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n =100;
d =50;

v = zeros(n,1);

v(1)=1;

00

A=randn(n, d); % choose d random vectorsin R*n
[Q,R] = ar(A,0);

% Gram-Schmidt => Q's columns are an
% orthonormal basis for R(A)

projectedv =Q * (Q' * v);
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> E P | - B[ 2 w0]
P

= After seali 7 ion wy ) [ S levadn
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—> \IQ@ fasy oéﬁbri‘Hﬂm& on (age datosets .
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for Arumension - dL aux\asyace o R" tfakes
O(d‘n) +me

A
FosYer, easier uoo:j DoAY Vo heg: Prg)\mc’ s cm\/\mi'g

A= @ran&m (& \ﬂ) is Nlwan O, voviauce X)
= E[squeced \e@’h of e column]
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wayp dadan \oom-\ P i——ﬁAf’
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hetr candi([1, 0, ARy Aepee 2002

p Af sHll preserves disraunces!
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£ recurse n u\a‘;a'\e{L\» a'oo\c\rm\&-
EXQMﬂe pkg load image;
P = double(imread(’ IMG_8474_g512.ipg' 1)/256;

PH1 = Haarstep(P, length(P)); \CA
imshow(PH1/2); Ao@w}ﬁv\/\\o e
imwrite(PH1/2, 'IMG_8474_g512_Haarl.jpg'); \W\O{’)
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function p = Haarstep(p, n) 2 o : ® Py
oddodd = pll:2:n, 1:2:n); @
0o c0® a® o°
evenodd = p(2:2:n, 1:2:n); @ ﬁ.’ ® ° o
oddeven = p(l:2:n, £:2:n); ® 0o 0 0o @ g0 00
eveneven = pl2:2:n, 2:2:n); o (] ) e

NW = (oddodd + evenodd + oddeven + eveneven)sZ; W

ME = (oddodd + evencdd - oddeven - eveneven)s2; ¢
SN = (oddodd - evenodd + oddeven - eveneven)/Z; |
SE = (oddodd - evenodd - oddeven + evenewven)lsZ; \

p(l:n/2,1l:n 23 = NW;

pll:n/2,ns2+1:n) = NE;

p(n/2+1l:n,1:n/2) = 5W;

p(n/Z+1l:n,n/2+1:n) = 5E;
end

function p = Haar(p)
n = length(p);
while Cn = 1)
p = Haarstep(p, n);
n=n';
end
end

Nice \‘oforef{zy Qm\wosr\& \\(\/\0%(::5 tend fo have -ﬂa'\r(\,\s
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\/\)\&5 are aro\A\em-; S0 yoc\cb?.
— (OYer Loses er-?-{)lu\/\ Letver,
Code Yo chmande Lok from Hne Haor basis:

function p = undstaarstep(p, n)
NN = p(l:n/2,1:n/27;
NE = p(l:n/2,n/2+1:n);
SN = p(ns2+1:n,1:n/2);
SE = p(n/2+1:n,n/2+1:n):
oddodd = (MW + NE + SW + SE)/2:
evenodd = (NW + NE - SW - SE)/Z;
oddeven = (NW - NE + SW - SE)/Z;
eveneven = (NW - NE - SW + SEJ/2;

p(l:2:n, 1:2:n) = oddodd;

p(2:2:n, 1:2:n) = evenodd;
p(l:2:n, 2:2:n) = oddeven;
p(2:2:n, 2:2:0) = eveneven:;

end

function p = undoHaar(p)
n=2;
while (n <= length(pl))
p = undoHaarstep(p, nJ;
n = n*;
end
end

Mﬁfm,\ : Keou\-wor\& st‘ﬁvwds e e‘P-l'en 1/\(0@\(5 syarse

. seme kvown Vasis.

ComrresseD SENSING

M__o;{e\'- True siqnal X
O\osefvg SCjV\OL‘ L = AX
()Qor o~ LMOUOV\ A)
GEO_J? Recover x (:3 Solvfikj Ax=L.
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= Unigoe solubion x=A'L
2. A m xn o Ol n
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s bd ROA)
= L0 solution
= Newd joa\\’ Fndl x 4o minimire I/Ax—b,/ ¢
4. beLM®) Lot N(A) #3083
=> o0 wany soluons !
esy, AT it men
ran LAY e = Aivn l\](ﬁ() ’;IA‘fO\W‘((A)
z |
= /\]eub:)oou\: Find ‘\\oes\"/so\w\’\d\/\ 4

Com¥ressecl sensng -
A va<n wth wm<n

4o lase‘/'va\h‘MQ < #Fdegrees oﬂ
Lreedom

C?ng\" Find syarsest soluron

winimize @#oﬂ nowzero coords c-fl x)
sulpjeck o Ax=b

ud\«por"'u“o\'\'cltf)) Fhis s NP-hard .
Even if'uoe, Lnow Hhere is oo solution x
with < L woneero coordinates, best mpfmo\cb\

s 4,0_\,3 O\l‘ CZ}L):’OCV‘A) \aohsi\a\e subsots,

“ ) o
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Kﬁg Yrick: 4, worwn vainimization
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o The L, , 07 Euo\‘\o\ean V\o/w\\sg\ven 195
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Ex | Ax=b% —anifne.

Where \s e soludion iy least &, norm?

AV\.SUQB("-
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oluh o
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>

Garrla samne
l\ a0l
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+
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N
G o= Vn &2 ={a

v
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AwX Prere mre e MPicient aBor‘n%M5 for ao\vin\a)
wiinimize H X ",
Sub()cd— o Ax=b
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Examyz\es

., EEGEEN 1FOG  Aboutws  News VX Forum T
! =

CVX: Matlab Software for Disciplined Convex Programming
Version 2.0 (beta), September 2013, Build 1010

CVX is a Matlab-based modeling system for convex optimization. CVX turns Matlab into a modeling
language, allowing constraints and objectives to be specified using standard Matlab expression syntax.
For example, consider the following canvex optimization model:

minimize  [|Ax - bil;
subjectto Cx=d
Il S €

The following code segment generates and solves a random instance of this modek:

n=20;n=10;p~4a 0/30'
A = rangn(m.n); b = randn(n,1): UJ‘Q *b(\
C = randn(p.n): @ = randn(p,1); & = rang; A R %0{(\
cvx_begin (4 N
variable x(n) Cje’\,\ \
mininize{ norm( A * x - 0. 2) )
subject to \la‘*
Cox=0 QO“\
norm( x, Inf ) <= ¢
cvx_enc

SparselLab

SEEKING SPARSE SOLUTIONS
SYSTEMS OF EQUATIONS

SparseLab is a Matlab software package designed to find sparse
solutions to systems of linear equations, particularly
underdetermined systems.

See the tabs on the left for an Introduction to Sparselab, and for
download instructions. Picase note a new version, Sparselab 2.0
mmmmyzs.zow 1t is avallable for download on this

wunwawmhm»—-um
to underdetermined systems.

Welcome

—
N
VALY packeage now chutes .
. .
= VALLY Wawic, § sobves or sparse scamsintion Verson 14, Aty . 2001 '“"‘"‘;" -
S VALLY Gromp, & sciver br preagiid spurs secosatnusion: Version 1.3, Jurs 30, J011. Wi [

Gomstart | Corvoiston

YALL1 Basic

Links.
Y R

1y nin RN » Pantiacs | Dmcuniors
= Barve L1 Aaiaied Suieen

o akn |l b, ¢ (60vh| Ihe = By

R min | (M, ¢ (20200 [ - B[R

[Li/Llesn)  min | s Iy, at (b= bz e= B

e L N Ll

[EL/EIe atn |l lg,y * ()] [Mn - Bllg,  mek mme B

By min |1l le,t * (36200 (A = Bl 12T, et mae @

[Li/idosar)  min |le|lw,pe @cte |[ha - Blly 4= B, = me @

all

One of the central tenets of signal processing is the Shanror/Nyguist
sampling theory: the number of samples needec to cagture 3 signal is
dictated by its bandwidth. Very recently, an alternative theary of

“compressive sampling”has emerged. By using ronlinear recovery
2igorknms (Dased on CONvex oPLIMIZALION ), SuPer-resoived signals and
images can be reconstructed from what appears to be highly
Incomplete data. Compressive sampiing shows us how data
compression can be imolicitly incorporated into the data acquisition
process, lmulannnmnwn:bﬂlmmd

+hese are MW\"&‘O'OA&)
not+ Octave

¢1-MAGIC

xde / papers / links

to-digital cmm and digital photography.

See crnr

of compressive ssmpling In action.

imaging, analog-

Code

L1-MAGIC i @ coliection of MATLAB routines for soiving the convex
optimization programs central to compressive sampling. The
aigorkhms are based on standard interior-point methods, and are
sulable for large-scase problems.

the code (incuding User's Guide)
» the User's Guide (pdf)

for M‘ II"A\I'I\I‘D(JI"YR; Group

Analysis Optimization l
and

Algebra

SPEAR - Sparse Exact and Approximate Recovery

This research project deals with the problem to recover a sparse solution of an
underdetermined linear (equality) system. This topic has many applications and is a very
active research area. It is located at the border between analysis and combinatorial
optimization. The main goal of our project is to obtain a better understanding of the
mauomummbn(m)mm.mm i.e., recovery, is possible.

Our project is

aspects as well as the

wdmﬁmmamm

The SPEAR

of the Group O (RGO) at the TU

projectis a i
Darmstadt and the Institute for Analysis and Algebra (IAA) at the TU Braunschweig. The
project is funded by a DFG research grant. Project period: 2011 - 2014.

members:

o Dirk A. Lorenz (IAA)

e Marc E. Pletsch (RGO)

e Andreas M. Tillmann (RGO)
« Christian Kruschel (IAA)

SPGL1: A solver for large-scale sparse reconstruction

Version LB, May 2013

home
download and instal
exnmgles (basic)
cxamples (advanced)
aupglemest

relesse notes

citing spgh

SPGL is & Matlab solver for large-scal i squares. 1t solve any
followirg three problems:

basia pursuit denoine

miniize [z, wobeet 0 Az~ bl <o

hasda pursuit

minimize [izfly subectto Ar =0

inkniee A < bl sibeet to i) €7

SPGLA relies oaly on matrix-vector operations Ar and A” y and accepts both explicit matrices and functions
that evaluate these products. SPGLA is suitable for problems that are in the complex domaiz. The theary
underlying SPGL1 is described in these papers:
 Probing the Pareto frontier for basis pursuit solutions E. van den Berg and M. P. Friediander, SIAM J.,
on Scientifie Computing, 33(2)-890-912, Novesaber 2008 (pdf)
* Sparse optimiaation withleast-squares constraats . van den Berg and M. P Friedlasder, SIAM J. on
0y 201 (]

Group sparsity
I version 1.6, the care SPGLI routine was generalized 10 salve the above three problems with ||, replaced
by amy norm on . n order to do 50, it requires that routines are provided for computing the

1. norm |¢]|

2. correspooding dual norm |\#|.

3 Enclidean projection

and W\owg more ..

Other applioiions of the wimimizim

ExAampLE -
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Or i@(Ao\\ W\Oﬂo

“S\AeW'L@O\V\ phantom’

(supposed o be abrain)
G4 *@Y pixels

or P= Y\/\av\bm(“/\/\oo\heie&' S\ACV\O-LﬁM\I;G‘D
/

v

P = double(imread('Shepp-Logant4.png'))/256;
n = length(P); =G4
N=n=%n; =409
Measwement mode :
d=n * log2(n) * 5; = [920=0o.47N
A = 1/sqrt(d) = randn(d, N);
b =A=* P(:);

ner product with & random vectors

(Hhis is wot rcq\‘\xh‘c)

Q Molabs solve roukine

x = A\b;

Pout = reshape(x, n, n);
imshow(Pout);
imwrite(Pout, 'Pout.png');
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SSS—RW\ is Qovvxy\e#c andetermined:
190 Q?\)odﬁovxs in 4076 unkwowns

@ Soluhion wowra east ﬁ,, o/ WA

\braiin €

cv¥_begin
variable x(N);
minimize( norm{x, 2) ) takes ~) w1 audes
subject to wswg CVUX
Aofx == Hhoare better wans !/
cvx_end w o

Plsq = reshape(x, n, n);
imshow({Plsqg};

A‘M:\f\
dwmz=m

N‘"‘f va\ =

/ﬁx/ /_\\ / 7{1([\—)\“”‘540‘"04!46\"""‘

//////

// — 90\
\n/u\<spat¢ / /// .‘\“

N(AT
l/ Awr=m —?I‘

3 Look for o sparse seluron

Mo\le, 4o the ‘-L«o\r‘ basis:
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% put rows of A into the Haar basis

AHaar = A;

for 1 = 1:d
reshapedrow = reshape(AHaar(i,:), n, n);
reshapedrow = Haar(reshapedrow);

AHaar(i,:) = reshapedrow(:);
end

sparsity = numnonzeroentries(Haar(P)); 7)< (s ® C\Aeoih"g-)
subsets = combnk(1:N, sparsity); % don't run this code!
for i = l:size(subsets,1)

% try to find a solution using those columns only

% if successful, then stop

AHaarrestricted = AHaar(:,subsets(i));

% = AHaarrestricted\b;

if (sum(sum(abs(AHaarrestricted*x-b))) < 18~-5)

break;

end;

end
_ 23S0

Note: This fakes (,j’j;> = 2777 time steps
"ﬂ/\is s nore -HAG\V\
(# aroms w observalle umvw:;é'(ﬁe"é ﬁ&&dﬁgwﬁ“

&
: (#' books 1 L bm\(ﬂ oft Co/\JMSSB

@ Solu\‘\OV\ wirh \east ﬂ\ nor w\
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cvx_begin
variable x(N); Jalkes ~20 minwres
minimize( norm(x, 1) )
subject to
AHaarxx ==
cvx_end

P11 = reshape(x, n, n};
P11 = undoHaar(Pl1);
imshow(P11);
imwrite(P11, 'Pll.png'):

Smmw\tg o—Q results

@r&\‘r\o\\ \v\/\oSe, Least 9, wornn Leasy &, wormn

| ercor = 0.\ =N 4, error ©.00%F N

2N
Haoe FAS donzeco  Haar: 3943 naweeco Haar: N9 vonzeco
23d {,=.06N >R 9, 235 @, !

Running £ maoyc
. = only
tic % 50 seconds

xp = lleq _pd(x@, AHaar, [], b, le-3);
toc

L, error = 0.8 =0.0002 N

Haor : F3Y wonzeco
L34 L,
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E XAMPLE 2

\ 24 :H’ o—p Vorldes
N=)28"~ 634

F of o\t xaions
A=4440=0.29N

Haor: ~0.¢7F N nensecs
.05 N 4,

~ 1§ minukes

IS minutes

in L, M%ic’

Q, evor = 040N
Hoor:  O.9N nonzera

65N 4,

How Yo do bedYer :

(D More equarions

D Retter wane\er basis

S Smacter ophwmiaiion oxgor‘\-\-\/\ms
Csee, r(’,Q(rewc&S)

Qe dees c pnpressed seusing wock 7
|

Yy
g\ NS ove Sparse, or vxeo\rﬁ spovse
in oo kmown basis,
L. DhMeV\gch\ reduction

I
X
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Skekch -

Nohnson-Ltedenstanss
randoms 2zed. dimension
red uCH on

R&S\’JTC\'CC&
iso/\/\ef'g properﬂg

O\
Com\ore.ssao\ sewsi%
®,

Depi aMHon:  Restrieted \sow\e@ Pmbwttﬁy (R\P)

\F\D A marax is 3\ i—f\ ww P elnine Y w hod
@ waar i preserves tHhe V.@P\A_s ib T? D

6}>\‘>/ﬂ/\€/ A= waod x A s C J&B—Q\P 3
Q Vg

-POfou\\ X#O

A=l _

%) =

EXO\MZ\@‘ Oy\riou&sb) Yhe nxn FJ?MH@ T
s RIP; W preseryes all |ev®¥\/xs zxo\d@.
&U)f’ there ace also mann, wonkAVTA) O(vaurle&J,
inc,\ucl\@ wioest m/n&oM yofcu'ed’iows, modt soxvv\y\t.s
O—P Fowrier coepjaa?:iet/rl’é.
Exom/\p\e,? B A, Axn ¥ d<n, is very sparse
— fewer Phan w nonzero endAes Hen
cannolr be RIP,

\vecause Haen one X 8 X
columnol A wowd ye O XA : N
O X
= |nhuition . Rows off RIP matnices shounl &
Ve “diffuse, ok sparse .

Ne_h’.‘- OF cowse, RIP olqoe./\&s o the Vasis for Sparsity
Samvling Fourier coefRcients will wotr be RIP i the
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. . ,
sturce\T/)\o\s o SY)a(éQ, F()w/\er' f‘errescmoc\‘\om

_:> Corv\\()re_sseo\ zevxsig

Mheorewr. L2+ A be o (&S) &B—Q\P Mok, wrth &< |,
Led x have £ s won-zero co&ﬁ(’s) and_ b =Ax.

Qﬁs\’m‘c\'ec&
\ some%'ifﬁ r)ro\(:er*-}_/)

LeXx
% =Hre Svo\lses\' solution o Ag\j =L
X

Spalse recovery work.s.

Men X=

Pfoopt A&sume X #x. Then X-% Uas =2S nmaero coans,

Alx-%) =O

=> "A(x-/k—)” _ ,/ =) > & o~ controchiction =
x| |

AN
SNohnson-Licdenstanss
randoms zed dimension
red v on

Q&s\v?de&
iso/v\e\"/\tﬁ Pro\()er\'}_/)

Q9 - lemmod NL Vecrors —> OG&S (\D

OQ\\N\QV\& ons

(,7/0 \MU\C,\A Q\AO\L\S\'S Q_V% vectors’ \QQ‘S\'\/\

Foc RIP we waner all s “Spase vectors Yo Wave lev\\S\*\/s.s
presecved . There ace

<2> = O0®)

cowc&\'/\w\'c, subseds 5—9 St S, \90\-\' 'n p\v\'\-\-eb WWW\\AS s'&\wmse
vedors.,

So\u&‘\ov\ :

QO B A preserves Thae len thed x, Haen W alse preserves
He lenaph of 25 JOx any multiple P x
WA x]) = o Ax] =la | | AX]

= 4+ emo&j\,\ Hay A preserve \CVSHAS 100f0\“
x o xl=1.

=> (;ngi/}lv\ .,\Qec)\ to C\/\CQ:L_ Yoy A UOO“L-& on Hhe

EE 441 Page 19



(2) syhees in R
~shl| o W\O\\fe\LPOl/\\"S
) —A(WFOX'VV\oGre. e sylure \’3 x finte set

R R

o\\\ ointe on Phe circle

_L 3\ S )
e ot & 5:9 ovie oje O(é") @om-\— n nex
e % red\ pgiy\‘hs

R <$> red erﬂ's ae CV\O&C)\/\
Fa® 4o e within & of aw Uy eI
on ‘\)\Ae, é\o\/\ﬂfﬁ,

Claim: ¥ e scaled roocc‘\"\ow/\ A C1=e)-preserves the lenadths
ejﬁ all pomiks M 4*\/\2, ne , Yaen W ClﬁbED preserves lev&\/\s
@orm“ points 1 the sphece.

O\r\%\'\’we\(j obvious )
PrOO]Q (De are given ”AX”
el points in e nek . Ix

L.c%b be same POV in Yhe s\(\«ewe W oie within

<& Jor all

E savme net poink x . So lul =1 and
o e I’S’Px " S E 3
= Ayl = 1 Axs Al

< ol 1A G0l
e 7\
E Ay -x I
since A '( TWes oo
\pf%ﬁd\’\o‘/\ ) and wﬂ{)cd’w“&

CaAY ncrease Yhs

$\+(@+\>&.

s i wo cood Wa wavt A<an , & ~constant,

E@\‘&ﬂ&()_\o_f‘a_&c\/\ﬂ For the worst 4, lex &= “»U\’\
= \\’A{‘S\\ =8 <2 (v + (\rd)e
= §(1-e) < a8
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= (< ==
o (Owe/’\oo\w\c)\ ”A@“
“'A@“ 72 VAx)= ,\A(\tj x)\

Ve I )e

a, S3E for £<F

== ‘\"O'}U\\ # of vectors whose \e\s\*\/\,s we

weedl fo \preserve

$<><&S‘—M

0( ©< 2 M) a\\/\/\el\é\or\s oﬂeewod\r\

O(é»‘g;(%)}
L =0 g-lc,(l"é}."ga_
4= s /Ql

Ludog
;l’“ ‘Z‘l’) ° -JLe/Ymdence @t@‘roﬂ

‘5 wWe \
must re cover \50,\ divviension

Condugion: W A w @ wes Mae \(rO\.\cC\J‘M onto &

vandsm  A-dvnensisna) subspace | with K os abuve,

Phren with \A'@/\ rm&a\\af\ib A e C$)3'E>'R|P_

Q—Cs\’f TC\’U&
isomef@ r)ro\Per\-\l_/)

\Z

\_C’oimLessacl 3eNnsing l
J
DONE

Sohnson-Lirdenstanss

randoms zed dimension
red L on
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