Lecture & C)r—\'\o\ogov\m\ bases

Thursday, October 1, 2015 9:30 AM

AMwmia: Middern Ocrobver &

Recall: The or*r\/\gsov\o\\ Y»’OO(C)"OA 6@ = onto the line
S'Y;om(\7> 1S 6\\1@/\ \43 vV G = 6/-(1:)\/ /
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rro;)ec:\ts onto the x-axis.

Exercise,: (/Q\/\W\' s +Hhe yrobed"\ov\ o.Q

2=Ca,-2,%
onto Hre line
L={(N3;D ) Xrdy w22 = O 2
! X - b + 2z = O

Answer
O Fiusy fvde o basis fo- L.
L ois &~ Wne becawse W S e wnwyersechon a—P wo 2D
\a\ow\as w R* 5 W The \/\U\\\SrO\CQ GJQ Hae wmotAx
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Use Gaussian elimmaho +o Ande NCA) :
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A(2) =0

= N = Span §(3,1,73) §
(Chede s Yer ACD -0.)
@ 1\_!0/\:\/\0\\\'\;& Tt ”(':?/ \)—&)”L = 59

— I .
._% v = \Y—s__—‘-.‘('q_)\)_:)) s o u\/\"\’ VCC:\N

P - o N ="T )=
L& T\WVYVY
=3Ga
=G-a)v

—_—

G Gan @9 me )

- _ )
PL_(A = -5*(7;','57

@ Check the answer:
s_(‘l’\_C:}/ \R) eV swce ks awmulple of 5,
o\wAbz_x Xf.lﬁ’r_%%:O
RmYr22 =0.

@-Ro)L L
(2,-22) - 25(3,1,3) = g (%712, ¥6)
GEINNANEY ,:5)= O

Execrcise: (Qhot is +he Y:robed‘io;/\ o.@

=(4,0 ,3
ondo Hhe line
L,= {6"3»‘23 X 4’,1\5 +22 =0 ?3 ?
X =y 2z =0
Ansuoef‘.

(D Frdl a constructive formulation for L
L= (2 regplor sl ) 1 04)
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o A(Y)(S)
=(A,a,0) + Spon((q) \,—Q)
Grenera) printiple ° To work wiHa awn a%g,sm\osva&e)

A. Franslate wa\«ﬁ*’\/\\\g 30 it aoes *-\'\ro&\/\ O
&. Work here
c. +ronslate ok !

/
L bt
\Dlr(”’"D)
L_,"L.’ - (2/2/ D>

Snce L' - (9—; 2, b) =L (‘PFO\N\ mbcwe)
and W -(2,2,0 =w

the yojection of « snto L is
(202,)+ &(3,1,73) = &= (129,12,-9)|

PawewsE |
OrtosoNAL Sets oF Vecroes Are Nice !

{V)/"’)YV‘ g

WH"’\ —\71‘_\7}20 100/ Ciéd.a

O, 3’\Mp\'\9f\€$ &ecl\c}{\ng \near \nckepeno(ence
Normallin . Yo chreck & S =fv, . o.,und is ln. mdep.,
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T NI 2 et

Lemwma:

S:’EVUVLI—“)VHE .____9\

WVION 2200, Yoirudise oﬁ-\’\/\O\fBO/\OL\

VeV, = O for tFy

S S \\‘nco\r(ﬂ
w\&cfm&evﬂ'

PfOO%" ASS(J\W\Q/ A\h\/')\"' OKZ:\-[))_“'"' + 7<V‘§;V\ :'O
= K\C—Q‘C V\S {'o(),c-\b/.;‘VLB ko 1"’(0/\(;7{'—\;0 =O

I 2
LNV = ok Uv)\
=D LK =0 (swmce v # O)
Lor o\l ¢ ul

@Pau/oa\se, _j_'\\:s 3wvx\o\1(2"\e.s o(ec’\diﬂ '\9 S e a basic

Core\\o\f‘lo'. \V\ o ANR"A -o\\vwem&tma\\ Vector Spoace
ow\$ sel o,)c 7)) \00\§ru0'\§e o(\’\/\\oﬁo\/w&\ vectors
-@orm_s o~ \ac&s\s.
Qpecanse SUN \mw\b indep . Veches focm o 508\&}

DcBV(\HM" OH"AOJO\M\\ bosis = Vb asis o]a ZZANIN(S
or-l’lf\%o/w\\ Yectonrs
Or-l'l'«onwmm\ \oox.sis = basws of (pmm\ﬁée,
othogonal le.(\f)¥\a ~one
Veetors
E_LA_MA&‘ e standoad Yosts for RN ts orthronoraml.
Dividma Vo Hre lenaths, orthoaonal — oc Hronormal Vasis,
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@3‘\N\p\‘\¥"\€§ Qomp\r\’ﬁrlg Yonec p(oA\\}\d's A \evls’r\f\s
Lé‘\’ (2 = 0(\?7\ +0(),VL oo "'o(mvm

Q‘ (/J\/\o\Jr is \ <

A Iz =

- (ZK’H <Z %)
= %:’A.)-:o( (~e 7

‘t’\ wr Fe/ms Yo suwn (AP.’

St i EV 0y Yad 3s o:ﬂ‘%ﬁm\)

I3 = Zloz\ Tl
since V-\-?& Yerms

ore oYworwise O

And i EX, --.,Vmi s orthonormal

ol = SIRE Hhe exoct fame expression
Uk“ ;:_ \o’“‘ os works WA Hhe standord
bosis

/V\OKAL’ @f‘\’\/\ov\mvv\ox\ Vases \oe\r\o\ve é\/\s\' like
the standord bastis o
3
AoV = Z(_y..aaé P
@ S’W\/\\(\‘Fu bLasis e,x(o\VlS':oWS
et 5= (V\ Ve o-- ,_\7".) be a basis for VQ'—KA)
and. &= (U,,. .., dn) eV
WWhak is Hie ex PANSION "P & n Hae bLasis E>?

W atnecanl s Wrike /\ S /i.
6 o = X\ Yy wy M

(VN
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(ERN |
\“‘6("“_—“0-\ e . <{1) = x\7‘+-- —\'Xw\-\TM: %ém J‘)
n K l I

~nde soWe Wnese equarions.
N

I & icorthonoramal:

s

— -
= X\ VA + = ¥ XV F o Xen Yy

e Y] - - . '—-\ . - \
Vitw T Y (x\v‘ 4 X Yy 1 % Vi

=0rO+tx.+ +O

-3‘,\/\05’ C(J\N\(t/\k., Mese tane
70 d\\kd’&
- vweedn¥ solve anby a\uoemms l

EKQM\Q e. \'\ouox wavelet basis for R?
v G0, | L)

V2 (l,), IR -1, —l> Pairise L
Vs (\)!/-\-;oooo) \2
vw (L-1,0,0,0,0,0,0) I,W\cw& ndependent
vs (0,0, l)o o, 0 o)
. (o oJo o, -1 "D Must be o bosis!

vq (0/00 o, (/-v o >)
Ve (O/O\O/C OOJlj ')

A
Exercise - éx\mmd\ C\) Y, O,—-)./'z,-l,-;\)
in Yhe above bosis,

AM(”’ Vﬂu,’"‘.g
Yoew = ||
Vaeuw = |
V= O

Veeu = |
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>R = ; (F, 007
v\
=59 +}lva+{,—v_~, S
we C_O_U\\__A CMV\YU\‘\'c VQ'lA) y,,-uj vp A av\c)\ = eq;\vj
———-—\aU\.'\' wm )OOUJ-) O»SCI‘YQ, 5‘?\}0«!‘(’& fot‘m
HM”a - |<1 S o v /v \l
oo ol | ool bl beral
lIv.)* T
= 25 () 1L+ 1L
FT TS v Y2

= |
= all other coeffcients must be O, since
o\l of Qs \ev&\—\/\ is occounted for !
(This s . common *rick , fo save ‘\'\W\c)

("D g\'W\\p\"P'\es wodrix bogis exXponsions

T A
/ BV:’EV\/--?V\M.Z
B = FQ%,,-- [V orHhonor ma) basis
u 127
3
= - . "
[ﬁlsw&v Ve (@)

swee $(2)= 2G.5@)) 7,

@ S\MP\‘\ ?"\63 &\0«\3\1\3 boshs
N ﬁ ‘ (k—”\/ \cnenr

0-
Q}/ \oasé_s, \}aso.s ,
Bu, bu By, By

[_{’,P'_—-_r-r"( rf7 I’I—]
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=10
BBy BBy Bum by o B
— £ Tu
= Y@
£ A=V,

['ﬂ] gor [:[1&-’;5' I—J‘;—(&—L& [-I:(s—us
(2]
Example :

Consider Pre 2% comylex makAx

A( <O e’L(S> .

(Wrde +his M X o Hhe basis gé(‘; &>) ("i(\)’:‘)j_
Answer: na) bosts &= EC’/D),(%‘)S
Ned basws C = 2(”2(‘;1), ({LZ,C‘/ -3
Observe: B octroneranal !

|& =0l = Zla=ol
= L <\+"—*—c)"l‘/

) . { _ - %
S0, 0,0 = (1 )
1= (= =2_I_<|+-c) O Vv

C 2B Vests clange : OD IR
| |
(1,0) \r—; AR
(o,V) < f—i _c “{z ( >
/ (L @-
Q ( )
B =>C \Loases C\AOWQSQ‘ (1,0) 01

/_L L
PO = ey v =0\
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PO A a0
g T &
SMCe, eoy, \T("‘ (0,0"‘@
Chneck - (1,0) = L(\I‘O’ y\‘_(\,-‘) /
(0,0 (FEOO 62/(’-1)> J
= [A) . [e—c-[A) . ©-£)

(recad ¥Wis rt Ny o \e-P—-\-)

- ,\2;<|\ ~i>( “90 )(( I
|

11 -a % 0 11
1. "u e { o ) // PullSimplify // MatrixForm
L]

5 —=2C Vasts c\/\0\®e_,

i £ -3
Ot 1 JiMAtr] “7%:
_ .'I Cos(5] 18in[5)] ) ','\CA
"’\ \i8in[8) Cos[g] | \\ (Ma+b\€MA >
O\IJGIVQ Lo This WS rcod covs

~( ] ©
’%ﬁ(c\‘—)() \' L) (O')
——'ﬂ@m rNyYeses
3. 'ﬂ'\@ cll-f\f'er o«\\\_xﬁ \Cﬁ -(’m\vxsym
and CW\/\\O\Q)( cm'\a\@w\'c
W geaera,
£ &, C oe eachh octhonormal

13.'2;:, . —\:n_gj C=2¢8, "’)a\g.

Ei’lc/-us: - simce o) "Z(b C)\a

¢ =)
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ﬁi—lo_ﬂs: < rl:lc,’ S wnce 2')1-%@;‘0})\:;
Cb---nns 6
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[115-46: A t-'« > awW (e ;;-f—i»(cé"\o{)a;

_7_) 5"
e
% EIZ b <[- I—lc—éQ + t":"v‘;g; s::’@‘ﬁo‘h

S os Fowisyole
1 (axre rea) WV\’WY"CQ-S

@ S‘W\\O\‘F‘Q Cow\rw\’\‘/\\ﬂj FrQSCCHOAS

Pro\o\emt Ho& con we Y;mOed- ovﬁ-o o~ \Q\\c\\f\e{-—o\fmemronq\
2 N

sSWos GJO\Ce

| o O
Examyle - =|o ) ©
xamfle: Fypane = | 2 L 2

_(\oo> (0?g>
- o 00 ¥ O
O OO
O 0D )
o

Py R = Puew

whition s o)
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= To Pr05ﬁc+ into o\i\% spoce
\\SPWC') ko o(‘—\’\l\c)\G)Q(\O\\ \\nes J
onde add Uy those vrob(c)r\o\/\&

];\Cﬁ Fo( 0N Jvda‘s]ooue, ULQ— )R” Uo'\HA 0f+|/uonomm\ \ms\:s

gd\)"') _U’:kg/

o ‘HI\SSO\/\O\\ ¢ /Syechon o (L

L
T 2.; &y Uy
O~ ~~—

a A A) wod )

Proots P Reantuyrad ¥ Reantad

\
W Ry

Exegcj,;e, E COMYU\’re, Hhe \ar(é_)ec,ﬁw\ o]Q e, = (\,o/ o, )
onto o random  SO-dimensona) subspace of R™?
Answer :
n =100;
d =50;
—the vector ¢

[Py P A
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d=50;

< +he Vvector e,

v = zeros(n,1); =

v(l)=1;

A=randn(n, d); #choose d random vectors in R"n,
# with normally distributed coordinates
[Q,R] =qr(A,0); #generate Q, whose columns form an
# orthonormal basis for R(A),
# the span of A's columns
we |\ CK{\O\W\ A Ranehon later

Q(:J i) formn an ovrhonorma

,\

QG0 ,QG,2), .,

vasis for R(A)
@ Firsy a(\arow@\/\ ;}_\—
projectedv = zer;'(n,l); \”V‘—‘\A\ SUwW %_‘LC‘\\QT\I

fori=1:d one +ern atr a Tme
projectedv += Q(:,i) * (Q(:,i)' * v);

end for;
projectedv

A
@ Second. '\'ﬂ * Note : @ = Z—ﬂ;@? whee T = &C:) l)
e i column
e Yey "(Z_gc[; ecT) (Z&fﬁ;'g
=2 ailele;)q)
Y A

L e 0 Bt
-2 97

projectedv2 =Q * (Q' * v); ‘
Aside:
<_5—:+7 cecle Yuotr +uyo vectors
ore e sovne ) add wy Yhe
avsolunie valwnea 0'9 +\We coork.
Aifferences

sum(abs(projectedv2 - projectedv))

@C\/\eck Hie answer -

# 1.Is projectedv in R(A)?

x = A\projectedy; # Solve for a linear comb. of the columns of A
err = A*x - projectedv  # that gives projectedv

sum(abs(err))
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# 2.lIs v-projectedv perpendicular to R(A)?
(v - projectedv)' * A

<&\)es\"\oA © Whodr is e exf&c:\'c& sTuwe& le n&\’\:\)

0-@ '\‘\I\.L WFOACC;‘Y:\OV\Q. projectedv' * projectedv

Key \
EMF!&3 L V=R"  resdurion of the io\m’ﬁfﬁ" s
Z Vo d’T l;\msnb WA x (

This ojves an oy dervakion of Me other facks :

gxam‘g]ef T ﬂoijd-
Z(v ‘U V

égomz\g-
lall =&
w0l L - . |*
% -2 vV I
= JZ V,Vy ”M” ) E ’

'Z(U\ V; >(\/ u&)

A“:’) bosis expansian o e dene \03 \(\&Q,(“\‘\V\S
T = = Vy v&

E ven c,\(\omg)gs c—?— basis -
E‘:'é\:)\/")”g\f‘zS C‘/-.’E-C)i\)~’)’é\\’\‘zs
— o horBrme) setrs

T-T 1

—
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= ZQ«LQ‘T Z\\oé\o;
< Y

= -\ v

Z Blerbpl]

Orthonorma) boses simp\\@ Mo arduments

- Lﬂ Yo yrove somethng for Hhe standovd basts, i
WA O MY “L«@ \/\o\cls for ® °f+hon0/mm\ Yosis .
| nFuihon and o@umeﬂb ace um\l‘v) \boi3 \\«depmde/m—k.

é;amﬂe: L ViIw,
IRV P\/ v 10l/\.) :
(,3\«\\57. (Dock & o ackhonormal bosie

N —> N A —
E\o\)"‘D\‘)\o 5 \)'-y\)-'-)\)f‘t-c\ ) \Oq-rrﬂ,n-)\ovwg
N———
o Yor V voss Yor W]

P _f Ifcq)“g'q ol O] O
"alololo) Mr{almlo
00/ . \C
P

9 "‘OV \
_ [, 0
?y -+ 09\,6 ;*<Q Iﬁ\—o> Ve
we P\ O O\ O

?VQQ\/O"P\/OPV - Pv :
Check #his.

Bud- \'\O\P do e Hind orthonoimal Yases for
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sr(‘&c,es 7
(How doea Marlabs Qr Loncrion work ? )
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?f@c&’ﬁo\/\& 7 ch.S3
1D prpjechons
how Yo lowild (D proyechms 7
Yunua) formula ~
o orthos o) prpjechom Pr&R , PQ=0O
clodaatr pt Thw. p- 525

—~
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rOehm o an a,ﬂﬁne sulaspace <

@z’ru NE : Pegjections 7 Psendowverses ?
View
Orthonormal beses wmake Vife simples
\V\\—Crgre\f Yoss XPANS IV 1 Ferms of (re')echa\as

cam - Sdhamid ¥ rch& ne

Ne elb . ot jovw\,\'( | lechve
Ow\'\\\ne,-. OF"HA%OI\A vedhors Greoom = Sy 'k 2 lochwes
OpHAOSO\AK\\\\"j P ro'de ons
Narmed_ vectors
Grow - S

N_cﬂ'_e Lo Hﬂul\g N MH/\OOOAO\\ Losis sim‘o‘n)@s&;
coordinate ex pansons &m\—(&
* But Grom- Schmidi often oives \@&5
resulis .

7. O+4her Loses ore wnite ?
G\A(.\Q( ‘\'mV\.Spo(M ?

full lecdure ¢ FPE2

reod 249 dymamics vaton
® Yo 1o uiffleféhwi/so)ve

Lu&eaitg Poc waves |
= &W{m Wits Scam o-p wayes

\»u@rb
exawmples, 2o, OCq waves
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Has & aarcq—mt decam aihim
ok iaéam\ walix ~ d\\:ﬁml
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