|l ecture 1S Rorations and sca\\‘ms

Thursday, October 15, 2015 9:30 AM

Adwin: Homework- S out {—om;a)\/d:.
Rﬁo\&l‘fg MQ\/e/ S.G lsemetcies
S.28 Modrix wormns
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Proyeetions Grrowm-Schmidk AR decomp.
Rowvk
Nexet
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E AN VO\\M//CQW5 S( A o(ecowy s Hown

Anie week: SINGULAR VALWE Decomposmon
“Pheoreticdd morivakion *
Aw lineo +ravsformodion A Mops painks  m the muwspace R(AT
Fo distmer pomrs in the cdummnspace RCAD | Eﬁawk-l\)uiliivj hm_\
How 22

dm=n
Awmzm

}mf::( Awnrv\ AMA:(‘

By | o tpsn

rO") 7/ /
A / vz
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N(A) aalspace N( AT)

dw=n-r Aw=m-r
| dwRE)= dimR(R),
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dwm R(AR") = dim R(PO

A N(A) +dimR(AT) SR () din NCAT) |
= }ota) dimension wn = lota) dimension m

dim r

dim r// /\\ _,
N Q(A)

e i Y ; \
oY) ¢ A— Az, =D coLstce, \
) * ey
\ro Wapoce N . s\ >
A s =2 + T,
\ )
R’% 7 o R
p I ¥____d_d__~——-— — m
( x, A “"H_ﬁ,:l_:;:_;f[)— - __
NG
TON
dim n = \ vw\\\sbaace, "/giim m—r
e
a
NGAY = R(A)* N = R(A)

PI‘OLCJ\"CA\ mahvodiown * MM:\_IB o\\ﬁo\\‘m\'\‘ov\s) wmcdudm

P

X g°\“"\f) \Wear e«\uo\’nons QWVar s Hhe cemsini v’\-\/&
Ax =\ eoy. o numerica) erroms?

Z When Phere i no soluriw,
1=V H\e@» Al x o wamimize | Ax-bl

@a«es v‘e&re&s r@

*x Ronk mwimizaton

LQ@ Co/\/\rone\/ﬁ' A(\a&ii‘s@

Podo A c\us-\—e/w\s) recommendation syrems, ..

Q\NbuLAYL' \lALU\E Decomposmon CSYD}
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‘V\'POIMO\X&I) B A \QB W enr Fmv&?Fo/ mation cawn \oe. s‘o\\'{: wYo -
~ o cotaXion , followed, by
- su\\\\ﬁs YeCHOrE ia or onkt
Befbre S\nh\\ﬁ e theorenn %M\o\ll/:) S el consrde Prese pieces .

lcomereies
Depi Ninl Y Av\ '\some-\—/\us s oo linear Yransformation
ot preserves \ev&*\/\, Csossame )
C"‘\/\Ao\-\' s, \\A}’“f—"?“ o, o\\\g) vvxe:\'r‘\c,;\ev&\'*/\/oqw\'awce.

Ex«w\y_\es'-
. :[dcm\"\b wadiix T
® EO‘\'O\’\'TOﬂb) Q'Z)') <C°>® o —sanGS

@) f O
sm@&E O cosS

° QePlecﬁovx_s) eoy, < { O C>>
o -l ©
o © -l
* Prodnars of roladions and reflecrions

| aexl =l &x|| = |

® \Sow\e;\'/'\c, ‘\eW\\oe&A\‘@gll e-oy.

| O© .
o | puts R* into R
oD as Yhe <Yy \o\awe,

\ &

e < + 0O > alse ways
// / X xbzp\o\we f R

o O

1 >Y
/ / s — VLUt does wok preserve
r— PN
¢’ V\&

X

° Not an )‘somd'@? o«@HA\‘/\\S Haod reduces -\’\/\e. Aimension

1’2
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A < B ) with m<n

= ank (K)= F 10 indep.
SN
=AM NCA) = n = cank(h) >O

= \ev&\—’v\s £ wonzero vectors m NCA)
ace seny o O — wot prese/ye&'

3 !

Claim: Preserves ‘QVQS\’\\ => preserves a@e&,
Frool - Recall t\e o\v&\e. - betueen vea) vectors X o\V\dB
sadrsfies cosS = Ko _
XN
=7 e Mave Yo shons Haodr dok producks are presecred
Trde: MAtwe vedtors, and_ use the cross-terme

IAGaI" - (Ko 5)- (1)
= (A + (A (Aw)
e (o> (A~ (A9
= | AxE + [ AglE+ 2. (A9 (Aw)
brical o (W

- ""tj”z - uxul“'”\_‘)“k“'ix:ﬁ GRS
’—L?(Ax>'(@=xj J a

Ho&b ‘o +e\\ v? o MOXO\X S an isometry 2

\ \ ( /(\/\ﬁ—v@\wvw\s o—? an

A = <V' Ve e Y - ivie? ‘\somekg are or%omormd
l j | =)

O kéi=vie = Ivill =

@ A%;_é'*ézég - (]—'L(V,—ﬁz)

\‘\wrv,_“ = e,+¢¢\\ =2
N
(V\*VQ'CV.HJ)_)
”\lv.\]’“ | Va_"&+<\’\‘v>_+ \/,,‘V> :
CQW\\(\QX cov&.

1) )
QE&(V.'VD Since VL.V‘:rP Vy*Va

ol columns wust

Wave \e \&'\lv\ one.
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comy \ex cW{S-

1) )
QE@C\I.‘VD wce \/L.V\='P A

'-'QC,( N '\VV\(V"\'L
= Qe(v\'*v:)"g w) )

Cons\*&e/ig A(e\ -eD 3\\/&5 Im (\1‘-\/3=O
=V, v, = O Aifferent columns mavst
o \DU\DGV\O\\CLA\&F.
ln wokivx woration:

" Ya*Vy VeV V,®Vy "
‘.‘ ' l — \IK.V\ Va,. VL VL‘V& T
¢ o | T . N
Yn y . ¢ =

: |

A y

\ © O
A =<O\.O"'>=1
Taus an ““’“"d"fﬁ Yokes one ortHnonornag) e o vedters
(e Srandocd \OO&YD into avother octhonorma) sex (Pre columans)

EXC/‘CLS&: Pro‘le, e converse \\N\\o\‘CoC\’I\OV\ :
]-F +he cdumns o? A are of‘\'\/\omormou\) hen A s an ‘\sovvxe,\'@.

A 'S an tsome+:&5 @ éé:@e;:\ei%\es

N T
/(s columns ace <= A"A.;I

or-Hmnorw\q\
EXmej\eS‘ s © -snGS I o
@) | O > o |\
s o o6 o0

Exercise: Give an isovv\e—\—@ Lronn R to e
ne L.= g(x.kb,s: \ x=y =2 CR®.

Answer: The line L congists o—?- 0\\( vvw\\\"\\o\u
o—f' Hhe onit vector {\'EC\J ). “There foce S e

waarnces

—,'—/u'\ ond _.F/:\
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waarnces

e -1/
& <{ 2§ (;
ace bobh isennetries rom R o L

(AN}\ these are Hre 01\[\(5 SUUn i&QMCA’/iGQ) v

Exerc\.se,'- G‘\ve an 1Som

ety from R
o +Hhe ‘olome, Y= E(x,fj,zcex ty+2 =D\ C R,

D
Avswec: H@IEL& [N P]c,—\u(e,’

"RL

>
NE,

20 —>¢,

(]
To nop the plane R™ isometr YCOC\\\(_;) Mo the plane v,

We é,xx.x‘c need +o WP ?\ aw& -Qp}, into +wo e/‘OOV\Aim\o\r
anir vedors w V. “The boN\C’A'iaj will take
2, I—> Aot aad vector in V
e, +— 2*% g vedtor in V.

Houo 1o ‘P\V\& N and. T 2

l

<X (Cl'

o & can e an wlai‘\’/oi(j und vecdtor
o) stot WA
(4,00eV

and wormalize

a :\[_L;<|)-’JO>.

¢ Q’"’(\l\,v,_)v&) hos Yo e m V' and be
\oelpend\cb\\ar o WA

ViEL Yy = O (’\76\/>

Y, — VY. = O (\7’&"6)
= 3 -

= () Y “l\)/@ Wo k&

Tmalirahicn

EE 441 Page 6



oY is the waodrrix For owr ‘\someﬁ'/&?.

- - -
C\\—%-&, ;) €, T/ Vv

L (S v
’A( = % N = _—y\x—z’ \/% \/
| O “As

COQ course, s answer s wot uv\vwe_ We con a\so cotate or
eflect +he plane D

SWor awnskeec -
A ortonorma) Lagss Por Vs
Q%.C\) —\) O)) Q’LC'QC\) ‘} "9\) .

Mecefore
B A
(:, I TSOMe’{-ITLo\\\Lj mogps R onto V.
S
Z
O =

Y
OFf couse, tuis answer~ v wnet onquUe. LW could ave

cotoded '\’\/\\V&i oround. — and used a@ orthonormal
Vasis for V. v

Ore-osonkl AND Unrrary Mateices

DM«\‘. An “or‘\*\r\o\som\ WA ix s
o~ sﬁuo\fe, W1 ‘\‘some—\'\f_lj (‘\,e S5 N V\),

Recl: The cdumns o an somety ae ortonarmal
NA=T1T.
%’g@m: The vows oﬁf an °(+\\830n0”\ a7 1}
ae s orRonD Mo |

AAT =T |

Carollacy:
CDF‘\'\/\\OSOM\ MO (1 X

A=A
\o\
. . . T2 JP PN RUURDI WY T TR 1Y JO (O_L
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o

COWS e not o(‘\"‘/\ism\ for 1somednic ewxbeo\o\m& like (c) o

P L A= (g s

N
A W\DS —éi o -\7(
Eﬁu'\vo\\el\\'{\tﬁ, N MOCE COMpAc wotation |

0
_ S > 2T
A= %‘ —\7;‘6% (7)(—3;——)

o
[ - O
e&e; =<O>(O\O"’O) - (&) >
. o)
)

Sedl +ewel v renel = L Hhe identily!

Next lers cuvx\:uére, A AT'-

-/l N T
A <\ l“) (— i - >
- (?’ge} )= wel)

= Z Vé;(ea} (N \/Q—
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\"2)
=2, \/&V;—

&
C_\_OQN\" ﬂ\s s the ‘\&CV\HB o:c-k)o\‘\(\ .
Wa?
Coll &+ M
r’;r o\v\\kﬁ ¢ =L2, .- w,
N\vt = ZV(-XY;V{ "'—\7"\ v
s0 +he Veckors Uny-- ¥ afe all left alone
An& other vedor can e (xYaAde& out in derms
O?f 'H/\GN\) \\\Le,
O = U Ny ¥ v Xa Va
= MK ~ o&N\v\‘\‘”‘ +do MV AT;A" o
s
wsd\\"\or\'- Av\ Nn > N c,omp\e.x \sometry s
coledh ™ qn'\‘\'a(\t.y_

8! V\'\M\(B W\ X
A=K

Or‘\'\«i%ono\\ MO (VX

A=A

More examples :
* Framundation wodcices, e,

006 O | e e,
I O O O ) C.—E;
ol O o T @y
00 | © eq €

° Qo)rac\'iovxsJ eq.

cos®@ —an®O rotedes tae yo\ow\e/ \R‘L
sNEO e ®© Couw\—erc\ockwue \\43 QS\Q’G

@ —sW& O rovodes 1R® \Ob S
WG oS> O adooud e 2-axis

® ® \
eV / VU -0
2+ -

V) -
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ochLINs T

2. 0O
o L

("5 2> scalea \i\SJ%PFefeM' am o unks

0)\\ (é—% g)

AN
\"° (‘ /b) (-2° ?2—[ °>
\ﬂj S\__‘ (9&

Co,-V
Need wovr Le axis- m\\‘éne&..-
Exerd&&‘- Gixe oo AAA. wmoadk\x Hhad wWaps

(L)) e, =)
CuV) — (‘\L"‘i>

Answec: We wank

AN 7 N

h /‘( ‘q,d‘w\ﬂ \ J/
P b
7 | N\ \>\ \B
7 N\
/KJ n 7 \\

’ ’\(‘ \recYion g N

'/”'\\5 is —H/\Q, ame s O\\QO\/Q) \DU\.’\' (‘O—\'O\'\'e@t &:(3%

rotale

~ Vo T >
(’@ "/ra>

Ko Az

> SQA\Q& Q\JQSS Yectov wy L\\:\ 2

/

<
NN
N e

—

' /G.)
Q e k‘
Y
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= LS (KN | works

A\Wernodve ownswec :

Note EJ@C\;"DJ "‘@C\;‘ >S s an orthonorwa)
\\/‘\ ‘\\/z_ \00\5\\.&
)
We won: Ay, =dv, , Av.=zVve .

Set _

— \ =) |

-i'iC\ J*i‘i(l \>

= (S/" /‘y"> ACGD) = (a2) y
Yy ) 0 p0,)=(32)

SCM_\NC-:.* I Matrix Noem

Defintien: The sfe,c.—\—m\ worm o o lVneow dransformaadisn

A s S\Iev\ \”_fﬁ “ AK\\
[ 4] = mox AT

CH' measues fhe noximum steetca of Hae wmakrix.)
On Anite Jinvenstons, Hae wrox extsts, s < oo )

Ngfg'- Ofen dencted ”A)L)Qor ), /Euddann worw,

Pfo‘u\"\e.sI.a
* For oulﬂ vedror X ("P o\”m\ar‘\ox\'e, Aimemio/\l
WARN < AN

* Pof an rca\\/cml\l\v;\ex nuber X
AN = 1) IAN
* Trionale in vo\\‘\\lz)-.
O A Tel 210 el
[AvR) = w1 | A> v x|
< MAX (llA)\"’ru&X‘D (A Meq.fvr ved&c)

Nx)=1

Prooj} :
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& gogor WAL (o, Vo)

- @x\\i \ Q@\z'

= || AL+ Bl o

Examples*

Tl =

[an \&Me+gu = |
| m% yembec:\"\cn“ = | 5 wnless Fhe prpjection s S

. w\'\ﬂk“( o 1 \ ‘/|00> 2
Yoo :

Answer -

©) ”Aé‘\” = ‘ ('//;o\\ I+ ae = HA&\I
B FYES crues)
® k=(5%)* 2(P4)

P

—
=

\
Orgond.
A IS B (59 RN (6]
= \*ice
@, (e want to And R =<>>(<'), wirlh [21=1, 4o
grec o
VR mize X

&
Al = [ (50 550)
= (rex x4 x)
= (e Dk xE) ¥ Ye xixe
<= %ext =) = x, =2{1-xz
(Me V\/\S assume thek X, 20 and x, 2 O |
(/0\/\\«37. X< O, mulpy 1\_/) -1, ,em“ﬁ'ﬁ
Il and [ Ax anchopaed .
\‘(1 x7 O Oul\& X),<©) Haon we cotn
increose. Oc+ €2 b sw\\-d(\'& Yae Sign "F)‘:..
= AT = e e v e Niox?
= x :(—LL' Q& caleulus)
= | &) ={1+g+2¢
=1+E

Olsare: [& G = 14¢ > JARN = 1A = Lise”
Moca): Srreadina ouk s aocod !
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Rolem: Whot ace the o\aoro&-or N Of-
] O | Yoo
@ (O '//oo> @ (O O ?

A‘I\M})U"
® |(55)C)
(ndee vag constaaint  xytxa =) Habs i la{_c)as‘\’ Por Ix =)
S| ) =1 e

® (6 &) =], &)+ G x)|
To mokiwinze Me dot product between (1,8) and ¥,
sub()edr to Isll= 1, we should ckoose £ (10@\”6' fo C1,8),

el R - q,'Téi‘)é?-
>[5 e) - e=. -luol

O\’ng e

2.

2 g
X+ Exe

*ln &), you dont want to syreau& owt, simce there is wo
Ynkerachon LetwWeea Hhe +wde blocks of the wotAx.

- \V\6e/\m\)
(f‘) E>ﬂ( = o ¢IIAL 1811
\(ggg) = wox FIAL (el TelX
OO C

= Q) even Pnoughh lael=e «< “Ae\n=‘) You skl want
o spread berueen the fuoo columnis to woxmize e norm.
- Nso, w ju\emd,
‘s‘aec:\’m\\ Mo A% vior m aP o [ naodrx
= Eudidean norm of Hae rowo vecksr
Gro waximiee 19-R1, et % =3/1131 )
. seckol) noran o% arx vx | madrix
=Eulidean worm of Hue co\uw\v\ ve o
(Auus-\' seb % =(ND)

EXQ\M¥\3 . U\')\I\O*ér S ‘\’\/\C, S\oec\'m\\ novm ﬁ@-

I /\ +Hhe waxn all-ones mayix =
L 1 1 1
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[E— ) V\'V‘¥" U~ Vv wWo \ v gulu;\."-vy\ viuv Tv ) ‘(J
I (I [/ +he waxn o\n—oweé, woyx <
( [
[ I |
([ I

1)

|
|
[
[
Answoer:

(D Expecinent nuwmer Cd\\\\lﬂ :

octave:1> m = 19;

octave:2> n = 15;
octave:3> A = anes(m,n)
A =
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
octave:4> norm(A)
ans = 12.247
octave:5> norm(A)*2
ans = 150.00
= wanbe [ Al ={mn 2
MoHae modtica. code -
nizs}= Table| 1]
Horm[ConstantArray[l, {m, n}]]z,
{m, 1, 5}, {n, 1, 5}
] /f MatrixForm
1|25 MeatnEFom= 9
i1 2 3 4 5
2 4 & 8 10
i 6 9 12 15
4 8 12 18 20
5 10 15 20 25 )

@D Guess '\"\,\Q\aex}-mrm\-:

Smce the co\v\mws e 0\\\ Hre samne, s W\aes sonse to
sr.frux}i~ cxjér ocross e c\j\ and ug\‘hj g
( - eﬂn
et ;{s-——(\/ byl l) e R

N

=S |[%)[ =1

x=L /1] /
m T ’(
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AR (VO]
(| :

(e, )R

D Prove Hod A ={mn -
One cu('(roac\v\ s o 05\1««, L$ 83vvwv\eg thod Lire above x
is o '\'\W\A\
A\\'e/v\o\\"\veb , notice Yot rank CA) =1
Since m\( co(UW\V\s are he sawme ,
cank (X = dw R('M’#(Meoib Motéreno(m’r coluwms = | .
A fackons o

/
(
A=l ]Gt -- D =avr
‘ \
: VR
( \\V\eui"‘"

= M-=-G@Da
“ ,t\x\\ = \\l’x\' nm\\,
A cla readnes W= MAXIMAAVA “ Uk-‘\\\ \I\\)
S xo

= Al

v
=Jul-IV) ‘WE .Y

Ooswve - A’vl(ﬁ rank-one wodix A con be factred as

A=A

£or some Yectors A and V. #ewce //A” = Nu”- Ivi.

Pg\(md(m\ v:\‘oL/m

roperies )

P70 and Ko< ) -0
o [[AX) = 1AL - %)

a_

WMok X /M vectors/matrix nor m

s[aAl =1V IAL for xeC
clasl = 1AL el

(Me onmouv&&owcam s¥retch an My wy \ob amolt)\v\\s
kB is ok most Hhe strerch Fromn appyma B tHimes
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(e amount yon canstrzetch an myputr \:3 MYPl@“f_ﬁ
B is ak wmost the strerch Fovm arv@w& & Himes
+he stretcIn fromn avpb\‘g A )

* 1P A ank V ae unitar , \\Lk\\‘“’"\/”"\ ande

Ja AV L =1 Al
(becomse. unmiracies daAr C\I\QV\SQ ‘CV\\S¥\1\5>.

: \\(g E)\\ = wax SN, 1813

ey, oA A s adicoenal MOV X
AN = Max |

1L e (=) vk A=avT, [ AL=TL)

A fast Ccrunde) estvmare for Hae sj\ge_c_\:gw :

Claw: For ang, Mmx n madrix A-‘—(a;;,\)

W\iﬂ'\)( \a;é\ = \\A\\ < \Z\m;a\—"l

6,3

3
ég"""“  MAX \O\ad',\ :

g
O\‘L'J_‘L'-'- For Hre 0\“—0/\0,5 V\/\O\‘\’/\Xj the wyp=r bowul (W\)
s “'\\75\/\'\’] HAOV:S\A Hae lower Lound C1D is terrlole .

Proo?: Sty \otﬁ Q\/\ow‘ﬁ e lower \oowa/ \,A\\ZV\{\Z\X \a;o;\.
Lek EJ‘,;‘ Ve suc ok \o\;x?\= V\/\(ng \4‘\g\-
Let R=2x. Thn "X“"h s$o

NEA v 57, Aee

B QL:‘ y - )QMJF)

I
& Z \agpe)”

wmax |y \

/

\Ot({* ¥ \ .
Next, let vws show the wppe Vound, lA\\éXm'vx'w‘\_ﬁx \0\'\&\.

| £17= moox | AX\T y

x: \xlh=) c\
Ye A= (—i"‘ > , 80 Ax’(‘lfx>
I Can® %

IRV

[

W\
(2

— N
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(”W R —— I

2—; leeex )
e; Cowxd/ﬂ ~Sehwacz - r x\ \f‘“ “"\\(“

\\

M
Al

Z 2__ SANY n
Wlhev\ [ wgerhl\e& waiix_inve~Hble ?

Lemma: £ [JANCY, Haea (T+A) exishe .
Proof -
T+ is wot iavertible<=> N(T+A) # 303
<= (T+ADx =O for some x #O
= Ax=-Xx
= JA\7 | ~ conkeadiction. 10
L-_E_G_A_\AA_O\’. Let A Le an tavertlle wiadrix .
\-@ ”B”<)/”A. “ uen A'\'& is waverhlble .
proﬂ? AR~ A(T+AX JS) Now Otﬁi\ﬂ e previows \lewmwo, T

Wit ARl < HAUI&\\
Examplet 4 = (o'/q> ’K'°<O'?l>

so Q"E“< = 5, AYR mveshole .

l

Lewwa: £ IA) <V yhen
@T+RY = THA+A AN

Pero 05\' v Exercise .

OTher Mateix Norms
ju&-\'Mwe\AONe, &L@Mé& vv\w\{"\v\e Vector norms lilke
v = {Z\v E uckidean
H \l Z\v\ 2, wosrm
e (0" Ay woron
we  can o(oFme, Wduﬂ{’&Wﬁ MaYrix nosrms.
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EXG}\N\¥\¢,:
©IAD, = e [IAS,
- P’ eng
CIALL = max WAL T oXiv + 1305 4481
P2 k)=

P
EX((C.‘SQ" (/J\'\a\:‘( S {—‘/\e, WARYTIX f\ novwA ”A\\, )'RN‘
A=(5 1
"CO | ?
Whar s w Je/\erak\?.
Av\w)cm

HA\ 'W\O\X "AX“

< \Wxl\, =
To evalwode +\:\\>) Yere are two steps
® Fist, we need to And an apy e \oouw\& “A”
©) SGCOV\(}\, we needh fo sowo that Flis \oovw\ok S

achieved, ie ., Ank x with lIxl=1 so [|Ax] =
@H A\l = Max ('D’x\’r Q%)+ |*(ox*'x,.\>
]x‘\+!x:{(1|
< W\d;y (5*(0)‘\)(\\\ +(9 -H)\xz_‘
B )=

S max § G, Ir ES
=1\
=2 || &ll, <)

& e bound 1 achieved A<=\, for x=0C1,0).
=2 Al =1

\m&@ﬂefa,\) \A” = mMAaX Z—»‘O\ \

coluvnn s 3

Hae moxrmum ) norm O{l N co\umn v

G@naro\\ Erole(-\'ieé oﬁ MO X nOrms
A“ the above noms satrshy :
“JAIZO, and IATFO < A-O
”o(A“ = lo(\ ”/A(” aeor a\” S(‘O\‘OAS <

* Jrioande ine Vo\\\
" A' +xk| < ” A' “ + " &" ‘Bt\/ eAl/lAD-—(;;—P mnn+/\lrae
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* Friande \'r\eﬁ\m\\'\

NA+&T <Al +] &I £ soavme-size modrices
° SWE'MU\\'HYJ\'\CO\‘HV\ .

A< N AT RN Sheneve, AB is defined

E xercise \S —PCAB“ MO\X ‘0‘1&‘ A A X narm 2
ot is, does oF s Hhe above \omrcrh‘&s?
AV\SUQCF |+ does sahsfu Hre At Paee \amx{/’r\‘es.

RBud- S\A\o’V\/\\A\\‘\Y ica v@ is Wocder

A=(v ) r= (‘>
= As=(2)
PARY=-2 $A) =P~
So NO/ £ is ot sux\wWW\H’\f\uCO\hYe,.

Exawple: Frobenine norm

" A“‘: = m ‘Lé&&\ﬁ +o com\oo\{-g,!
“d

Exercise: This does so\’n‘&o\\j sab-m m\H;O\iCo\*WH::) ande
the other properties.

Obsenve: "A”L Troce (A A)
(sv\w\ of Avagonal dlements)

Z(A AY;
=2 @), (M
'2 aZ 0\\6

”\d\

‘fﬁ‘ e troace s cyelic
Te (AB) =Tr(xsﬁ<)&

Procff ’\’/(A&B = Z_(A‘&)
= Z_— Ay g
z, =T-®BA Y
C_I_‘Q“er The F'ro\oemus nofm is Lasise- \,\AQYW\AMA—\—

oAl s luaw] o
Por AVUA \AV\"\‘\‘Q\’U\/OP\'\A&OC\OI\O\\ worix (L.

v
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’ NAle = TWAW |

Por owtxﬁ \Av\‘\\-ox\/ﬁ/oﬂ—\/\asbw\\ waorrix (L
(’V\f\e, Frovenivs warm s e Same wn m\\ o(\'\/\ov\c/mm\ bcue.c}

Proo?i Swee (K is unitoen | U=
TUAU e = 17 (AU (LAWY
= Tr ((LATUK*U\A o s\nee (A@t A
= Y- (A" WA WL Qtsc.\ic tcace
= T-(A'AN) svmee I'U=Y v
e S‘)et\"ra\ Mol is olss basts 'Mdeyevw(en{') DAL =N UA ur‘,_ fo.
onwy uvﬁ% U, since umiovies dony c\w\txje \e vts\'\/\.s.

\ee\cx\'im\s\n‘\ys betureen ok ix norms
AVL o mar )1 x norms are e sS0\me WUy o o&\W\emeM'
de(endcw\' Poctovs. .
Exowmple :  For Ae R™
WAl < Al « mingwmw? Al

D{OO‘?"
(We Wave a\\reo&c\\\ﬁ own Al € \ A\\\; :

WAle < mea 2,03 AN,
(De. cant (Ve s &e,-\f '. (:tw{—uvw:\'e% LR less my s ctont.
Loder, # wil fallows snce
I A“; = T AA) = sam of eﬁemvm\u& A ATA
l\k\[ = \O{S@ﬁ ei&e\/\\lo\lue °’€ AR ..

SCC http://en.wikipedia.org/wiki/Matrix _norm#Equivalence of norms

for wiore .
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¥ew Lemme. -

e A= RAN-I=)
e, X is s¥refched wmxiwm\b \/&A) o\dA'\evi‘:\S He norm,

Haewn
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NMax = | A=
Carslary: - | AL
Proof : For\3=A»<, Aty = TANS = 1A I\
=2 JIA*Q» A
The same me Ua\@ with A = A sw‘\+c\/\eo\5\VQs “A“?"A*“- n
Coro\\af:ﬁ'- “NA“ = Al® = IAAH .
Proof = (e showed. Lelore Hhock Al = AN (&) Hence
I A = WAL AY z

= DA,
ande \r\vBi’\/\e, lemamor Pais viermn is achieved b e Same %
Har acwicves | Ax“ = Al N 1\

Procrj2 o-P tHhe levima: Scale <o “KH" :

Chosse o loasis for Hhe domain Ceolummns) d‘p A s0 thodk ¥he
List basis element s x.

Choosc o Vos ts 'pr>/‘ 'H/le, codomain (/‘0<A5> sO +he -p\'rs‘: Voasis

e\emu\% is JL—— \,\&’A):c-\\

Als m‘ofesew\*o&\‘m s these Yares s

<I\Al\
@)
O
o)

Vvecounse Ax = AH:} /‘\/\w\ A‘b is The Pt ow oF A
= AB =IAlx + b
where b1 x (L s everybhing else in the st rony)
We daim Yhar b= O/ (So Ax=[Alk, ourgeal D
Pecawsr £ b # O, then s‘rf‘cadi/f) oud Letween x and\ b
wod d increase Yne norma , ~ conYradichion a@ “A)‘\\ =l\A\\ :

“ﬁ‘\l:\:_]_a > . “A’“x ~\—¥
hA \M\‘Hl\al\‘n 7 \3 (A \\\M\’+1\bl\>\

swee k l\? \V'UL\ \ebr «\\ vecYors v oo “v“"

il | Ax+bl B
N\ AL

2ol
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VAT HV

= LIAD Sl

2\ # O, fhen weve foundl a untd veckor Hhod A sizetches more
Puan W strelces X, a contradicton . |

Corolarw: “K\' \\ = \\ M\ , even dor covnyplex wodrices,
/;;\?e “ A “ =\ AT" e o\ip(‘efemce between A—\' and. AT

S 6\,\5-\- CQ.N\\O\Q)( cm/\;)\csw\"\(w\ ) vo\r\'\c,\c\ o(oe‘sv<-\— c,\f\owtﬁ’{_ OW:B (C&ﬁ\’lﬂ&.

Cﬂ“%'- | M = IAD™

W tiwes
Cof,onﬁigy 12 A e rea N\é\igijme‘\‘ric (A=AT)
or complex and Wermitian (A =AY) )
tew LA™ = TAI™

E_)Qy\_'\_e,i ~r A= (C';c', , Al =\a
buxr A=A
snce (64)(66) (58
= AN ={2 «= {2" v

S\NC’ULAYL' \IALUE DECON‘POS TNON) (SYD>
\n%lmolb . Av:s \Wear Fransformatisn can oe sr\\’k mYo -
- & rO'\‘Q\’iMJ -pououoed\ \a\\ﬁ
- sc«\\\& vectors ta or ounk

FoORMALLY.

@QM@Q“ fk(u/g\ﬂd NS 7

PE VS
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@jﬂ/mﬁcm& C o €

Two 1\1\6"1&6%\'&:
Y&o\o\-\-\‘wxs + Kweow -ths(-’:Nww\\'\'Ms ok ypresene (w\j'\’b\
'AEF‘-\AG, yyoMedrea
-prve Puody coluwns vk Le W“\"AOJ\D/MO\X
~defne oniton); orbhoapna) wodr ces

Stretehes

- eYO\\AAY)\Q$

SVD exowples
) \'\M\A\, and v /\Am‘\’\ﬂo/ﬂ/\a\\'\/\evv\a-\’iu\,
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Mod'/"\x wd/w
Aefmiton
\» O \(vz)‘e(}‘\ea
exomy lea amdl wrbuidion (Aow want +o spread oud)

Propake: N z0 | A0 A=O
Na A D) =\l DA
T Asle IAN+ 1.
IAel< AN e
TAxT< NAN- I

VWA = wox L AXI
=\ =)
Avowe exite by comyacimess
| AN = o) ATA-AT s Smglo

e AT (42| wouct el

TWAY = 1A when WU =T, VIV =T
eg., for dugonal watices
A =vwg\x\mz;\

o vetons Iyl =Ivl] 1
Modlab § Modrhemadrica commands

Other madeix norma
LYy ()
Extf\wx\a\e,‘- (! 1 ‘>
1 \ 1 '
App\‘lcoﬁx‘m\ 0¢ WK A X MOIMS \V\\l e/ H\'\ﬁ o MmaXrix thaldr s close

to V\Q/\'b\\i\ﬁkf\\af.
A" ks andl [N'E | =p< |, then (A+E) exists, ande

| (A"~ x e NEN A
|—p

waet av\o\\&n& N \(\A&S\L&,-
S\'W\\\WB, € A s wot Sy efric £ qou Qe& A O NeaSON iLe }\Lj
you Y/o\ga\,ab wade & miskke Glould ve AAT o/ ATA>

S\V\S\A\N - VO\\MQ, de UN\:\\{ RMNIA
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Theorem: (S\Y\S\A\N‘ Nawe De co My @A)
A WYneov fravx;iﬁd/mod'\'on (over R ov ove @)
Co\:\‘ﬁ'_}oe exprecsed. as o rotahon follow ed \0\(3 o
SM\W\\S (ov +he oxivcm’H) '\'003_

feé\vi\re, bnowy rean\ ns 1oy SVD
ea, 140 =1 A"\
f‘aV\L,-V\\A\\\m theoremn

@S-D\ £ Hhe -\—exD

S\/D caN\ e o(ef't\leg\
—Vased on sa»ec\‘rox\ e 62vhon foe NA oc
- O\((ed‘&ﬂ , R\ ‘('\&C:\'o(\ 2aH6n v."m,ué\&s NAIMS, o —
ot s, P\A\\ o-,QF one MVYVRNOIM at- o&h'vv\ej be\%

X, x|} = n o\ W VU Il Axl) M\&\\ﬁcnﬁ}(&l\

2XJA wmarnx ofF a time

T A M7 x

? ® o o cntnes are YOWHO\B

¢ oo 2t , At rofle the 1T 4

; 6 © O ° cod A +o €O our Hae two Yiue

® o enfrnedNHaw the SolclJ Raen aeen, -
'AVC,’M i wonk worle oy Hae 30\& entrica ol

e e Mluwne entries nonmero o&ai/\

NA s Afmoéwck\ = use Yis o nhoduce egevwcx\mu?

Psew}omvm and S \eo\&r-sfuare \Om(ef-ﬁes

Geomerric inverpretahion of SVD

Condition wiawoe ~ (5«/\/\5‘\*&\rb L ssuS e o liveon ec‘uoxh'ms)
Exa\N\Y\c S P 914

Disdance o lowe-romk aadnces
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Prndpa) cowy et &WJ\\Lﬂm‘&

2R wmadTices
< 23 l\ \ e\(ﬁev\w\bte | (aauls \a\\ci{@ 2)
e ygeavechl (\,0)
sivtju\\or values JZ( )

moax worm 5 ([S+N)x/. 6
\a—%%-\— s(v\\jd\ar m\u&

l@"\’ x Mo\x\\/v;\%e. HAX“ k. “X”‘\

= AX_ ote ”AX”%Q anless A=0O
D A ]] )

o= [ _ l%

<\ /Z> Y <§> )

Cona\der \/*AUL .
erVEA e, = 6 Ax = IASI [ax]-JAl

+ A
VA Ke, = YV Ax
= 1A \/3

L)l
= Al <Z>

eFVIAU = AU
=fj(“Ax") TAUe., . uAUe,)

Claim: 3’/\ = )| Al Xt
‘e /\b ~ Al x.
P/%P: W ite Al‘ﬁ" “7}\\\& He wDMece. e Lx
p JAs s de |f* fell=1
H AN+ a

/‘: \ ./\\A\I’-‘. S VI SN R TI A—A\rn\

EE 441 Page 27




N AN ¥ l

m&m( A S Al k)
ST (PSP AY It

g A n \\( 1’3'6;
A c§° [ K[ 8"

7
Q AN+

”C'OO 0“ 7&]00'“-\-? S wemt Yo ﬂ()reo«o\ou\

Noduea Y:ro\o\cwu:
L Sole Ax=b e x

2. Assoming Ax =l W a éobAhm
‘#\V@\\v\ﬁ e W%’Y soluion O\JMIV\ | x “

—
-

2 HAx=b oo wo souhon , And
an X Yok mvimies ”AX 'J"’
(And e ohortesst J\A(.l/\)()
4. Fid the syocsest x such Huod Ax=l ! /!
(/Od‘ solve Hue el q»mblems foday.
((})Q o\\fca% \A(Mle awn \deo &z@ A\\-’> Loy &\"\“ {\QQ&

fo cover ‘\fﬁum&\ Pwers 7
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