ecture {: Motwation for lineacr a\éeloro\_
Admin:  Textbook 85\\a\0msJ \,\ovv\e(,\)or\gJ widderms,
Liral, Arading, offce hours, ...

MorATioN For LINEAR ALeiEarA

* Linear Hransformations ace everynere |
-Caleulus - 'm-\eﬁra’rim/\ and. a\i%%req/\ﬁaﬁon are inear
- Sianals « Founier ‘I'rams@ouvx s linear
- &Soov&uwv\ \o\/\&S’\CS’ Fime evolution is linear

* Man a\oho\icaér\ons

-Qs \)'\gs grems of lneor Qc‘oo:\'\o\/u

Rx —9 =3
- X +y = AN
- So\\t’\i\s &(\Slpere\/ﬁ'\o\\ ec‘\wﬁr\om and. recursions
g =9y X = Koy + Xnoa

- l W\ 0\62. Q,O‘N\F ceS sion

Oria ‘Aol IKeep (0% of coefs Resu\y

\ 25 H* of vorldes
N=)28"= 1654
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T UT VU wiwne o

N=V)2¢=I6sd4

F* of olust/xaxions
A =4440=0.27N

1S minutes

in L Moﬂk‘

= Machine learning and statistics
dimension reduction | least Qquoves ?’rﬂ.ﬁ
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’EmegE: Predir s Gross dowmasHc product (D) in 26S0.
A nswer:
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Google

Gross Domestic Product - Log 7

$10T

$17T

$1008

$108

S0
1960

1965

us gdp

Web Images Maps Search tools

at+bT

Shopping News More ~

About 154,000,000 results (0.81 seconds)

e G

15.68 trillion USD (2012) oo T = \0\3

United States of America, Gross domestic product

Ce

20T #® United States of
America
15.68 trillion USD
15T
China
10T B.227 trillion USD
Japan
5T 5.96 ftrillion USD
T
1860 1870 1880 1990 2000 2010
Explore more
Sources inclu Feedback / More info
oW @ L co

Ghana

1870 1975 1980 1985 1990 1995 2000 2005 2012

An exgo'\evx’n‘a\ dhon\d Ft the data bettrer Haan
a s%'mg\/\\' lWe.

UsGDPdata = [196@,

1965, 7.12@82e11; 1966, 7.8@761el1;
J1137e12; 1972,

1.9248e12; 1971,
.8091e12; 1977,
.2277e12;
.8619e12; 1989,
.9933e12; 1995,
.8988e12; 2001,

oo o o

1
2
1983, 3.
5
7
1

5.28531e11; 1961, 5.39851e11; 1962, 5.79748el1; 1963, 6.1167el11; 1964, 6.56912e11;
1967, 8.25@56e11; 1968, 9.01456e11; 1969, 9.73385e11; 197a,
225e12; 1973, 1.3693e12; 1974, 1.4858e12; 1975, 1.6234e12; 1976,

1.

.8136e12; 1978, 2.276e12; 1979, 2.5435e12; 1986, 2.7675e12; 1981, 3.1@38e12; 1982,
5069e12; 1984, 3.9804e12; 1985, 4.1848e12; 1986, 4.425e12; 1987, 4.698%e12; 1988,
.4397e12; 1990, 5.7508e12; 1991, 5.9307e12; 1992, 6.2618e12; 1993, 6.5829e12; 1994,

.3384e12; 1996, 7.7511e12; 1997, 8.2565e12; 1998, 8.741e12; 1999, 9.3e1el2; 2000,

.82339e13; 2002, 1.05902e13; 2003, 1.106893e13; 2004, 1.17978e13; 2005, 1.25643e13;

2006, 1.33145e13; 2067, 1.39618e13; 2088, 1.42193e13; 2009, 1.38983e13; 2818, 1.44194e13; 2811,
1.49913e13; 2012, 1.56848e13];
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> years = USGDPdata(:,1);
A = [ones(length({years),1), years];
USFit = pinv(A) * log(USGDP)

USFit =

-1.896282320582321e+02
6.975488397258215e-82

»> exp(USFit' = [1; 2@58])

dans =

3.8996363050120874e+14
= 20 47|l dollacs

Tox10"
sox10M
3ox1n'

20x10"
1510 b

loxio' b
Tox10'2 F
soxl0"
3ox10'

20x10"
15x10' b

Loxiot2 F

L L L I I
1970 1980 1980 20 2010
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ListPlot[{#} & /@ dataprojectedmanually, AspectRatio + 1, PletMarkers » data[All, 1, 1],
PlotStyle - (dataAll, 1, 3]) /. {"D" =+ Blue, "R" =« Red, "I" - Black}]

(97, 17}
{17, 2}
¥ pare W M’(TB Chambliss
S
S \60\&@( 2k
_ Blunt
== paul
> Cornyn Hellgr
% Wicker 0}
o IsaksoRiiiRtge  TohBmen
Fake Barggso Boozmagy, ohee
L gh
Coder 'T Thune &Eknﬂ%s Cochran
Kirk Baucus ERZ rassley g Crapo Rz
Eil
Alexander Scott 1ep Markey (D]MA)
. Collins Wydgantwell King (Mom©
. . . . Manchin Prypr , Carper . '(\
= -2 -1 Landricu Feinstcin 1 R donks
Cioons U\
ndepen
Stabendgw BeE'Bﬂsnn ! '
Nﬂsocw Hmfﬁiln}mn RHE“‘”“"
armer Rockefeller Sanders.
) Leahy mmoﬂ‘h
X R Hlguctar Cor Whitehouse
Durbin
5 Udall Behree
\Q) Schumer Tester
§ Reid Cascy §
Yl Sevore W\cdur'\\ﬁ) Kaine
({AA\ef MeCaskill Franken
2k
Hirono
Brown Heinrich
Bagwin
Murphy, |
warren ( D,M!\')

Gileasa (D, NY)

* Even P“Pd\lﬁ combinatacial u\o‘o\icﬁRon&

1. srecf'raJ clu.swten‘/g
ArericaTioN 4 = SpectealL IMAGE SEGMENTATION
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matrix = Import["/Users/breic/Desktop/adjacencymatrix.txt"”, "Table"];
matrix += Transpose[matrix];

matrix // ArrayPlot

AT |

laplacian = DiagonalMatrix[Plus 8@ # & /@ matrix] - matrix // N;

di = DiagonalMatrix[(l/Plus @@ &) & /@ matrix // N];
evs = Eigensystﬂm[“m’ di .laplacian. di ] /f Transpose // Reverse:

coordinates =

numclusters = 16;

evs[2 ;; 9, 2] // Transpose;

e ————
—_—

3
\9em\oeo(ot1® inYo R

ClusteringComponents [coordinates, numclusters, 1, Method - "PAM"]

Indiana Jones and the L
Lord of the Rings: The
Lord of the Rings: The
_Lord of the Rings: The
{ Raiders of the Lost Ark ,
"Star Wars: Episode IV:
Star Wars: Episode VI:

Star Wars:
The Lord of the Rings:

12 Angry Men

Airplane!

American Pie

Mmerican Pie 2

Austin Powers in Goldme
RMustin Powers:

Rustin Powers:

Internat
The Spy

Interview with the Vamp '

Liar Liar

Meet the Parents
Ransom
Spaceballs
Spider-Man
Wayne's World

Episode V: T

A Walk to Remember
Coyote Ugly

Dirty Dancing

How to Lose a Guy in 10
Maid in Manhattan
Pretty Woman

Sister Act

The Princess Diaries 2:
The Princess Diaries (W
The Wedding Planner
What Women Want

-

A Bug's Life
Breakfast at Tiffany's
City of Angels

Ever After: A Cinderell
Finding Nemo (Widescree
Crease

Harry Potter and the Ch
Harry Potter and the Pr,
Harry Potter and the So
Runaway Bride

The Lion King: Special
The NeverEnding Story
The Princess Bride

The Sound of Music

Willy Wonka & the Choco
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Bend It Like Beckham
Bridget Jones's Diary
Frida

Life Is Beautiful
Love Actually

Moulin Rouge

My Big Fat Greek Weddin

Pride and Prejudice
Rabbit-Proof Fence
Shakespeare in Love
Whale Rider

hmelie

American Beauty
Being John Malkowich
Crouching Tiger
Election

Eternal Sunshine of the
High Fidelity

Lock

Lost in Translation
HMagnolia

Run Lola Run
Rushmore

Sideways

The Royal Tenenbaums
Y Tu Mama Tambien

Con Air

Double Jeopardy

Cone in 60 Seconds
Independence Day
Lethal Weapon 4

Men in Black II R
Pearl Harbor

The Fast and the Furiou
The Patriot

Tomb Raider

Twister

2001: A Space Odyssey
All the President's Men
Blade Runner

Candhi

Jaws

L.A. Confidential
Lawrence of Arabia
Lord of the Rings: The
One Flew Over the Cucke
Seven Samurai

The
The
The
The
The
The
The

r

Aviator
Exorcist
Godfather
Godfather
Graduate

Great Escape
Maltese Falcon



Cold Mountain
Collateral

Crash

Fahrenheit 9/11

Finding Neverland

Hotel Rwanda

Man on Fire

Master and Commander: T
Million Dollar Baby
Ocean's Twelve

Ray

Road to Perdition
Runaway Jury

Seabiscuit

The Manchurian Candidat
The MNotebook

The Phantom of the Oper
The Pianist

12 Monkeys

Almost Famous
hmerican History X
Anchorman: The Legend o
Dennie Darko

Garden State
GoodFellas: Special Edi
Crosse Pointe Blank
Heat: Special Edition
Kill Bill: Vol. 1

Kill Bill: Vol. 2
Memento

Napoleon Dynamite
Office SBpace

Pulp Fiction

Reguiem for a Dream
Reservoir Dogs

Seven

Sin City

A Fish Called Wanda
Alien: Collector's Edit
Back to the Future
Back to the Future Part
Batman
Die Hard 2:
Die Hard With a Vengean

Die Harder

CGoldfinger

Groundhog Day

Indiana Jones and the T
Men in Black

Mission: Impossible
Predator: Collector's E
Rocky

Speed

Star Trek II: The Wrath
Terminator 2: Extreme E
The Hunt for Red Octobe
The Terminator

True Lies

Pet Detect
A League of Their Own
A River Runs Through It
Basic Instinct

Ace Ventura:

Cheaper by the Dozen
Daddy Day Care

Erin Brockowich
Face/Off

Father of the Bride
Kindergarten Cop
Legally Blonde

Mrs. Doubtfire
Notting Hill

Pay It Forward
Phenomenon
Serendipity

Shall We Dance?
Sleepless in Seattle
Steel Magnolias

"

A Enight's Tale

Ice Age

Jurassic Park

Lara Croft: Tomb Raider
Minority Report

Pirates of the Caribbea
Rush Hour

Rush Hour 2
Sleeping Beaunty:
Spider-Man 2
Episode II:
Episode I: T
Rise of ¢

Specia

Star Wars:
Star Wars:
Terminator 3:

The Fifth Element

The Incredibles

The Matrix

The Matrix: Reloaded
The Matrix: Revolutions
The Mummy

The Mummy Returns

X2: X -Men United
X-Men

50 FPirst Dates

Anger Management

Bad Boys II

Behind Enemy Lines
Bruce Almighty
Dodgeball: A True Under
Harold and Kumar Go to
Hero

Hidalgo

Hitch

Hostage

I Robot

Meet the Fockers
National Treasure
Ocean's Eleven

Sahara

Shrek 2

The Bourne Identity

The Bourne Supremacy
The Ccunt of Monte Cris

2. alaor ithms basek on fast SDD solvers
£ Max - Llovo & wanlh fcommodt@ Lo provlems

o for decades , Lest alopr Hhms were determmishe combraterial

CoddveryRao 41 O (mTh)

for (-€) -apprex wax Fow

’

Adaptation

A Few Cood Men

Air Force One

Armageddon

Clear and Present Dange
Crimson Tide

Enemy of the State
Entrapment

High Crimes

In the Line of Fire
Lethal Weapon

Lethal Weapon 2 ,
Lethal Weapon 3

Patriot Games

Rules of Engagement
Swordfish

The
The
The
The
The
The
The

Bone Collector
Client

Fugitive
HNegotiator
Pelican Brief
Rock

Sum of All Fears

Apollao 13

As Good as It Cets
Black Hawk Down
Boys Don't Cry
Cast Away

Chocolat

Dances With Wolves:
Dead Man Walking
Driving Miss Daisy

Spe

Enemy at the Gates

E.T. the Extra Terrestr
Tield of Dreams

Forrest Cump

Fried Green Tcmatoes
Gladiator

Glory

Good Will Hunting

Jerry Maguire i
Moonstruck !
My Cecusin Vinny .
October Sky
Philadelphia

Primal Fear

Rain Man

Remember the Titans

[ VX WL% Y‘O\‘\'\I\S
L ed.«.'\gglms

* vecenk ‘olcachArob\A.s based on Auvvxcrica.k liviear @&em)

s\ocd'm\ &rw(\r\ Fheory _ ,
[5H Tew eral 10+ O(mn"/e%)

UsSC

D(C\V\er et o«ll.) Y12, Sherwan "&1 :

C/S(W'/g,’:) . Y4 ©.<km/éz> for L Plowas
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=< éu\ erom‘v\\(ﬁ randiva syann 1\5 trees
*  grophn sro\rslﬁ,cmfﬂ‘av\

* oposest ank

x distAbuded rowt g

Tvis week: Salving sustems o lineor equations
NS
L-ineor systewms OQ@TM

* ):/xo\wxp\es non-exanples

*  Gevera) pro\o\evv\

#* Solyin Ny elinnaction _C°M\”\e)“t‘j anAlueis
7 Cofeesp or\\}w\w_ +o wadvices

- Sol\l\\g \03 comyp uer

éﬁlr eramples
(O\Aon docs o sughem of equoations Wave o solution?
Comvres&e& geq\g\{l() G veriades vs. # cangiskent, indey. e"uod'\m)
Extensions : Stab v % SN m\oeo\\'
Geometr o Mms 00\ o s‘)eua&\tao( M (e% 5 syome)
Exawmples :
Zg X =3 1 Knear ecfvoerio«\ n 4 voriable

g Ax 4=3 1 hnear eo]uod'io/\ N & yaciables

XX Y =3
X—Y = S linear eﬂ\)oér\on_&b A Yoridb\es

X*’\Lj =0
g RTHAG = 7%&@&@ equation ——not hnear!
x-!'\tj =3
xtyr =0 + dent equodion — ‘ ’
e Co&%)*ﬁz 5 ranscendenta equoxtion not ineor!

Grenera pm\oltm
Given: "The *&&&\’em e?— Nnear QO‘\)oc\"\om
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Ry Xy F Ra Xy F Qg Xat ¥R Xn = o)
By, Xy T 04, Xa + Ogn Xo+ =~ +asn Xn = b
&W\\ x) + aw\)_x)..'\' O\N\&X$+ ”‘+ny\ XV\ :’;JOM

<\N\ 66‘\)0\‘\"!0\/\5 NN uw\\ol\oub\n& Xy, ---,Xv\\)

63@;\'- 8&\)& -cor %\/\e \AV\&V\O\AV\\S Xy, -, Xn

1€ there et o sd ution then say so . \
~If fhere ace maliple soluions Fiadl them all |
Note: (e will see later Hiod there ¢ ax\voa\xj\s rther
7 one unique SO’U\“']OV\J
X no solw\ﬁom ol

* i/\{lm'\“fitﬁ Manyy soludions

Example: Solve

Xx -y =3

x-g =

x4—3 = O
Answec :

AMM 2 er(\)at\'(om fo I e?\)O\'h'Ol\ awncels oud 4, Vg
3Ax =3 = x = |
Substitod a4 s bade invo any ote ecfuodﬁm 6\\/%
-—,( ) -

W=
% Cx,\fj\ a ‘& the soluron. v

CO/\QCJL ‘(’\I\is)
E)&amp,\@'- Salve
X + 3\3 — = =4
&x—HD\% =3

Answer: To elimmate x S subtradk & twmes the Lox
ec[uod"ncm Prom tue A ane -

_/5%)("’&@ "‘2::"{
\%4'32':'%

= & = -4z j where 2 is c~('\£\‘\‘r0\/\9
Ses¥iruting mo the Fiast equodion,
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x =4 —25+2
=4 -3(4-32)+2
= (o + 102

= )v\%hH'd wany soluchons, al of Hhetor
( X=l6HO2, 4 =-1-232, 2 R actitray

A< o vector,

()~ (5)3) =

constont weffizevtrs free vociable
QOloserye
(D The set+ o—,a rom-\—s .
g(’Oi)'&?,) 2) / ze R é
w a line through +he OI\tj\V\ (O, OJOB.
Addin (lbf%ﬂb) st s Vine
Sche M(Aéco\\\\_bs) s 102,71 12,2) 2Ry

(/Q,}-“l/o>

z(mz;&iﬁ) | 2R}

(o, 3,0

N

@(“o,"";@ s one sdudion Yo
X+3y —= = “

Sx+ lo& =3

Wale (10,-3,)) soves
xX+idy -2 =0 \imw\gjeweou.s eﬁ\,o\\"mv\s\'

x4 'O\“j =0

= e ore) sdudron Lor a Set o{)

WONMOUNOTR NeOUS @‘w afons S o \oo\(ch\w
soluon \o\m ‘\"A@&V\Q[‘O\\ sdubion to the
\I\OW\&SCV\@OU\S QTWOV\&.

QD (e didur have o dwinate x rst.

Al'@—jiad—s-: * Salve Yproax ‘W\oc\ﬁk&j ’\/\&\—ea\& A} e)(o\c:\’\‘cj
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More joads S Sb\\le ayprox e\ nsread c? e)(o\d’\‘(j
* How Ooo& e the sdution? \?S‘\’o‘\ﬂ.l)'
x SdVe the same s\(js-kem vuul-ﬁp\e, Fimes (&K@Perent ‘ \/\35
x PerAurbed. &\LSS-FQMS
X Sj%-\—evv\s with a Srec,\au\ 'Pom/]
x Undecstand. oot o e o\\c_))o('\-\'\\wxs o
and. Wow) o use them .' (andl when 40 use %’WW\)

EXaMK'e: Fomem\a\l iw\'er}oolqt‘.ov\

2 ponts deternmme o line
&rowv\:s er{'e\fW‘\VLe o~ quo\&fah‘c curve

Q"ﬂb n-\ YQ\"\K (x\)’ﬁ\),-" ) (va\)ym—\) 9(6"‘?/91/\!1/\3 o yobwbmiu\

o—p &ﬁru <w

©) Fud e aTOo&ToV\ 5=W\x4~L, 100« Ye line. VMg“Cﬁ
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:ywﬁ-efcelA b=g
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Hrgd aypes -P\/\mttﬁ\/\ e pomts
(LY T @S, (2,2
Answer = Scb p Hhree Q;T\/ad—m/\gs )
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5= oG FL Gt e =26atGlic )
5= O\.C—Ly-kb('Z)%Q Yo ~Rb +C

C §au«b+c,‘-) } asbic = |
-30b-2Sc = - 3| - Gy +5c =)
“Gb s =) 7 20¢ =2
=> c=1¥0o
Sub‘sﬁhﬂl‘/}s ints 244 quad’m/\)
L’:’c';'(" 3/'_5) °'%lo
SME‘SH'I'UJ'IZS o ¥ ecfvod—mv\)”

= e—
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Sub«s*’ihﬂnm ko ¥ e,cfvot-\—\W\)”

a=l-L-c = (-2 +Z = %o
= |(a = (1 =29 13
~7KJQC'> (60)55’75')“]
c(Aeck-ﬂ/\l&,‘/

Solution wethod: Gaussian elwmination

244 mulHples of Hre (¢ eclva"wm o other equahonis
WM oder o d(W\iM{e one variale from Hrewy

add V\Aulh‘valea of 204 @qva‘crav\s +o Q/[owi\vj e<7uoch4vts
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?rooJQ sketchh
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Wi n COCGQCWMJS = OCM‘) &4-6 s
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D Mo/ Ockowve :
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w
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>> A=[111; 36 61; 4 -2 1]

A =
1 1 1
36 6 1
4 -2 1

9.1833
-0.4833
1.3000

> fik b

ans = (SC@ QJ\SOG'PO(MO\_\- (‘Oe(">
1.0e-15 * (o T Hneres no selution?)

4]
0.8882
8.4441

@ Num‘bg A\a} ?tvfenon’

>>> import numpy as np
>»> A = np.array([[1,1,1],036,6,1],[4,-2,111)
>»> b = np.array([1,5,3])

>>> x = np.linalg.solve(A,b)
22> X
array([ ©.18333333, -9.48333333, 1.3 b}

>>> np.dot(A,x) - b
array([ 0.00000000e+00, 0.00000000e+00, 4.44083210e-16])

>>> n = 80@; A = np.random.randn(n,n); b = np.dot(A, np.random.randn(n));

>>> start = time.time(); x = np.linalg.solve(A,b); end = time.time(); end-start
0.029742002487182617

>>> n = 16@0; A = np.random.randn(n,n); b = np.dot(A, np.random.randn(n));

>>> start = time.time(); x = np.linalg.solve(A,b); end = time.time(); end-start
©.17376208305358887

>>> n = 3200; A = np.random.randn(n,n); b = np.dot(A, np.random.randn(n));

>>> start = time.time(); x = np.linalg.solve(A,b); end = time.time(); end-start
1.294918@126190186

>>> n = 6400; A = np.random.randn(n,n); b = np.dot(A, np.random.randn(n));

>>> start = time.time(); x = np.linalg.solve(A,b); end = time.time(); end-start
7.7281270027160645
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