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= A= [18%-4 1; 1 1];
B=[1+18"-4 1; 1 1]1;

b = [5;5]1;

berror = 18*(-5) * randn(2,1);
> (A\B) - (AN(b+berror))

ans =

\
1.8304e-05 \Md*b s)v:\ox\bo Stnsthive »-(cjeerek\.

-7.2699e-86 SO(W\"O\/\ no
>> (B\b) - (B\(b+berror))
ans =

-1.2303e-01 a__\mtrje. erroc |
1.83042-01
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swal C\\O\V\\O)LS o l’\,k_ s\ Hhe lines \a& sl amownis

\ b’ )(b bukr +Hhe intersection of Fe
A ", lines can s\t a\\O‘\’) 1—? \—\1\3

are vxea@ poro\\\e,\

|.000) x,+ X, =),
©) A\ée\nm\\c exylanadion o stabilily fi1stabilidy
Fan —a'ree o = Ao e

EE 441 Page 2



.’ T\quu WO (r\“u\nv\l IVYY p O pV\vl\g, IR WAV, 72 N]] l:)

o'y — A Cox D] = [ 478 )

(<) .
<1A"-)¢)
= ¥ | Al s )a@e) then o emall ervor in b
con be ow\‘o\\(l\‘c& to o g ercor in x=A"b
COV\‘\;\‘\\)C\% e previous cmvxt\p\c :
octave:7> norm(A*-1)
ans = 1.6182
octave:8> norm(B*-1)
ans = 2.0081e+04
ln Hhe worsk cose , the wpye’ Vound. in G0 i veached !
A: >\, U(\\/T + r\z_ uz.y;.r+ B f\,\uv\y,_\“
. SYD, with X7 7N,
AT VU F LU F o T veud
=2 A" =AY
and. W error vector }rf = EWUn,
Hen A“g = %\Vw
= 14"l = 1A4"1-1¢]
Ea% solution 2

\Wstead of &c\u\\«g Ax=),
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smallest st y\gm\ar value

Obsgerve - ’\'\r\\x S 'm\fo\r\avﬁ' (AV\&G/ SCOK\‘\% ;

liooo AN NoookY T =IAN- A" .

High Conpymion Ax =\
NumeER <7 (nsTABLE

wmax \
—" . VAW
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\ O >4___co\/\o\ih‘0v\+ - O
(O o™ > unsiable !
(ot wdbers is wot™ the scale o fhe matrix,
bur Hhe *‘ow&e O‘PSCO\\&& in e waar7ix
For Ma\\g'- We Wave
I < WA D)
ande MLl = WA AL TS NAN- T A LN

o I g e
MWLl I
femro r CO:.;\‘:A ;(T X\ e?g;«g:e,

in -}JI\Q SO\V\'\—\O\/\
(N 8l /)
=> condiRon nunmboe vounds +he relodive errors
“Three sources of eror w so\\)mﬁ Ax=b

(D Erwes in e dodoo %

(2 Errors in Y\ linear SOV coudne
Exen ¥ b s Luovon exacrly ) errors suda as
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-Q[oa\\‘,g\() O\ errors WAL QWY a«‘@ ond acemunlare
whle 50\\]\'(& e equjé"\ oS,

Examgple:

-
&= H")O I)> , b (é) as above

Sok\‘j Jovx soNe Yaese at/\&:)c)\' X;<.“lb.5>
>» B« [.5;4.5]

ans =

o Looks Ooork\.

5.0000e+00
5.0880e+00 M 'S ?
O
fo! e (W ansoer i (£)1

>> format long e
B~ [.5;4.5]

wen QO:\ eck e answer,
T looks mrendt

5.000050000000000e+00 —\out - = very for Lom
5.800000000000000e+00 e correck answer!
This is axch/\o\\\\,xj the same Prololemn we ox\feo\d\(j cons ihecede.
EYCI\ WO\@\/\ e error in \o N ¢ \\) -H/\e, Correg?o/\oki

error n X s ‘AKL&C,’W\B 0s (‘)\/\lﬁj 0\600& Aneck or we =
condiyioned s\mﬁshw\s.

Mo\ LW an W -cond iFionede g&&\'em o lineor eoluo\\'iov\\g
- uL \/\5\/\ rec\sion o\/‘r\-'\l\vv\eﬁc,
—fmd ow\oj/\er wan Yo check e aynswer ?
- \oe care,Pu\\ ! (fos%'\\o(\\ﬁ 'l'g o re?of mulate the Pro\o\evv\

T use a preconditioner
SAVQ, P-\AX = P—'\OJ wwnere P sndw Haak ‘P"A P
beffer condibioned, by P ean be applied QPQCKV\-\B-
s 1w an IW\KO('\':X\/\‘\’) Yur moce a\A\\IO\V\CcAJ +oP(c,J-\»\,\o\-\—
we m\\s\l\“r ooy to \aXer.
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() Errors in e wakrex A

(:}?VV\(UV'“A%B gffﬁf eror W Yhe matsix
Ax =L ande G HEA)(xrdx) \='Jo
e cesulva ercof
= A dx ~ (&A) (x nfx) =O *\’\5,\ e sokortion

= fx = A (A (x réx)
| Fx l/x < A A LEA)

|| x +& | w
e condihony SToRve
::\:K:::;jiz;:;w\{‘I!!iggliill'> QS;TDf\V‘}k

Examyle -
octave: 11> Aerror = 10*(-5) * randn(2,2);
octave:12> (A\b) - ((A+Aerror)\b)
ans =

-1.1004e-04
7.6036e-85

octave: 13> (B\b) - ((B+Aerror)\b)
ans =

-219.22
210.26

Mara: \n o\ Hvee capes, Hoe, Crelative
effect of the ercarts Lvouwnded Xoé +the

condition nuwi\ver

0 \ svaule - value
- “ A \\ \\ A “ - O/\gi\é:\\e&:\%w\w value

Note: |n practice, cwww’r\\ﬂ e condition nuwmoe ~
COWN \,Q, o \ot cAl(ch>fL:.
K s 6\/\0%\/\ M\on\l\ﬁ Yo o\\(J\orox\W\o\Jre Yo or
Jye wyper vouwnds.
Ce rroin osses o¥ mMmodrice s re\‘\c‘}\\ok\\ﬁ WWave \aﬁe

condihon numbers: with experience e learn wlhen

Yo be cacefll\.
EXO\Mp\e.'- \/\3\1\0\3\' \& )r\’\e QOV\&\‘\'\OV\ navnver c‘;—
[~ A\
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Toory CONDITIONED SYSTEMS OF EGQUATIONS
TAKE LONGER TO SoLVE

\Zox@\r\ tution @ HeraXive solvers for Ax=b siark
W o quess, anok Ty o twaprove

Xo —>X, T X, —/m> Xy~ > 7

(Well-conditioved. A Podun condhioned A

| Aw-\el
.\re\b;@rs
Slew

Fost- caVeraence conVerng nee
“Theorem:
Cond a\\e-&md\'\e ke wetnodl g o g Rve sewni-defnite

wmokA X A WY\ conditon nanwoe K, fakes
O (WK loa
.5-\—eY_s to adf withiin & MWe +ne solution x|
(Or K\ESA@'> 5\-6(_5 for a 6{/1(’(0\\ W1 % A)
Eac\A 45-\—2)0 uses oo Mmat/ X -vector mu\\-h]o\)codﬁon
= Q{#GP nonsecs enyries in A steps.

“Tiwie \oe/vv\“rH‘W\ N erl‘l

Aiscuss Pais Tader.

An introduction to the
conjugate gradient method
without the agonizing pain -
Jonathan Shewchuk (1994).pdf

Exawge: GRADIENT DesceENT
Goal: Solve AR=1
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Deflne Hhe cor¥ fumction

C) = “ Ax -b"l
= |\ Alx- K*))\z nece Ax* = b
= (x-) A‘ACK -5

gosx)n\le, sew\i-defnite
£ A has DYD
A =2 N a YT
ATA “\@ N VVT

=B = TN e |
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X
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\NereasSe TN

aC 2 [(Ax—b}(j&x Q-X

3>‘a Z(AX"Q
=27 (A, 2 [ (ax0):
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= 2(Ax-LY (Ze; e‘{)/\
= 2(Ax-VA
(J\rs ow V\/\&\'\}\’J\A&&S.’)
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A { 2 -1.5}
“1-1.5 4 '

b=A.{3, 3};
Eigenvalues[A]

o= .01;

x={0, =4};

list = [x};

For[k=1, k< 1000, k++,
Xx=x-2a(A.x-hb).A;
AppendTo[list, x];
1i

"The solution is:"

x

[4.B0278, 1.19722;
The sclution is:
(3., 3.}

"Display the results:";
iter = ListPlot[list, PlotRange -+ 3 {{-1, 1}, {-1, 1}}, Joined =+ True,
PlotStyle + {Red, Thickness[.005]}, PlotMarkers -+ Automatic];
contour = ContourPlot [Norm[A. {x, v} -b] "2, {x, -3, 4}, {y, -3, 4}, Contours -» 50];
Show [contour, iter]

a4k

3k

e
s
1

-3 — -2 — -1 a 1 2 3
Tor waou\\ CV\Q\&\/\ 4, Ha Wos {0 covwe@g ance Yhee is
o omave locod owde Qloba) winimum .
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Obseve: Smaller condifion nuwwbve-
= Rounder e\\\\ose = Foster convecqence

Remork - A\\'\/\ox@\/\ wo'r 8V\Q(OA\\3 the fostest wO@O‘? so\\nﬁs
o~ s of neoc eqUotions, Hae gundievr descevt aqyro ach
s Nery robust ) and MML‘.’) Naarss ace used ‘W
WA oy @\\w\’r\cms.
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Caution! Generalized inverses are useful in formulating theoretical statements
such as those above, but, just as in the case of the ordinary inverse, generalized
inverses are not practical computational tools. In addition to being computation-
ally inefficient, serious numerical problems result from the fact that A’ need

X The o\v\o&s\é v e same for eors in Jomr lineor <olve
frocedv\fe_ Mooe A and ace exocy, yu\-\—&ov\( soler
Cetuned. T =X+dx mshead a—P x. To check ¥we aNSW,
M&A\H@ " A) and. see Wow far the result s Fromb.

\;?’)? - Ax + A@x) = L + L

= fx= - AN (4L

e some as before 120
A
= \\“f:““ < TAD A EE3E
= \—@ the condihron aambe i3 Sma\\ 5 Yhen
computmgy T8I/l gjves o oot eshmate foc Fhe
ce\latrive error \Y\éov\r soluhon “%'x\\/\\x”
Bud wet o-\*\,\eruoi&{,'.
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