Lectocre F: Lineor transformafiong

Tuesday, September 15, 2015 9:30 AM

Adwin :  Reading: 4.3 -4.4
Middrecmn

M‘ |_irear Fronsformokions RN—R™
Goal: Understand. Hre Scov\/\e—\’(j o—P lwrear Mmayps.

Recoll:
Definton: For an mxn warix A,

* The V\\A\spcxa’. qa A 1S
NA) = S2eR AR =08

* The PM\\SQ’ (or column s\mw) 0{2 A s

R(K) = ¢AR | 2eR™E
= Spanleolumns o A)

* The vowspace of A i R(A)

Examge -
Defiahion: The madx A is o\iaégnoX\\\ﬁ dominonk
& for o\ cows ‘3,,

\0\8’8\7/ %\Oug\ _

e s sbne d\\o.sono\\\j dominonk W the mq\)o\\ig
is skt (7‘? far 0\\\ OWS .

Theorem: [B A is strick\yy A\m&ono\\\j} dominont | then
N =8 8Y

Prool - R
Lt ReN(W) | s0o AR =3O

Let JS'\M’ MWe coordinede so \7(3*\ is \w&c&-\t
Qf (A?Q& T oKy **CZ%OQ,LX(
> log, vy ) =) & oy Xi
< ‘Zﬂ: \Clgk\ \X\’\
(& \age): 15

\‘a&jk\x&\ , onless %X =O.

- AN

<
<
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B \‘;_q‘;‘O\&(U teg )
< \Q&\'\xe}\ , onless ¥3=O.
e & o contradicrion onless Xy =) |
Sx-0 2%
SNW=1ds. Y a

Question: Con 9PV Mnovacker 2e Pae v\o\\spag,es
of diox or\o\\g domninant modrices?

-f\ ,3;\ 1 d\‘a&b N)\\\é

A= T ;&OW\\(\O\V\ ,\"U*
" Vot s%ﬁdfb e
Y-~ |
J ) —L
hes f\u\\svo\oe

NCA) = SFW\@C\, , \,-,_)\)§>

= sek OQ a\\ coNSTonT veckors

|| NEAR ’l’RAN SFORMATIONS

Lo, WiedTi X vwvx\’i"vp\‘ocq*iot/\?
MOTNX 1Y rsion 2
(@&S do ov\b squore WEdrices lave myersas® D

Defmition: A fanctin £:R*—R" i¢ linear &
? (o( (Z> = v('70 (01) for al| vectors GelR"

and scalacs Le P
$@+0) =L@ +2@) fordl a7
EXawqe‘c.s : For v\;vv\:fg\)
o ,w) ~(o,0) V
#Cx\"j) © > é-;s ) x —(NV\C_Q)S /
’ 10 o /Oi“ﬂw‘ ‘6 S -ﬁ()ﬂ\\ﬁ) = ((S\V\(9->X+(cos®> '
€ DO(X/ = (KL) s > X vk [inears
y f X

’-Jo(x,\ﬁ '*’CI-I'X wot lwieor

WUy watrices 2727
~

One moce exovv\p\e.'- For o \()Q(&V\ON\\OL\ e,
e SR+ 33X + 2
led
1& enp> pol&v\wm\L '~ x Yo ?QLSV\Q/V\\O\\& N\ X
\/\/\/\Q/\M
ooNecrur space

A--AA '_L S ~ \:r\nn, A—r/‘..ntﬁ.,,.._l.~~‘ /

>
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+ YV\CNQQ FU\&VIUVV\\U\I\) v X, TO ?(}\SV\Q/V\\U\\Q VAW
Mr spoce

oand ik te o lineov -\-fO\V\s{\—ormodﬁm(

(,Oe’ll see loke wiore, Qxavvxy\eb lote s [<37&ﬂ@dmhm%mJ--)

L INEAR TRANSFORLMATIONS

MATRI\CES

(el see Hhe correspondence fodaw foc waps R R™,
andk qones alize i\ to o\r\O'\Arrw‘uB Vetroe spaces wext- week .

Theoem L: Lexr A be an wixn wodrix.
Depine £:R"— R™ by
£@) =AY,
Then (3 ie o \mear transformation .
proosl‘ 16(0(U~> = A(o(&) =L (AUD '-'a(-p(bv) v
{l(wy) = A-larv) =Aa +Ay "#(w)ﬂa(v). O

Theorem 22 [ e §:R"—R™ be any linear transformation
Then Mere existe an mirn modrix A sucw ot

LR =AV

Let e =CO,®,»-~/ ) O,—--)O> eR”

Proof -

- (’> 4 )dw r(’) s G colum
- ) PR " )" J‘ o n
# ch’) 7 707 ’ is ey,

We clawm thar £GR) = AT for auy BeR™ Jnded,
a:(u\\/(/b,)f/(‘s) - Un -
'-"(,{\?, a—ué'é;k - FUKCL

= PR = w L&) Fu L@+t un £E)

Vo, oppling the lmco\r@ WfObe rey(mlreotb.
The @%\‘F -xTAY;w?LV\\?; de is

al ( “‘J - O
“These. +heorems are, w\/\iﬁ wak\x -vedor mulﬁp\\'caﬁom is
Aeﬂ.we& he lo@ it ois .
WWatr aboud wiald+ix -mod))< mw]ﬁ\o\icqﬁan?
| MaTeIX . LINEAR FINCTION |
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W ot O\EOVA’ WAOK A1 X - M 07 )R wM]h\a Neodion <

MATRIX LINE AR FUNCTION
MU LTI PLICATION : COMPOSTTION

Lw) = Aun :)(y) = By
5(1&(@) = BAw

How Yo visvolize modvices

T . 2x2 worcices as \'\(\eo\r -\'ro\v\s-?-o\{ma\‘\"\o\(\s

w=(61) w=(] %) i(mff’) o

shaor , 7
FoJd s
/ l \a\

Cloim: Aau, 2220 makaix con \oe, e,x(oresse& as oo
?roo\\r\dv Q? s\r\eo:'wg ond scg\\‘ms wodrice s e\,

V= (5 o)) () D2

qbu‘O}
Proo{‘- %\V\S HA oy 272 modrix <&f> GE .
fow of 2ratous me L to & makax aﬂ’rka, Form either
x o )
59 (59) W) (2 )
\ cz&*whﬁv\s
L3)
Mhese Aval marnces ae 8(0;03)3(",0, S(‘,D) .
Row ar«aﬁdv\s (scadinn o ow, addin e cow o anv\{mr)
con be \\m)mav\h& l"ﬁ wmulb ("fﬁ“ﬂ o tae lepy
A" o S(o&,\@ C dumna obo{fodwv\b \éﬁ rq k- v/\vx\" SM%
/n/\e/ﬁf‘ope/ wWe cawn &Uc \erwvx He (\A(L S o 0) S(' ’) (‘ 0)

a L
‘f"’t\; He \{ﬂ\\/\v\\:éo é\> ‘0\\) lefy- ov (J\/\'\' N\\k\%\ﬂ
9 fhe Smereter marnces. v n

Exercise: Genecalize Hive claim Yo n = v wmodrices .
()\s‘\r\\cs Cowd amd\ cduwn o(e(o:\'\oﬂ.s, o\c\"\g on two
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Exercise: (Senerollze Hvs clam Fo = i wodr\ces .
Adna Coud amdk cdomn o‘ve(oﬁ‘\oﬂs) o\c;\'i(g on two
coordinates o o time | Oy WXV wokix can \oe

ceduced Yo the form l | O

g

O

S\NCJULAYL" \’ALUE Decomposmon CSYD)
\wpolvv\od&ﬁ . AV& \Wear fransformatisn can boe s‘o\ﬂ: mYo -
~ o cotakion , followed by

- SC&L\\V\.\% YectorS a or ont

mom&&&} linear Franslormotions

et A e N YW\ X\ rm\ MOr A X

Q("\ =Ax
/__?
RM

Lexs veline Hae p\c:\-\)re.-.,

A
7 A
—] gg,\DSracC K
V) // (o)
=al) rowﬁ:s n e
I‘QW&Q
_ =L W
NEAD ) sogs +©© PESEES
s

culsspalc ngf% )

(CO\“

EE 441 Page 5




/ /W

-~ row\‘\s n e
/VOU‘L V\&s Ax =l W
rufzﬂﬁﬁom/ _ N\U‘) N mot* 00 = e

Oloservarons
D B x-Ge NCA) |, Hhen AR = A:ﬁ
G’FO\‘(’\’\\CO\\\‘:ﬁ,

Al y)ow\‘b on +Hhts live

are wmrs(ccl o the
soawe Vu’m‘k

s N(;\<

W oor Weads, ux comn Phos break A vato too steps
D Fiest wmage Wto x,
e, Yole o pAnk ow\& WMoNe po\ra\\\d To N(K) 4o
3@( fo N(AY™
This is a peaieerion; T Platiens the space fo N

DMop x 4o AR

@ & x,3 are dietinck pow\k's n N(A\L then AX #A3.
(becavse € Ax=As, Yren x- —2:6':)\\(/%3

Jram
/ R CA)
v

ok NA)

Thos A is o \=%o-) wWovp N — R(A). ke inverdible
Lverween these Spowes.

The picrore s v\.tsk wex cevy\@\e\-e_. (WDe o\ prove \oder Hhok
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WSo| VWV v VSN 3‘1“9,

The pichore w nof yex complere. (e w\ prove \oder Hhok
N (A S RCAT) C’\—(‘Og)f’)& ace
ondl dwn AR = A RCA) «~— colled Hre conk of A

Motrix and function inverses

Defnition: A funchon £: D —C is mverhible ¢

demavn  codomain

even pmt . C s He ‘wvxase. of exo\cﬂ% ove poirt m D

e twverse fanchion £7:C—D
Joakes encln poink in C Fo i unigque
\ol‘e\W\o\SQ. ‘
Ecio'\\/o\lev\\"\tﬁ ;97 samsfhes
Prof = ideahify an D
Lol ~ deanFp o C

A swt Hhe MM:SQ o,f. Gv\\_\j-\’\/\t\g
=L wok nvertbe

oo has o ?RA\W\& S
=L not myertile

Execrcise: Frove Yot the wrerse of a linear function,
SP W exists, s 0\\&1) |'w\<af.

Defvihon: The inverse of o marrix A
is a madix & Haak sahsfses

RA =+e ‘AW\HB ok p(&__,HAQ '.Jco/\'\'\y

wmadt7i x mat i X~ .

Qlserve - « Net (Y@ war7ix is 'w\\ler%—i\ole,J 9.,
A = ( o s wo¥ mverRlle .
A wmodAx Fhok s wor mvechble is caled S\V\\j\u\\af_
o Lﬂ &N nwVerse QX\‘b*'SJ Hhen e w uvﬁﬂ\h&.

Prm_)& © Assume B and. C ace Vobh mveses of A .
Consrvder BAC .

BAC
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Q=C$A)//C, B(AO) =8B Si=C 4
EXO\W\!‘C’ The 272, modrix A= (:: j\ [ ‘V‘V”HL’\@/V‘W\&W"‘/
F and ov\\‘u> W ad-be £ 0. The mvese is J'Nen Lj
- ( AL -b
A= ad-be <,c, “—) :
(“The rrmﬂl is an exescise.)

Houws Yo ecomypute the mverse of o modrix?
Gauwssion elimination, of couse ...

When is & modix mverfille?

Lewwma | 12 N(A)# $O% | then A is mst vaverhble.
Prooja s Take JGI\](A’)/ a;ﬁ O.
NAD Then e VS\V\t O lhas fwo

2 Pfe\'w\ﬂ\&w, so A s not
\ wmverbble.
\//O‘:AO zAjj "

Lewmwma 2. - \F A s «n waxw Al M<V\)‘Hﬁetr\
NCA) # 633
Coro\\gis : OAb St’(uar& wo/ices cown be Twvert ble .

Poof: Let A be an mxwn wodvrix,
N # 205 (Lemma )

= A wot myeRble (L.zW\W\o\ l) v
A)J(AW\CL A" cxib"rs) AN WV x AN W\&d’f\)(.
= M(A”) #70) (Lewwvw\ Z)
= A wot iwverhiVle (Lemma )
%cow\-l&d\«cﬁm,smccCA"Y"A'. voa

ARSI

wm 24

Proof of Lewwma 2 (jr<n = N(A) # 503).
Arv\b\i\s G’O\V\bs\ AN Q\ Wi nO\*\GV\
o N W ovder to solve for Ine V\\A\\S‘MQ reswls m a

wodix like. Wﬁ//})

wi
(©)

\’;Wbc&re, ol west ‘(“Y"J‘-"- Swce

The Yoivx\' s ok yiere
man ; Phee o necessaily at leos- w-mz) Pree varioldes,

So the V\U\“SYO\CC is mnte. Y n
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/n/lCOfCW\" AV\ WA XN w\o\—\'[.)( A s \Y\V(’/'F\UC/

\ QWJ\OY\
WM=N  and N(’(gj 503
Proof .

(=: ) I & s invertible , Hhed we have just shown Hrok
wm=n and. NA)=5$3. VY

(& 1> Follows frsm

Lemwma 5 For an nxn sguore watrix A,

N(& = {33 <> rR(AD=R",

‘Prooja" As wsual , we Gaussian eliminakion .

A = G/ C)\ — uype Fcon ulor

e 0w opentions
-HMS con Ve andme @
sod s wvertble O
12 UL hos w pixeks pieots

\olev\hﬂ (o ) st A= s wwe bk
Wit N(A) =05, RAAY =R,
- A Vas ren PO voks

N7 703 = N =N #70)
12 RCAD=R | dhewm
R = C‘S’ (Q(A'% =R B thabs W\ro.xs\lale
Q“éf R(W). CLewwad) DO
(Theorem )

Nete: * Lemamoe 2 s Ralee for non -squave WoXrices |
c Lemma & is Salse in \“Q-w\'\%e,\g wany Ainensions .

Exowple: <Q ) O O -

ool O ---
A=l oo | ---

NCA) = %PO“’\ Qéf\g , bur Q(PQ = €\J€(\lﬁ‘\"‘/\i "

'r/w'\m"
HomowenEons CoorDINATES
& AeFINE TRANSFORMATIONS

_&_= [s ¥his oo linear $ransformation 2
(<, 0,2) ™ (x+1, u, =
No. A Tinear trowsfrmation has to fake & Yo O,
A ow&er Yo <soén¢70.,1 lmemrrg uunde, M(A.lhrllCﬂ‘l'lUV\
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Pxv) = V)
=283, M’H\QS( 0.

Thus tanslations ore not lineac.

. How\oS,v\eouus coordhinades.

A&g\ o Newd cooro((nodce) w=1. /]1’\&/\)

/\3 ()(,\(5,—2) —> (&4— [, 3)2>

oovresfonds o

0o o

O | O

O 0 |

OO 0|

Exaw\ge, (ks\(\ \\aMgenepus coor(\\(\o\*eé, S\W’ ax Ix5

o)X %r% affne +onsrmatisn

|
O . (J\ Lj)i) "D> — (x*"o)fj)'a’ vQ)
O

rotae SO Jeéme«s bt Hhe
oD e (a))

|
Ansaer - Wit do e of\gin (O8) | rofode Haere

and s\l\\r?‘\* Lack . Ay W x W
o a c -« O | O =
o1 \ |ls e ojlo ! -l
o O | O | O O )
= c0530°
* Y w 5\;50=1
_[¢c ~S o’l-olc—irs
1S ¢ ) —cas J
RS

Saniw check : VV\() ?> m(?
m(D)emls)- (1157
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+o DO
- (ﬁ \ I>
Explan kow Jo compale A 2 GE on B
Le o e 2 cquobons A 2, AN U, camdo 6 o (aley)
OWTLINE
Linear tansfrmahoms R RY  c—man makaces
modix w«\;\\hy\o(odvav\ — comraa'\'hm @,ﬂ Anchms

eXO‘\/\’\f)Q
oA Sguace wodr tes ace wyerhble
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previed o e SVD, Yow Yo covmpuwie A \@ hand_
COMMENTS -
o s mo\s% Woekes st exeep at e ond @\Anw‘\g

NCA)‘—?Oj = A waverhble 1= b of awdkoosd

- Hae vm-\-iwssa-(l dimensvyranl or oven
(e mdeyewdenice .

* we Mavdewr yroved Had- CuBsaces W R™ ge lnes /Y'W/

‘A&YUV\"“"“/ ie., Hhak % are spams of Auide ceks of
vechors

‘we ne o baas for B ande a bowls ex@o\vﬁ-w’v\
fo [rove lneor Faugvmahon —s mat/ix

SCEATCH CPACE

/nACOfCW\ : Av\ W XN w\oé'/'u)( A s mverH\)c
§@ ande o\ \L
M=n  and N(kpﬂsoﬁ.
PfOO? i
(27 Assume A i wverhble .
I NA)# § OSJ Hraen aere ace m\&\‘\'\'y‘e solwhovs +o

Ax=0 , §© e myese is not defined ak O, ~
contadichHon., = NCP(> = {0},

Lewmwoc: 12 A (s an morn madrix wsiih men | Hhen
N # f03
The lemma lw\v\ie; ok m7n. Sl'V\(.Q- A" is an
NAM madix Haod s odse wverbible ((A")""—A> , we
WWave NCA") = ?OS) 30 arv\éﬁw\\s Hae |€W\W\o\ b A
Skves wam . Hence wmi =W '
Freof of lewmiwa,: AW\&\& Gowssrian ehwirodhan

o N M ovder bo solue )('o\f e V\\A\\S\‘MQ feé\f\\‘\s ™M A

modix ke W/—/LJ \
o@é e

The Yﬁivx\’ s Haode :\f\,\:gg.b&r& ok west gy Y'\\(bﬁ. Swice

mn , Pree e wecexml\v) o leos- w-m7) Pree varioles,
So the V\U\“_sYO\(g s mnte. n

w

(&) Ascume. m=n and NCA) =503
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—
ol

Clowm * Ro\@LCA) = 2 Cxv,

BV\\

'/LJ "9\ \ O (
-1 0 Y O -\ 39
S Nl S TR WS 3
| 0 1% O % \ X
AT e EE0 (/0 ) o
X\ A%, v Yy = O o2 )\ 3 £
2 3
X —2AXy¥Xy = O ©O D 2 %%
X\ Xy ,ZquO {__C)____Q__V‘fz,_::i
[ ) Lo\, [1-lo0
0 XK '% O _y|O [ ~ID
I\ - O (",
© o '~ °
X("XZ
Xz~ ¥y
7(3f’><4/
1 a -1 =) 21 -
— 3 _ —_—
— 02 - ,/éL 43//:L O ! B
o—%

15/

§<9\/;\ 0)
Xh) ' dZ:\Xd:"Qg

is tverhible f
domavn  codomarn
C——v_D (,O\M/\

£ Hre \dew\\(:j
3 ld@V\‘r\B o C.

A funchon £ D —C
there s a Runchan
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Exercise’ * Prove Hiaat the wvere of»oueum’t‘bv\, b exists,

s> uﬂ\q\lc.
¢ Prove Yot the mverse of a linea functron,

N

;{l W exists, is O\\sb l'\v\caf.

NOTE [ ncar Tronshrmations :

p- £9 - lfmea{ functions are cfefzﬂne& (‘75 @fﬂm ﬁ’@>
examy lea indude. differenticthoy, +roce
wodvix wulhy lication
- 13+ e rro&)\,\(ﬁ of hoo matrices represants e
cc)vv\w?\hav\ of fre w0 associa [ineae
functions
1@ Ronae Clincac Bunchon) ~ subsspace,,
= swspoce ® the of somve lvans fun
@W\% e madhx vﬁgCO\MW\D %«m«ﬂni—(i;am
SpaTAMN sef — does ¥ pve Hhs exisks 72
Y,_a\S £ S4.F Limear Jeaws Bemakions

watAX represanioions (v boes)
syace of linear transymahons s & vedor space (&wx\ wadriced)
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