Leckure 18 @ Least squares

Tuesday, October 27, 2015 9:30 AM
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g NN shortest sdludion x |
12

2. Least Soluo\res" ; ]@ Ax =% Wos wo soluton
(L ¢KO‘<\3, Fndl an x ooy wivinirzes | Ax-bl
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s s 1 VD fov KA = ank (KR ~#5i ]2 >0}
= rank(AA) =cank (). v
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Awm=m

Aw= v

R ( A’) ¢ awac/cdomsra&

* L?’ A [ES ‘|r\\1er¥\&>‘e/vw\xi®o\o~r) Yaen A+ =A-‘.
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porhcnlor sotuh‘;& <oludions 3o
+he \AM%MK;)\:) zqwd"\W\i
Since AL G‘QCA—D e is L o M(PO
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-~ =y
=there s no solution

= Jnstead | Pind x Yo mimmize [JAx-L||

For b_,,?éO , Mee s no so(U\’\‘N‘GV\J Lot
x =L andk x,=b, comes closest:

[Ax-L\ = Y, ) w\\w”\\
. /\*“-r
Greomerriealy - T=Rwb
Pfok?d’ b inko YZ,CPV
N\
Ax=tl=Repb @@

Ex ample:
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= x=A"b%
wmimvizes || Ax D)

Rgborraly: By the SVD,

A :Z AL & \/;—r
CGASO
=R(A) = Span (3T 12 >0
(and BCAD =Span (¥ | A 70 S>
Bwice e $ud ace orthonormal, '\’\'WL') Porm a
basis for RCA)
_> PRCA‘) Z_\ L(zukzr

2720
=2 (WO womY to zolve
AX —'Pge(pdk
Zku(\/ ex) Lu Cu;e L,,)
(70 )70
D ¥ X = {3‘\— Uz +b \]a A 20

f Li=0O

“(Fsswe)t | =ATT

= x=A"b%
wmimvizes || Ax b
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Exawple

> A=[1-1; 2 3; @8 @]

A=
1 -1
2 3
@ a

>> format long e
>> [U,D,V] = svd(A) lefs- simgmlac vectors

U= b{” "\\)J

-58.988559531591714e-82 89.9595831395311208e-081

B
9,959593139531121e-81 8.988559531591698e-@2 @
8 8 . BREERAREAReRERRE+RE
b =
3.6180339887498950+08 B
8 1.35819666811258186e+08
8 8 \
sw\&v\\of valuLes
YW swuale s vedhos
v = \‘3 “5

5. 25?311121191335& 21 B S@658808352039%e-01
8.50650808352039%-81 (\5 257311121191 336e-21

»> Apseudoinv = V » [1/3.618033988749855 @ @; @ 1/1.381966011258186 @] = U’

Apseudoinw =

5.99999599999959555e-21

1.9999955599999905e-81
—-3.99959559999955957e-21

2.00@appaep0aaatde-81
»> Apseudoinv = [@; 5; 18]

dns =

|

\
>

Te
—— P

"o
},W
Oc o0 O
\_/\/

9.939999999999996e-81 _ (;\‘> v/
1.0000086000000000+08

»» format short e

» Apseudoinvi = pinv(A)

“erabs bLui ysMO-Mver‘se—Pw\chm
Apseudoinvg = o\

LT N A T R W

savw\e s WR
~ AanAAA_ Aa ~ y < o~ n\-l\\la ’
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Ve idbs bwvn [ ==°

Apseudoinve =
Savv\e s WR
6.0000e-21 2.0000e-81 @ 4'_5" &b'\‘ 0\\90\(6.’
-4, poage-g1 2.0088e-81 a
»> A * Apseudoiny O\os</ve
A—r = K;rodco\'\dv\ onyo
ans = th) \° a\/\~€,
1.0000e+88 -1.3878e-16 @
@ 1.0008e+28 |
a @ @

=» Apseudoinv = A .
A"'A =T on R

dans =

1.00@2e+88  1.1182e-16
3.8858e-16  1.0800e+020

AepLickTioN ¢ Linepr RE&RESSION

Exampe: Find. the equation for e line &?—mi-bx
Haok Jpes +—\.\m:3\z\ e poinks
3D ade (a0

Avower : ari b =5 2 o\> S
<—9— =
ot =1 (\ Ll)(\‘o (‘\>

>> [1 2; 1 4] \ [5; 11])

ans =
=\ =\
L A ]
3

Observe: | a O\ <S
( l 4>(b> ERNEL

t
all s /j x -valwnes

+o &CCOV«V\'\’ Hor
e oe,q’me, J\/\\‘P—l' A

w- values

-~ 1 ~— . . . -~
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Exawge :  Find e e,c\uxhcv\ for Hhe line Y- a+b x
Prak ape -\'\\r‘ov&\:\ the points
(2,8
(2,7%)
(4,11)
Awswcr= /n/\ere, W me suoa l\'vxe(.
ListPlot[{{2, 5}, {3, 7}, {4, 11}},
PlotRange -+ {{1, 5}, {4, 12}}, Joined - True]
12r

PICHD

10

,~( 37)

~
sk -
P

“(2,3)

)

. 1 L . . L
1 2 3 4

4

Lets -\'r& se:\’\\\ﬁ W uyp 0\»/\3\)00\'\\/)
| S
INICE
14 (\
an infeasiole sek of UIUO\‘\’iov\s
Butr we con minimize Pue ac!uo\re& crror Wit

>> pinv([1 2; 1 3; 1 4]) * [5:7:11]
ans =

-1.3333
3.0000

= ()= ($,5) winimizes ”(; 5)(3-(;
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+ loardu-n|”

Yhe sum of e squared
errors to ead o\w\-o\\ocw\
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Ex«mxg\e—i

Predict wonat pe reent o Americans 1@ or older
will e em‘o\m\jeo\ i 2050,
Ansooer:

(D Ger e dodan.

GO g|e percent us population working

Web News Images Shopping Videos More « Search tools

About 247 000,000 results (0.47 seconds)

According to the October jobs report, the seasonally adjusted
employment-to-population ratio was 59.2% last month, one percentage
point higher than it was a year earlier. Over that same period, the
“official” unemployment rate fell from a seasonally adjusted 7.2% to
5.8%. Nov7,2014

Employment, unemployment and underemployment ...
www.pewresearch.org/.. /femployment-vs-unemployme... Pew Research Center

Feedback

___—=» Employment-Population Ratio - Bureau of Labor Statistics ...
data.bls.govitimeseries/LNS12300000 ~ Bureau of Labor Statisti
Follow Us Follow BLS on Twitter | What's New | Release ... Labor Force Statistics from
the Current Population Survey ... Type of data: Percent or rate. Age: 16 ...

Table A-1. Employment status of the civilian population by ...
www.bls.govinews.release/empsit.t01.htm ~ Bureau of Labor Statistics

Follow Us - Follow BLS on Twitter | What's Mew | Release Calendar ... Table A-1.
Employment status of the civilian population by sex and age ... Employed. 146,941,
149,228, 148,980, 146,607, 148,795, 148,739, 148,840, 149,036, 148,800,

Employment-to-population ratio - Wikipedia, the free ...
https:/fen.wikipedia.org/wikiEmployment-to-population_ratio + Wikipedia
Employment-to-population ratio in the world[edit] In general, a high ratio is considered to

be above 70 percent of the working-age population whereas a ratio below 50 percent is
considered to be low.
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(g* UNITED STATES DEPARTMENT OF LABOR

‘E BUREAU oF LABOR STATISTICS

DEERLGIEE A Publications ~ Economic Releases ~ Students ~

Databases, Tables & Calculators by Subject

Change Qutput Options: Fram:

#| inCliudegre &\u
Data extracted on: October 27, 2015 (10:44:11 AM)
\A"\g
Labor Force Statistics from the Current Population Survey
Series Id: LNS12300000
Steasconally Aadjusted
Series title: (Eeas) Employment-Population Hatio
Labor force status: Employment-population ratio
Type of data: Percent or rate
Age: l6 years and over
EB-JW
624
i1
B0+
> W
5
T T T T T T T T T T
0105 01006 0107 01008 0109 010 01 DA 2 01A3 0Hd 0Ms

Month

Downlpad: ] slsx

Year Feb | Mar  Apr | May | Jun Jul Aug Sep Oct | MNow
2005 624 624 624| 627 62.8| 627 628| 629 628| 628 827
2006 6289| 63.0| 63.1| 63.0 63.1| 63.1| 63.0| 63.1| 631 633| 633
2007 633 633 63.3| 630 63.0| 630 629 627 62.9| 627 629
2008 6289| 628| 62.7| 627 62.5| 624| 622| 620| 619 61.7| 614
2009 604| 603 599| 5938 5965 59.4| 593 59.1| 5B.7| 58S 58.6
2010 585| 585( 58.5| 58.7 586| 585| B58.5 58.6| 58.5| 583 58.2
2011 583 584| 584 584 584 G58.2| 5B.2 58.3| 584 584 58.5
2012 58.5| 58.5| 58.6| 58.5 58.5| 58.6| 58.5 s8.4| 58.6| 58.8 58.7

Ta:

05 @

include annual averages

Dec
62.8
63.4
62.7
61.0
58.3
58.3
58.6
58.6

(D Lol the dodon into NMoshemarica /Matlols,

and set up Hhe wadrices

data = Import [ "employment-population.cev"]

plotl = ListPlot [data[ ;; -17], PlotMarkers -» {Automatic, Small}, PlotStyle - Blue];
plot2 = ListPlot[data[[-16 ;;], PlotMarkers -+ {Automatiec, Small}, PlotStyle =+ Red];

plot = Show[plotl, plot2, PlotRange - { {1948, 2015}, {55, 65}}]

[{194E; 5

Bl [194%, 56,2,
[198E, & ¥

(1955, 85,7}

{1950, 55.1}, [1951

[

(1968, & SEG, BT.E 1974, 58,2}, (1975, 56,4}, (1976, 56.4}, (19797, 57.],
(1978, & (1975, 59,5, (1 2, 58,20, (193, 57,3}, (1984, SE.E), [19B%, 59,8, (1986, 0.6, (1987, 61.}
(198, 62.} 2, 61,5}, (1 (1 Yo (1995, 63.), (1998, BZ.7}, (1997, 63.4},
[L98E, B4, L BT [a00%, 82,4}, (2006, 2.5,

{2007, 63,3}, (2008, 62.%}, (200%, 60.6}, (2010, 58.5}, {2011, 58.3}, {

[

: BB.B],
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data = Import[ "employment-population.csv”]

plotl = ListPlot [data[ ;; -17], PlotMarkers -» {Automatic, Small}, PlotStyle - Blue];
plot2 = ListPlot[data[[-16 ;;], PlotMarkers -+ {Automatiec, Small}, PlotStyle =+ Red];
plot = Show[plotl, plot2, PlotRange - { {1948, 2015}, {55, 65}}]

[[194B, 56,6}, [194%, 56,2], (1950, 55,1}, (1951, 56,5}, (1952, 57,7}, (1953, 57,8}, (1554, 55,7}, (1955, 55,7}, (1956, 57.8), (1987, &7,
(1958, 55,59}, (1956, 55,7}, (1960, 56.}, (1961, 55,7}, (1962, 55.4}, (1963, 55,2}, (1964, 55.3}, (1965, 55.7}, (1966, 56.7), (1967, 57.1
[19EB, 57.}, [196%, 7.6}, (1970, S8.}, (1971, S6.B}, (1972, 6.7}, (1973, 57,0}, (1974, 58,2}, (1975, 6.4}, (1976, B6.4}, (1977, 57.],
(1978, BB.B}, (1979, 59.9%), (1980, 60.}

[19B1, 89,1}, (1983, 58,3}, (1983, 57.2), (1984, 58.8}, (1985, 59.%), (1986, 60.6), (1987, 61.}
(198, 62.}, (1989, 62.9], (1990, 63,2}, (1991, 62.}, (1992, 61.%}, (1993, 61,4}, (1994, 62,2}, [199%, 63.), (1996, 62,7}, (1997, 63.4],
(1998, 64.}, (1999, 64.4), (2000, 64.6}, (2001, 64.4}, (2002, 62.7}, (2003, 62.5), (2004, 62,3}, (2005, 62.4}, (2006, 62.9},

(2007, 63.3}, (2008, 62.5), (2008, 60,6}, (2010, 58,5}, (2011, 58,3}, (2012, 88,5}, (2013, 58,6}, (2014, 58.8], (2015, 58.3}}

1950 1960 1970 1980 1980 2000 2010

A = data[-16 ;;, 11; . P
A={1, #)a/en &—— msert LS each oW
b = datal-16 ;;, 2]

{{1, 20007, {1, 2001}, {1, 20023, (1, 2003}, {1, 20043, {1, 2005}, {1,12006}, (1, 2007},
{1, 2008}, {1, 2009}, (1, 2010%, {1, 2011}, {1, 2012}, {1, 2013}, {1, 2014}, {1, 2015}

{64.6, 64.4, 62.7, 62.5, 62.3, 62.4, 62.9, 63.3, 62.9, 60.6, 58.5, 58.3, 58.5, 58.6, 58.8, 59.3}

D Compte e Lesy- S’rr\'\'\tg \\ne

{intercept, slope} = PseudoInverse[A]l.b
{912.113, -0.423824;

@ Evalvale it ow\é\dq-& e answer !
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plot3d = Plot[intercept + slope x, {x, 2000, 2050} ];
plotd = Show|[plot3, plot, PlotRange -+ { {2000, 2015}, Automatie}])

65

2002 2004 2008 2008 2010 2012 2014

Show [plot4, PlotRange - { {1948, 2050}, Automatie}]

1960 1980 L 2020 2040

intercept + slope 2050
intercept + slope 1300

intercept + slope 2200
43.275 W\ Q05O

106.849 in {400

20.2985 A 2200

Extrapolodions often dont work well, &
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&_ﬂs W Aadee points

O
(<4, X0, %9, Q)\ﬂ%
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C (\ (W) (W‘\)
() 8, T

—’V—/
componen’
components known  Haod we
exact! want- 1o
\a/'eo\\C\’

eﬁ.alox 'hMe,

G‘M\ Find. e vest linear Y»r‘eo\\c;\vr %fd
Qo,A,, Ao, -, A e IR
Yo M\mvwze, toda) Sc(uare& U/O/‘

2 . \ao+a.><. *ng ”SC))|

Amu)cr : )
] C
|oxY X X 2" 5)
(o
\ x(‘;) )({l-z) . - X 2 a! _ 3(})
s) Q) ... @ * - ,
V' oxy X% X : !
| x> x"‘:f % . Ay N

i\ -

A N
“The \eas’r'sc]uo\ms sdution is A" 3
?SQUAQ\V\VQM

Exomple :
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Consider the time (T") it takes for a runner to complete a marathon (26
miles and 385 yards). Many factors such as height, weight, age, previous
training, etc. can influence an athlete’s performance, but experience has
shown that the following three factors are particularly important:

height (in.)
(weight (1bs.)] 3

r; = Ponderal index =

o2 = Miles run the previous 8 weeks,
r3 = Age (years).

A linear model hypothesizes that the time T (in minutes) is given by
T = ay + a1z + asxy + 03ry + £, where £ is a random function
accounting for all other factors and whose mean value is assumed to
be zero. On the basis of the five observations given below, estimate the
expected marathon time for a 43-year-old runner of height 74 in., weight
180 lbs., who has run 450 miles during the previous eight weeks.

T o T &y

181 13.1 619 23
193 13.5 803 42
212 13.8 207 31
221 13.1 409 38
248 12.5 482 45

What is your personal predicted mean marathon time?

oy O, 4,20
Av\sv\\er: Stact Wit o som‘\inﬁ hedk ; \ 043)7 )

(D En \'f[ the dode  AFnd besy- £y P\M\e ) Predicy!

> A=
113.1 619 23 ; >> alpha = pinv(A) * b x) Xe Ky
113.5 83 42 ; >> alpha' * [1; 74/180~(1/3); 450; 43]
113.8 207 31 ; alpha =
1 13.1 489 38 ; ans =
112.5 482 45 4920442 .
red M
1, X X X3 -23.4355 redicked.

230.7209 <‘—=}“0w5 SO minsdes

>> b= -8.8761
181; 193; 212; 221; 248 1.8624\ .
( 2 i\
e

1; \ e_? L
L vean Yeor o\der  MOre/ Wel
‘h:\es n Wanwres v :?l d . ves slower \mon. fastes

EMM?\Q, (con-\il\ue»)’ Same, \om\o\em N btk nowd -P-i—\' & 700«1{0\1\‘(
cwve fo x, (diskance over yreviows d uoec@ — fu\vwi\& oo
wuch dows 30\,\ dowan <

Answer: (Want T = oo +oly Xy + oLy Ka T hkeXs+ely Xs

(D Enter the doda & And best- \A&valomc
>> A2 = [A, A(:,3).2]; @ PfeA‘\C\'{

alpha2 = pinv(A2) = b
»> alpha2® = [1; 74/188*(1/3); 45@; 43; 45@8~2]

alphaz =
ans =
748.7697
-38.7075 224.3504 = 2 hows 44 minntes
-8.2441
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ans =
748.7697
-38.7875 224,3584 = 2 Wowrs 44 minn}es

-8. 2441
1.5881

0.0002 O@cou(se) be coefn) tr@ O\Ief{\"\‘“'\m e
dao \3 st Yoo o yaawmetecs.

Flina, sther curves Yhan lines:
s w::%sams% e Hhe previous examp\e,‘.
Example: Predic US gross domashic product (DF) in 2050,
A nswer:
Google usgdp

Web MNews Images Videos Apps Maore « Search tools

aféT"_

About 124,000,000 results (0.80 seconds)

e G
United States of America / Gross domestic product O\A/XQT:' ‘ 0\3 6/
16.77 trillion USD (2013)

® United States of
America
16.77 trillion
UsD

China
9.24 ftrillion USD

Explore more

Sources inclhue Feedback

Gross Domestic Product - Log 2 ke W @ L O - co
ited States
$10T _
Ina
pan
$1T
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——

Gross Domestic Product - Log 2 e W @ L O - co

$10T

17T

$100B

§10B

$0

1960 1965

Ghana

1970 1975 1980 1985 1990 1995 2000 2005 2012

An exyMeV\’n‘a\\ dhowd FHt e data betrer Hian
a S%—mg\/\\' lWe.

UsGDPdata = [196@,

5.28531e11; 1961, 5.39851e11; 1962, 5.79748e11; 1963, 6.1167e11; 1964, 6.56912e11;

1965, 7.12882e11; 1966, 7.88761e11; 1967, 8.25056e11; 1968, 9.@1456e11; 1969, 9.73385e11; 1978,

1.8248e12; 1971,
.8891e12; 1977,
,2277e12; 1983,

.9933e12; 1995,
.8988e12; 2001,

oo N g —

1.1131e12; 1972,
2.8136e12; 1978,
3.5869e12; 1984,

.8619e12; 1983, 5.
7.3384e12; 1996,
1.82339e13; 2862, 1.85902e13; 2003, 1.10893e13; 2004, 1.17978e13; 2005, 1.25643e13;

.225e12; 1973, 1.3693e12; 1974, 1.4859e12; 1975, 1.6234e12; 1976,
.276e12; 1979, 2.5435e12; 1988, 2.7675e12; 1981, 3.1838e12; 1982,
.98@4e12; 1985, 4.1848e12; 1986, 4.425e12; 1987, 4.698%e12; 1988,
.7588e12; 1991, 5.93@87e12; 1992, 6.2618e12; 1993, 6.582%9e12; 1994,
.7511e12; 1997, 8.2565e12; 1998, 8.741e12; 1999, 9.3@1e12; 2000,

4397e12; 1994,

LN L B —

2006, 1.33145e13; 20807, 1.39618e13; 2008, 1.42193e13; 2009, 1.38983e13; 2010, 1.44194e13; 2011,
1.49913e13; 2012, 1.56848e13];

>> years = USGDPdata(:,1); I 1%@O tos(s.axlo“)
A = [ones(length({years),1), years]; \ 19l ~ loa(s. 4 *1"
USFit = pinv(A) % _jLig_[USGDF'j | 106X (b > =

: J
US5Fit = «

-1.896282328582321e+02
6.975400397258215e-02

>> exp(USFit" = [1; 2858])

dns =

3.099636385012074e+14
= 20 47 lion dollacs
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Toxin?
sax1p1?

3010

20x1p1?
15x10?

\

10x1n?
Tox10'?
sox1p1?

3nx10l?

20x1012
:,Il

L3x1C

1010 F

1 1 1
2010

Moce pro\c,hca\\ RO of compu ) e best Fik:

Caution! Generalized inverses are useful in formulating theoretical statements
such as those above, but, just as in the case of the ordinary inverse, generalized
inverses are not practical computational tools. In addition to being computation-

ally inefficient, serious numerical problems result from the fact that AT need
wo¥ be & conniawous fumchions of the entrres of A.

ORAs =R S
{Pmlo\em H4.6.9, p. i 37 of MQ\J er}

/\/\e\{cr P.HD.:S -
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