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— o cotaXion , followed, by
- SCA\\V\:) vectors 'a or ount

Prood &\5 example :

ni- ParametricPlot[{Cos[e], Sin[8]}, {e, 0, 2 n}]
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Choose a matrix, and plot its effect on the unit circle.
Observe that the result looks like an ellipse. (Itis an ellipse!)

a 11
In[2]== = =
(2l 01/
ParametricPlot [A. {Cos[@], Sin[e]},
{6, 0, 2m}]
1ok o —
— — K\".
//// nsk f;'
- J,f
Out[3]= /u _(I:_s L:!S/(L'l
| _/"H
II - g
\ —
—— ~10k

Now find the points that are shrunk or expanded the most,
using calculus.

Take the derivative, with respect to 6, of

Norm[A.[Cos[#]. Sin[ﬁ]}]z. set it to zero, and solve.

- ¥ = A. {Cos[8], S8in[e]}
D[v.v, @] // Simplify
FindRoot[% == 0, {&, 0}]

o= {Cos[@] + 8in[e], Sin[&]}
ous- 2 Cos[28] +8in([2 0]
ougl- {0 - -0.553574)}

Let 6y and 6 be the resulting angle, and the resulting angle
plus g (the angle of the perpendicular line).

- {61, 82} = {-O.55357435389?D453‘ ,

P
-0.5535743588970453" + 5},

ul = {Cos[el], Sin[©l]};
u2 = {Cos[82], 8in[62]}:;

vl=A.ul;
scalel = Norm[vl];
vl /= scalel;

v2 =A.u2;

scale2 = Norm[v2];
v2 /= scale2;
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Now observe that the matrix we started with can be

decomposed as a rotation/reflection taking u4y to vy and u to

vz, followed by scaling vy by scaley and v, by scale;.
(The Chop[] commands cuts off small entries.)

e Scalel Transpose[{vl}].{ul} +
scale2 Transpose[{v2}].{u2} // Chop //
MatrixForm

Dt 16}/ MatnxFarm=

(o 1]

We can plot the results to see visually that we have indeed
identified the principal axes of the ellipse.

mi7= plotl = ParametricPlot [A. {Cos[&], Sin[&]},
{e, 0, 2x}];
dots = ListPlot[{{A.ul}, {A.u2}},
PlotMarkers -» {Automatic, Medium}];

plot2 = ParametricPlot[{Cos[&], Sin[&]},
{e, 0, 27}];

dots2 = ListPlot[{{ul}, {u2}},
PlotMarkers » {Automatic, Medium}];

Show [plotl, dots, plot2, dots2]
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Mathematica’s build-in SingularValueDecomposition
command ([U, S, V] = svd(A) in Matlab/Octave) does all this
automatically.

nzz- MatrixForm /@ SingularValueDecomposition[A] //
FullSimplify // N
{u2, ul}
{scale2, scalel}
{v2, vl}
0.850651 -0.525731\
. {(0.525?31 0.850651 |

(1.61303 0. | (0.525?31 —0.850651\}
0. 0.613034J' 0.850651 0.525731 J

owzz= { {0.525731, 0.850651}, {0.850651, -0.525731}}
owz= {1.61803, 0.618034}
owze= { {0.850651, 0.525731}, {0.525731, -0.850651}}

octave:1> A =[1 1; 8 1];
octave:2> [V, S, U] = svd(A)
V =

©.85065 -@.52573
0.52573  @.85065

g =
Diagonal Matrix

1.618@3 @
@ ©.618@3

©.52573 -0@.85065
©.85065 ©.52573

octave:3> V = § = U’
ans =

1.0000e+2@ 1.0000e+00
1.1102e-16 1.0000e+00

Before seeinoy (A'\\\S Hais works in agnecar) )

we weed. one wore facr about Phe s\oeg\'ro\\ Wt 7ix wovrw

b AN =hAm

L

e Ul o ghl

x: lIxll=) y- flull =)
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octave:1> A = [1 1; @ 1];
octave:2> [U, D, V] = svd(A)
U=

(7Y Uo

@.85065\ (-@.52573
©.52573) \ @.85065

D =

Diagonal Matrix o yad oe

\1.61803 0 ‘9’_/@\/&3&;?.&!805)
2y,0.61803 "o/ WA

V = Vi Yy

©.52573 | @.85065
©.85065/ \@.52573

octave:3> U = D = V'
ans =

1.0000e+20 1.02000e+00
1.1102e-16 1.0000e+00

octave:4> v1 = V(:,1); ul = U(:,1); lambdal = D(1,1);
octave:5> Axvl - lambdal * ul
ans =

@
@
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