Lecture 45 S‘:ecia\ Mmadrices

Thursday, November 12, 2015 9:30 AM

Rc«o\it\:): Meéjer Z.S Notmal wadrices
Fe Poshive sewi-defivike naadrices

Lasttime:
THEOREM: A Was o comp\e:\'e, or-\’\/\gsowto&\ sk of ejyenvectors
AN
\
AK AN
= A= ADWUT

K k ﬂk\ousw\o\\ ug/ e-valoes

QV\'I'\'M(G bO/
e-vecrd r colomns

< A 'S V\orwwd’)

Examples:
* Evecy dagona)
° /2__9_ Ukwmr- or lomer—'(-r‘\ow\ Weor vmodax is V\OJW\O\\)
(8\36 the Womework )

o cix s v\orww\\ (U=T a\bova

unless o is o\\@o/\&\ /

> n 4;

= A randn{n,n);
== A=A+ A"

== [U, D] = eigs(A)

% make the matrix symmetric (and hence normal)

U=~ -
Y\ </‘L V'1
B.6207 0.5958 8.1753 B.4785 4\'\/\1. ev\)CG\'OfS Are
8.6988  ©0.1282 -0.1866  0.6786 ’_’j orfhonor mal :
@.1355 -@.3777 @.9151 -0.0408
-@.3287 =0.6971 @.3116 @.5558 s U % U
ans =
D=
pY )Y 1.0000 [ 2.0000 0.0000
7.2760 b o e e ] 1.0000 2.0000 0.0000
: o 0.0000 0.0000 1.0000 -0.0000
@ 3.7712 A o 0.0000 0.0000 -0.0000 1.0000
6] 4] 1.8551 b I
6] 6] @ 0.3472

=> A U - U=D

ans = \> Aa\; =)\' ]
by ) &
1.0e-14 *

B.3553 -0.17786 0.00586 -@.1832
-@.0888 -0.8722 @.1554 -@.3608
-8.1221 -0.8444 8.111@ B.0873

0.0444 @ -0.0838 -0.8416
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Progos'\'\'bv\'- A vorma) = “'AV\\ = wox A

Proo? " egm\m\wzs A

Recall AN "’XV\.’_\«;T\(__\ \\AX“ - Svace onileries dont

e D
%a\ =\uou’l
=Dl
= WX \D ) Y a
Thie proyosition s {lq\se. Por vm/\ nol wio) vv\oﬁ’nce‘s/

ey, \oc\'\rxc QV\\M\\L&.&O C )ame, O,
Luy \\( o -L+A0 . Y

Meoce adooud Yne Power wethod

== n = 18076; >> help sprandsym
>> density = 18/n; sprandsym Sparse random symmetric matrix.
>> A = sprandsym(n, denﬁlty}l R = sprandsym(S) is a symmetric random matrix whose lower triangle

and diagonal have the same structure as 5. The elements are

>> tic; eigs(A); toc 1/\(}\0\.\\ \oenviiues normally distributed, with mean @ and wvariance 1.

Elapsed time is 192.383369 secon

>> tic; eigs(A, 1); toc R = sprandsym(n,density) is a symmetric random, n-by-n, sparse
Elapsed time is 80.818851 seconds. matrix with approximately density#n%n nonzeros; each entry is
PN\A \OJ C«S\' WA -\‘\'\)&Q the sum of one or more normally distributed random samples.
Q\Sl’vw \We

ej\ﬁs( A, AL 'SM) Bnds the smallest m«&v{\%&e e-value

Execerse: Wire MaMals code to Bnd Hae evalue
c\ose&-\— to 40

Aaswer A - e\qs (A—ID*‘e,\/cCV\S) ), 'sm’)
Answer 2 - (Asif\s e \power wethod. :

& A - \Q*{V&C‘Av

X = (O\V\O\V\(vx, D

foc j=1:10000  * “_‘E.i’\ﬁ"’iie"gﬁi& to dneck
x=B5Nx,

X= ></r\0(M® N\COMrNe B'x
QV\('}\ + wov EN \')Q. ‘p&b\f( -\-Q rretomrwk .\a\e
LN Aecc«vyomh&m MRS
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’\’odc%z More. QXO\VV\‘P\% ande aq;p\ico\\’iows,

AoeLichTions of uniioy die pralizabi ity

o YW\

T E\ u\\w\\\ku ct A and un'\*o{\lﬁ WMo riCes

Recall:
Degi a\tiown:

W x N\ r-eaJ wadr i ix

UO/ or-\"f\ onorvv\ad \)W\V\ s

N XN cOM\s\CX W\oérr\)g - LAV\\'\’MS AT - A"
wf srHhono rma) colomng

|| I>
a\)a\?-v)“')avﬂ = Uy Uy = - Un
: WP (TR

oawn orfhonor vvxo\\ Vosis

= Or-\Mo:}onm\ AT=N

o R" is or+\r\o£)://\m\
or Cw or G ﬂ
Exame: 2D rototion (D Il
s o«-—\f\/\da/\od andl um\“\‘NL/)
;969 > S U\V‘H"Uéj

Eveg or~\’|/\%o/\o\\ V\/\O\—\'hx XS um‘\‘f/\\rg.

’ﬂ'\éorw: A& or—\'\:\\osomk or avx\*ar\\s WYX TS o\’\\oﬁo«\o\\'\t ab\e.
Exmmées O | o € 0 g;_ N b
OO | /| O Q] () w

1 OO ’@O@, IRTEN
?roeg— L u\m%;g = (,U =
= <,u1 - T =U"
= (A is norea) Y ju |
Cloim A" e{se v\\lo\\ues o—f— an or-\—\/\&u\ox\ of on'\-\-o«ﬂ o rix

_ 2m/3
=&
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WavNe \AAQ\SY\‘MLL 1. N
F%’OC>¥ B
Sayy W =W andl_T#D is an evedror, UT=XT.
= |9 =uty = 0 Qv
=l
=10\ =)\=4 |
Exo‘w\;g\ev
D) Fowrer Yransform wmod

7 omega = exp(2*pi*xis3);
C=(1/sqrt(3)) = [1 1 1; 1 omega omega*2; 1 omega*2 omegal

elg(C)
C =
@.5774 + 0.00001 @.5774 + D.0@0@1  @.5774 + 0.00001
@.5774 + 0.00001 -0.2887 + 9.50001 -90.288T7 - 0.50881
@.5774 + 0.00001 -0.2887 - 9.50001 -9.288T7 + 0.50081
ans =
1.0888 + @.000081
-1.6808 + 0,000081
@.0808 + 1.000081

=» abs(eig(Ch

ans =

1. @008
1. @008
1. 0008

Fourier teanstorm wode W

> M 180;
=> C = dftmtx(n) / sgrtin);
== sum{sum{abs{ C~4 - eye{n) )])

_ =1
= o\\\ Q’\IOA\)&S oSt \oe W ?ii,i 13_

2.2902e-13

z) >>» B = (1/sqrt(2)) = [1 @ 1; @ sqrt(2) @; -1 @ 1]
eig(B)
abs({eig(B))

B:
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¢ B = (1/sgri(2)y « [1 8 1; @ sqrt(2) @; -1 @ 1]

elg(B)
abs({eig(B))
B —
ﬂ'?ﬂ?; 1 Hﬂﬂg B'?H?; o rovaon asootr the
g . . R Y
-0.7071 @ ©.7071 oy oS w R

ans =
@.7a71 + 878711

@.7a71 - 8.78711
1.8688 + 0. 08081

ans =

1.06808
1.0888

1.6808

O\o.serve: /ﬂ\e, e\ vaa\\v\es AR \oo\‘\reo\ Up
= 16 R x -1S
X=e an e-Value = so is N =e

kﬁ:ytfsig (csnAy‘Cx co\Q5:f¥K¥€)

“heorem \—@ A an reo\\ W\oq\'r"xJ Men

T o\ x
.>0\V\C’U0\\\Ac A%SO\\&)\
wf corr eveddor ¥ w/ corr. e-veckor V*

?%—océ? :
Av-=Xv
= Ay =X v (‘\‘C\\é\tﬂ) cow\\o\e)c con\vankes 0‘()' evqm@

= AY* = >\-x 2 (s\‘/\ce A s rea\J = A) /
Exercise: (W oce the ¢iaenvalues cr%
O O
A= oo! 2
I OO

Kwnawers A is OF‘\"\I\ﬁOV\OL\J so s é\wsm\w\\u% lie on Ye unit circle.
At o Ve/vv\\/\*od-iom WARNT X
Ae =ey b~

Ne, = e T
. 2 \ 2 <«

3
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Aes=ex
= A=
= e\ @) \IO\\MG )\ wuaY 50\\-\3 }.5 = |
= eac\n AGZ ) e,avc/s , e TR
S\V\CQ A?" 1 > owxc}\ A XS ohctc)ono\\ito\lole ) e Q-\[O\\\L&S
arent ol 1. .
= Eithe, TR o evuné WY be o e-value
=5 Bt e and e jr e —volies
(Sm& X s re,o\\ , cq\/\;\\o\e,x eNalue e \M‘\f‘eo( \A\b
Oz\\& one AIMension emaiAs | so Hhere =T room o
anotwer co\/v\\o(e)( e-value = H muat be cea)
= H’ S 1
JLW\&UQQ( ~, \ 1 ) eur’/; , e:zwi/s K

Cwede: Trace [ ST V= OO+ «O =O

| OO y -y
2T - 3
and. (¥R e = O
ZW{ s
e
21,
_\/3
\z/ﬂ’} |
Clnece n MaHals -
= A=[018;, 881; 18 8]
eig(A)
A=
8 1 8
8 8 1
1 8 8

ans =
-@.5@8@88 + @, 86601
-@.50@88 - @,.86601
1.0880 + @, 00001
=> abs{eig(A))

dans =
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Wy oce the Q@M\w\\v\u o)

Exercise: Siw\acl

J
ol 6000
Ac=({ o0o0lool =
o 00 ) O :
@) OOO]
1 O O OO
Answers AS =T | so e-values mansy \ie n:

v
XS 20 0, W, W'

w_ w=< et W vezm‘/s.
L)
@(/—74"g Svice Hhe dwension & od X
s _ )
\ )%*\é% and e cW\QX c-Vm\\A&b conwne
w nopedns, A an e -value .

T(N=0 %E\, W, W, W

Foblem: W all e e&u\\lm\\k&s of A have the same vvxa;y\'\mo\g 3

Haen oW cov We use Hue power method. o Hvd Hhem?

%= (~>x)% + (voe x) Jo+ -+ (Voo x) Va
= AR = W) T+ e (Vo )T+ + e Cunrx ) Va
= AR =gl (v, =x7, e SO (g e 3N, + -+ EON (e XD Va
/n/\c wm&ﬁv\u&& 0-9 +Hhe COQFFC\QW\‘,\S dont o\/\&@(.
e+ (uyex = Vugex )

35 no Yerm dominodes!
PossiVe answer -

SWitt Hhe waokrix !

Ea, work with &jA + T instead of ot A
B's e&evx\)o\\\r\e& o €CF + 1\ wo longer o\l Ly
on ae” oniy cirdle.

EE 441 Page 7



1)) \iv)
syectriomdt &
Z — 5 l[ies on Huis clrcle
spectrrawh
of X Wes on this
eirc\e

T E Muwo\\ues o ceo\\-orw\o;\om\ avd Yrermitian wokrices

De finvtion: Makeix A s

SbVV\W\e:\'( O \,Q ,L\_r A — wsefu)for r;eo\\ wWaRrCes
\"\Ql M\*\&“ \-? IL\_\' A — V\&-Q‘Q'U\ '90( Cow\ézg AT es

\ =don -4
M‘\\u % V\S)Sc‘ce ransypose

G:or re(i\\ W\o\*( es, s&MW\e\'(\C_ \—\em\\’no\r\w
S&N\W\@\'!\c Hermihian™

L) /
Q o> J X

(e;(} S Vv o,,\b ¥ %GZ
o O

< )\ atdl X v/

Yt 2

§C52),(2%) ()%

Vosis for -L’.Z SUVV\W\CI'NC, MmaXrices

3(52) (35D, (95),(23)%

Lasis over IR ?o! 2X9~ H’Q/W\H’MV\ matrices
Note : £nxn Hesmitian ww\*riccsjis on\(A_t)o\vador space over R

W ois wat closed wnder malrolicodion b comnolex numbe rs
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W ois wot closed wader V\/\&A\-\'\\o\ico\‘\'iOA \7\-.3 C"W‘P\CX numbers .

E9-, <? 23 s He/w/\‘l—('mn/
- = ( - O ‘> ) O‘k.
(9 é) (F8) em

/\'\’\_CMVV )A(V\\\S ea) S&N\W\C\'AC ol ix s ok(ﬁom\'\ao\b\c
Pr‘oejll* Lexr A Le a rea) &L\jVV\VV\e—H i< watAxX AT =A
S‘\f\(& A s r‘cox\J A* =AT.
> Nh A= AN
= A g normal = a\\@mm\‘;-zox\o)e, n

Theorem : Ag cwv\\o\e)( FrermiBan wadrix is o\c@ono\\ita\&o\e,,
(AT =P

Same yrosf.
Claim: Av\\u) rean\ suymiernc or CON\\O\QX \Jrermi’ﬁmn watrix
\I\O\S o rea\ e\iSe\/\\la\\\Aes .

Foof: LAV ve an ergont ek of A, it ev. 1.

VP AN
GRS O

-'(A*V)‘\l = A-vry =AM
= (A\IYV
=Wy =X = \=\
., Avs real A

FUU‘ ‘\’\I\QI wole , o l‘edx\ S&M\N\ef\’f\'c W\w\’(\x Was o or- -\’\'\W\of W\ﬂ\\
Vbosis of rea evaenvectors.
Pf‘oo‘ff‘- AN the 6&{\[\!\10&\/\*&5 ace vea).
Fgr eal\n e\ AQV\\Ml\Ae, A 5, We (oW cGW\PVH'e, o orw\onofwm)
Vvosis for the el ens pace
NCK-AT)
ws\‘QS Gaussian eliminadhan and\ e Grown - Schvmidk y’fooeciume )

Wiy on\\tﬁ reo) vumbers. v

EE 441 Page 9



Examples :

. > n = 10;
A = -2 » diag(ones(n,1)) + diag(ones(n-1,1),1) + diag(ones(n-1,1),-1)

A=

R~~~ R~ R~ RS S -
1
[ R I R R REE R 8 S <l
1

[ R R R S I A i I v ]

[ B L B < B o o B o o )

-~~~ R~ R
S E DD E S g
I
[ I R R L IR O - I
B -~ -~ R~ -~ ]
I
s = I i R i R o ]
o = & @ S S & &

>> eig(A) S\\jvwvvxe,\'r\‘c. A=AT

ans =

-3.919@
-3.6825
-3.3097
-2.8308
-2.2846 o\ f‘eo\\
-1.7154
-1.1692
-0.6903
-0.3175
-0.081@

e Now o crente o random S\(jW\W\e'\’/ic. Wk rx 2
Of cowrse & depends on ook disFbuntion You want.
V¥ \(jovx&ov'\* care Phea A AT iy supweric Cor O\\A\\j
ea\ worryx A C@\V\w (ACAD) = K+ A=AYA _/)
£ o wawry {VQg QV\U fo Pollovo the samme dnta | e,
wafom on fON | we some/\’\/\w\\ﬁ like

J
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> n = 6;

A = rand(n,n)
A = diag({diag(A)) + triufA,1) + triudA, 1)’
& N —————
elg(A) ‘id:s oW mwe
a\\ogm"*\ o\\tc:)sm\
A=
@.4211 @.571@ @.3736 @. 3474 @.8686 @.5381
@.1841 @.1769 @.8875 @.66860 @.7458 @.2751
@.7258 @.9574 @.6481 @.3839 @.8131 @.2486
@.3784 @.2653 @.1886 @.6273 @.3833 @.4516
@.8416 @.9246 @.8451 @.8216 @.6173 @.2277
@.7342 @.2238 @.7232 @.9186 @.5755 @.8a44
A=
@.4211 @.571@ @.3736 @.3474 @.8686 @.5381
8.5718@ @.1769 @.@8875 @.66860 @.7458 @.2751
8.3736 @.8875 @.6481 @.3839 @.8131 @.2486
@.3474 @.66860 @.3839 @.6273 @.3833 @.4516
¢.80860 @.7458 @.8131 @.3833 @.6173 @.2277
@.5381 @.2751 @.2486 @.4516 @a.2277 @.8a44
ans =
-8.6673
-8.3633
8.2743
@.4173
@.7283
2.8979

® \/3\'\&-\' 0\\oov¢\' N aw\‘\'“\-ﬁvv\me‘\‘f ' WAV C AT‘— —AB ?
A 'AT s «\wﬁs a\JV\"ijv\AMQ,‘\'/\\C_

(s\\/\ce (A-AD)T= K-A=-(pA-K) ‘/>
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= n o= B
A = randin,n);
A= triufA,1) - triufAa, 1)

elg(A)
A=
@ @.8669 @.8854 @.a418 B.9843 B.6624
-B. 8669 @ B.8598 @.1869 B.9456 B.2442
-@.5854 -@.599@ 8 @.6164 @.6766 @.2955
-@.8418 -@.1869 -B.6164 @ B.9B883 B.6802
-@.9843 -@8.9456 -@.6766  -B.9883 @ B.5278
-@.6624 -@.2442 -0.2935 -@.6882 -@.35273 8
ans =
B.aea8 + 2.32241
g.oeee - 2.32241
@.0008 + 1.88391
B.@e88 - 1.88391
-@.eeea + @.21421
-@.00888 - @.21421

Q\)es‘\'iov\ p bo\:\& are Yhe e\isu\\m\ucs \(v\rel\_t) irv\o@v\w&?,
)\V\SUJEFJ
1 K e o rea) waatrAax vt N =-A,
= (N N
= A

= (A s Rermihan

=2 EBQV\\N\\\A@.S @Q éA N mo\\

= E;}SSQ“VOdbkes <$g }\ e Yufﬁig}\wAgggvxaijj_ v

. Posmve Semi-Tepnte MATRIces

Da?%\’n‘on: A H'QIW\‘\*‘IO\V\ (or reo\\—stﬁmvme‘\'n‘c) WMATT X
A o a\\\ e{o\ev\\la\ucs > O s called
Fos\*‘\;—é semi-definite
dendted AsO.
Yew yproperty:
":]g\\_v‘gmhtjzbﬂ Hermiian wokiix A
e postive sewrdefinive

<>
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<TAX 720 for o\ vecors x.
Frosd:
= 8 N2O |
lex Yy, -=- ,Vn  be awn ortmonarma) bosis «zQ ela@v\ecksrs,
oot corresvcn&‘\v\ e-Nalues A\,--.)AVP/C).
A\t\j vecyor X con \ve_ &xy)omo\e& oS

- _ Y

X = Zok' Y;

2. . SsoMe egev\\la\\v\& }<®) |et

2 D]

R be o cow‘eshoowc\i e-Jecor.
= W Ax = f\g?x
=) )x|I®
<0 .V .\
Exam?\e {: Foc any fea) WA\ X A , ATA O

Proof s ATAx = (AT (RO
=\ Ax\*
70O
':’7\9\«3 Yhe tweorem, AA O VY a
E)(OWV\P\Q 2 A S‘N\p\e, \‘\'e I‘O\'\'-\Vé SO\VCK ‘PO(" AX';b
Graussian efmination solves for x in Ax =L Using
CX(n?) \vasic opecations whean A ¢ NxWN |
&Q._\'. Ap\oro)(\mo\\'e&} So\\’e Ax =\ Q&L\-ﬂr ‘\"\'\O\V\ G.t.

Assuwm'- 7A\ O (< AT‘A and e@%xim\ves»@)
(Otherwse | sdve the worwnal equo\’rfom A:éx = AL D)
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NSV T /| N {( 7\ 7 LAV, o [V \ SR ARTRVAN RV 2N Bt
——

~_
(Otherwse ) sdve the wnorwnal equod&'?om &x = AL
I
A\gor‘r\'\'\m‘-
o. C\Aoose, '\V\'\’ﬁ&\ Gue&s '>'<°) and. some L3O,
). \Qe\oeot* for+=1,2,...."
xt=xE &(Axev'-'io)

Complexity:
' Fie for wadAx muniylicodis
fime ~ @ of eaions < =% worsee e oA )
£ O(n®)
Conversence avalygis:

Let x* solve Ax¥=L

=2 xt-x* = @-aAN)R" vl —x"
s
(TR A = (TPOR
(T2 A =x)
=2 error vv\@\/\'ﬁ'u\d&
Ixtos® | e N T AN - I xe =
How howd we croose, 22
¢ Ns e&ew\\lo\\ue_s o M7 72T O
Hae e\g}w\ro\\uu & TaA ae \—a )\ < S \-a ), .
> |2 A = wax 1) |
The mosxvmum s achieved o one o the evdypaint,

e=) oc i=wn, andk 1o make & os swmall as possible
we Swonld idea\\lt:) cMoose K fo ectua\ia-c Hrem

'(\"‘.‘,{A) = \"o()y\
- = 2
AW
— _ = | - «ZAV\ < \— AV\
= | T-«A) o SV
A\

A
\\- p

—_—

condibion nawbe
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= - < N a-a A5 N xo- %)
< ()5 Ixe x| )
= -L"—‘*KO&S'\E *\23 u’x:Te‘iD st\nce (‘"v%) e
enswres [xe-M e &
Rﬂg{ki The cow’g\&o\%—e 6(*0@&0/\'\' o\bor'\‘\'\'\m hos O(\W{>
dependence insyead ot O(K) dependemce,, but +his

XS Sl\N\f\e(‘ /

0Ol 0O
o\ O
N__oic s A= (CO) og [ > N\i;\l\\ Yo an even bier €X0W\V3‘<’- oiF cleve,

iaopnalieahon
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