which I have made
explicit by writing it as g/M? (g is dimensionless).

Now, a cross-section has units of area, or [mass] 2. Since the amplitude from the four-
fermion interaction goes like 1/M?2, the cross section for fermion-fermion scattering in this
theory must be proportional to 1/M*. By dimensional analysis, at high energies where we

may ignore the fermion masses, we must therefore have

S

e

(11.88)

where s = (p; + p2)? is the squared centre of mass energy of the collision. Since the cross-
section grows without bound, once again the probability must grow without bound, and
again the theory must break down at some energy scale set by M.

Just by dimensional analysis, you can see that this will happen in ANY theory with
coupling constants which are inverse power of a mass. Thus, for a theory to be renor-
malizable, all terms in the Lagrangian must have mass dimension < 4. This answers a
question which may have been bothering you all along in this course: why do we always
study theories with such simple interaction terms? Why can’t we have an interaction term
like

—gp cosln (1 + p/M)?

The answer is that this is not a renormalizable interaction. Therefore interaction terms like
o*, g and ¢3 (dimension 4, 4 and 3, respectively) are allowed in a fundamental theory,
but interactions like ¥pinh, ¢°, ¢?hp (dimension 6, 5 and 5, respectively) are not. This is
why we only considered very simple interaction terms - anything more complicated leads
to a non-renormalizable theory.

Of course, there is no reason to only consider theories which are valid up to arbitrary
energy scales. After all, we can only do experiments at finite energies. However, since
higher-dimension operators come with coupling constants which are proportional to inverse
powers of the scale at which the theory breaks down, the effects of these terms are negligible
at low energies. Their effects are proportional to the ratio of the momentum of the process
to the scale of new physics. Unless they break symmetries which are preserved by the
renormalizable terms (such as parity in the case of the weak interactions, or baryon number
in GUTSs) they can usually be safely ignored.

Finally, it can also be shown that theories with fields of spin > 1 are also non-
renormalizable. This is at the root of the difficulty of quantizing gravity: the graviton
is a spin-2 field (corresponding to quanitizing the metric tensor g,,), and so the corre-
sponding quantum theory is nonrenormalizable.

It is because of renormalizability that gauge symmetries are so crucial in field theory:
the only way to couple a vector field to other fields in a renormalizable way is through a
gauge covariant derivative. Furthermore, since a vector meson mass term breaks the gauge
symmetry, only theories with massless vector bosons are renormalizable. The theory of
a massive vector boson which we studied in this section, while useful for obtaining the
Feynman rules for QED, is not a renormalizable theory.
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Now, as you may be aware, there certainly are massive vector bosons coupled to non-
conserved currents in the world. The gauge bosons associated with the weak interactions,
the W* and Z°, have masses of 80.2GeV and 91.2 GeV, respectively. Experimentally,
they couple to electrons and electron-neutrinos via the following interaction:

Lr=—q (?’y“(l - *y5)eVV;r +eyH(1— 75)1/le)
—92Z" (evu(gv — gavs)e + 7 yu(l — 75)v) (11.89)

where g1, g2, gv and g4 are coupling constants which are related to the electric charge
and the ratio of the W* and Z° boson masses. Since the electron is massive, the current
eyHysv is not conserved, so we have a theory of gauge bosons coupled to nonconserved
currents. So the W and Z clearly can’t be fundamental. Furthermore, the theory predicts
that unitarity violation due to excessive production of longitudinal W’s and Z’s will occur
at a scale of about 3 TeV=3 x 10° GeV.

The question of what the W’s and Z’s are made of has been the foremost question in
particle physics for many years. The simplest possibility which leads to a renormalizable
theory was written down by Peter Higgs in the early 1960’s and incorporated into the
minimal Weinberg-Salam model, in which the transverse components of the W and Z are
fundamental (corresponding to massless vector bosons), while the longitudinal components
are made of a scalar particle, known as the “Higgs Boson.” In the minimal theory, there
are four Higgs bosons, three of which are incorporated into the two W’s and the Z, and
the fourth of which was discovered at the LHC in 2012. The question as to whether this
observed particle is indeed the minimal version of the Higgs boson, or some piece of a more
complicated (and interesting!) sector of the theory is currently under active investigation.
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