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>> A = galleryl'circul’, 1:n)

A= -1.4916  -9,7423  -1.B616  2.3505 -@.6156
B.6156 -1.4916 -9.7423 -1.0616  2,3505
1 2 3 4 5 L6156 -1.4916  -B.7473  -1.B616
5 1 2 3 4
4 5 1 2 3
3 4 5 1 2
2 3 4 5 1
F = dftmtxin) / sqrtin); 1.5606 + B.OBORL .a0pd - B.00E0 4.0000 - 0.00841 -B.DE0R + @.BA0B1
; BB + B.0BA 4339 12600 -8.paBE - O.808a1
FxAxF 0.8000 + B, 0MBL B0BE - @.08091 [ i B.oBaR - 0. BR0RL
0.0000 + P.0000L 0.0000 + 0.00001  0.pa00 [T f. 09 L 0,080 + B, BOORL
ans = 9.0080 + 2.00901 -0.9009 - 0.00801 -9.0908 + 0.90091 -8.0000 + 9.0000 268
15.0000 + 0.00001 9.0000 + 0.0000i D.0000 + 9.00001 P.0000 + D.00001 9.0000 - 0.00001
@.0000 + 0.00001 2.5000 3.4410i1 B.0000 + @.00001 -9.0000 + 9.00001 9.0000 + D.00RRI
0.poe0 0.e000i 0.ooe0 0.00081 2.5000 8.812

9.8 i 0.0008 + A.00901i 0.0000 - 0.0000i
9.0000 + 0.00001 ©9.0000 + 9.00001i -0.0000 - 0.00091 -Z2.5000 + @.81231 9.00090 + 0.0000i
@.poee + D.PERRL  0.0000 - 0.00001 -0.0000 - 9.20001 B.9000 - ©.80001 2.5000 + 3.44101
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Exomges : (from prysics)

Jota) enecq vy = Kinehcenergy + Potentia) megg
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PropLEM :
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\130/\9::\\ oce Jr\/\@ o\k&)owo\\i%oxb\e usVy tHhe same om’mg >
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Defnition: Marrices A ond. & communte ¥

AR = BA,
Examples ©

. ,A'V\& Yo ven c}\iogomo\] waodrices commute

EE 441 Page 5



« Ml veodrices conmmute withh +he (o(eu\-l-{isz
TA=AT=A V

* Not o) wakrices COMV\I\\A"’&
A=(E)
we= (¢ O> # &k= (O 4

Theorem: For norma) madrices A and &,

Hhe is an ortmonoimal

basis of e-vectors for <& AR=RA
botv A and B
Proof:
Easu\ Aicechon =
A&S(Avvw. Hrod A and. & are o(\@o/\m\\a:ed \”ﬂ

Some uvx\‘ro\rg

A=UDy U
B=WUDg W,
w it DA and Dy diagonal
S0 = (O oy D ()
= CX.DA D&u”

BA =UDgDy U
8)/\((’, DA and D{g o OK\C)OY\& DA,D Db fo}
so AB=RA. Vv

Hocd direchion < :
Assome that A and B communte: AB=RA.
(J\)OF\L in & basis so Pt A s J\i@ofw\\?
M.

W )\ R )(\‘

AisHnet e-values

B &\\ Bu. T
b= Bs, B .77 Nf\“ef\ in the same Vasrs
: L By

NBy MBor A B\k\
_—’> A[S - A By )\)_‘BL)_ o )\L Bar
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M By M B N B
-—Ib Ab - )q__&),\ >\).sBLz, o X— BLL

>\L E}_» Ak Bg& T >\L BL
)\BH >\). B - Xk&\k
M - ) 5:_\ >\LELL o AkﬁzL

A| |,$U >‘)_($k2 - Akis\dz.
S A =BA,
>\L )55‘6 = >\d B‘d’ -Pof 0\“ E)éa
S W i) then By =(O)

“Tus inthis besis
Bl\ o - O
Q B.. - O
= =
O O - B

A=
BB o
Sine B w nomd | BB =B&= ( e
note that this is frue wa anvy basys, as v B
pu)(upu)' = TUbs A

=> ecocn Vlock Bii is wormal ) doo.

(Clhrosse o basvs fsr each coordate Llock so as to
a\i&mo\\ite e Bick.

“This does wot af{bcr A (S\V\ce, A ()roporh‘onag\
Jo the \rlwﬁ*iil/) o eath Yode, AT, and the \‘clemh'b
1 s the same in a@ \oa‘s\éj

= Now A and ® ace Lota J\io\\SMd\\‘ v a

R_gw\c The some Heoremn also exlends fo Haree or
wore wodrices , oY Poir w 1se. commudarhion ) @4-)

AR =B A , AC=CA 5 RC=CBR.

Theorem: ) A 3 B and C are normal madrices Pao:

\oox‘\ruoise, comw\u@fe,) Phen there is a basis Vu---)vn °Jﬁ
swtaneous elgenvectoss Lor ol three :
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— A, e [ YN - C 5
AV&’ i ;&Va; s Ve o V&‘/\é\’&.
W s basie all Yhree wmodvices are di onal -
X\ A N by
O e O . 0O
A= , B R ) C- NS
O w) Lo x) (OX

Ex«vv\xg\o.‘- Moz x @(povxeﬂha\&
Tor ) orcoN\p\Qx UMb ers . anok \o)

& =etet
(e_ ' 6{“{‘6{)"6;_ =€r\'el+/lt>
WMok aoour wintrices 2

op(W) meh = A = Upe Un.
Swilaclyy i B =Dy &
Whet s 782

= A = randn(2,2); A(E,f) = AC1,2); A
B = randn{2,2); B(2,1) = B(1,2); B

P"..

4.8889e-81 7.268%e-21
7.268%9e-81 -3.8344e-01

2.9387e-21 8. 8840e-2
8.8840e-81 -1.1471e+00

= pxpm{A+B)

dans =

4.0240e+08  2.8574e+00
2.8574e+8  1.179%4e+00

=> expm(A) * expm(B) => expmiB) * expm(A)

ans = ans =
4.8214e+88  1.9854e+00 4.8214e+088  2.2445e2+00
Z2.2445e+00  1.1311e+0@ 1.9054e+08  1.1911e+00

Prodem: AB-BA#O
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2 Ax B -B*A
ans =

@ -3.434%9e-81
3.434%9e-01 @

Qx\o()\+&3 =T+ AvB~> (A_-:_é) U
~~—

L AFADTEAE

2

exp(K) exp(®) "<I+A+éf+"'>@:+~'-’>+%‘t*"')

=T+ AA’[S‘\’@(&"'}EAL“’JZ?&L“}”
L @ A and. & commute ) en BA =AR , So q\\
e Ns con be YNA\\CA\ ‘o Hae \Qs\-'-b andh
eAB = o AL o B A (i Hagy commate!)
Amg\ico\’ﬁov\: Time -o\ey)e./\o\ew\' Ai fpcrewhm eo(vmh‘ovus :

Lo

;(% =PL&) &Ce) .
= &(t) = 3(0) -ex‘z@jﬂ(s)zls) .
Bt Pwis s $alse Ror wadtrices

AR _ >
J.% = F(&) &(‘&)

Ao 3 = exp (S FO ) 3(0)

anle 58 a\\ wodrites F&) commute

wirn eadh sHaer /
W Fhay dony commute, Yhea Yhere st a clean selutinn,

and &M\A\\ have Yo save Yne diHeenta) eciuoc\'fovx V\U\W\er\cq@,
UstlS o\&\/gnﬂt'\em'\ldﬁ fine discretization o-P +ime.

> pxpm{A+B) > m o= 18a;

¢ expmiA/m) * expm(B/m) J*m
ans =

ans =
4.0240e+08  2.0574e+00

2.8574e+00  1.17394e+00 4.8240e+08  2.8552e+80
2.8596e+00  1.1794e+88
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== m o= 1808;
C expmCA/m) * expm(B/m) )*m

ans =

4.8240e+08  2.8572e+00
2.8576e+8@  1.1794e+08

TevA: s Hais 2

Whwor & JAB-BA <SR
Aece H\ﬁ nearly Z)\V\/\V\\'\'U\V\ebwb Ai@o\/\o\\iea\\o\e 2

P. R. Rosenthal: Are almost commuting matrices near commuting pairs?. AMS Monthly 76, 925 (1969).
Kray asked m the ASOs
H. Lin: Almost commuting self-adjoint matrices and applications. Fields. Inst. Commun. 13, 193 (1995).
Treorem: “There exists a fanction £=2(8) such +hak,
{or ann, wxin  Hermihan wodrices A ande & | it
lAg-BAl< S,
Hrere exisY commuting waorrices A and & with
IA-Nl<e® | )e-&)<al®).
Note: & does not o\eyem\ on wn/

’1b!gafg!y\: S;**CLS*ﬂ(gSSJ SK:)C)Q{X '
This holds for E(8) ~ 87
Remark: These +heorems are all false for m\vvmé'\'—commuhﬁ
riples off Hermitian medrices | and pars opom*ro\\fﬂ W ices

Tensor froducrs
S+w+i'\yos WW a_vector space V| wow can get A smaller
vector space buy +o\\<'\v\j A SNt PAR.

How 4o @t & biper veckor spoce ©
\J O

Method. 1~ Diceck sums’
\npuds © ve choe spaces V= ‘ij W= R’
Oﬁﬁqow\"- VEW = pMm™

L 5eV, B el), Pren R,R) e YOW
Examﬂes: na:_ _ IR\ ® ]Ru
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R> = R'®IR
-R®R
=R'® R'©R'
W A e an e madrix o\c,\—ii\jm\ \/) Haen

" i‘_g> ocks on Yhe V poct AL Vo)
OO
Madreices Lke < A \ O> aCt 8&*)0:/0&-\—65 on Y ond. W

Method 20 “Tewnsor proAv\dts
pars s Y= R™, W=R"
O)\‘\’\OV\)\’ . \/®\/\) = [vavn

Claim: Vou o\\reo\% Lnow tensor Pmo\uc;};s!

Proof boyexample : Congider +wo coins ...
Com £ Coin 2

Coine 1 and 2 Jm@eﬂzxer
N[ T | TR T T
eCr) | (-9 | Ci-p(179)

Thes R®R* =R
(- P>®< ) - <\f‘5? >
C-p)(F9D

P
C)@( >‘ | e R

=
P 1
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teay | eReTTT
VL' ‘1).
=2
fb'c\z

Nﬂ’ Not aJ\ veckors in IRY are evsor pmduc\'\s
of vedoas in RY and R

e | WT | TH | TT comns gued Yogethe!
‘/)\) O ‘ O ‘ Yo

5 (o | %o
O (\-9 row P,
53 . (\V:\’) 4 =

- (v9)

~product
Idepeednt evets = ST
Corre\oc\'e(k evenks — I\_L)‘\' ~dongor PmJ\uc\-

“Tensor producks of operotrors

Ho«g fo randomize o coin:

W\&A\*\‘ok\\ﬁ \1‘5 ('/z_ '/;.)

v, Yo
swe (12 (/’:)(_O - ()

RO\D {o row\&wﬂae, e -1“ o-?— A COWNS ¢

fr Vo
W\U\\‘\'\(Bﬁ L Yo Yo O
3 Vo '{‘-
7 O '/), /-3_.
M o~ "‘}4"‘!‘, (ahla)/a,
e (£ (ERE)
d=ta-y -c /TT 00)

(crd)/2
And. tne Ficst oin®

V. o h O ~\ 8 [(arc)>
O /Hh O/ b \HT [ (Lvd)
.. O N O e |TH (oo
© /2 O

V2 L/TT \ (udd),
Defmition : /o\\\ & anbk \
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Dimm’\’ G & 0\\).5
A@& = O\ 6 QLL&

VoY o éL
1 PERNEN —_ 1

/J. /L
(‘/2, Yo >O — _VJ_ I:/_,_
—‘\7.7_ r/&
1o Vo
:J_<o\ o | > J
2{ i o | ©
of O |
Quoantum evx’rﬂmq\emevﬁ'

‘DQ&Y\\'\’oon A C‘\)O\\/\‘\'V\W\ state in O "“& C"
S ew\-o‘@e& Wt e ner o tensor proAuc:\‘
stove.

Obvsurve: 1 coin — C7

. coNs —> C ®C @‘1

TN cO\I\\S — C®C®C C

N cO\v\s _"5&@ ’C
—the, dimension FOus ()\rowl\eM’\O\\\%Y

\—\o\\\\\s ‘o &.ee\o Yrocy o%» oIn XY Ol\el\\'\a\\kﬂ 'Og
vedror s \A\l& ﬁ\)o\vxh)\vv\ r®s¥em& are Wocd. ‘o
gw\(\/\u\a\\'e,

Ao Wi o‘oav&uw\ computens are

potent \)ﬁ (XPM\W\*\ foster Hron standord

(dassica)) " co W w\'e&s

Re)| inequalitu violation

EXav\/\\o‘e. :

urrent issue » letters - article

NATURE | LETTER —
Editor's summary
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nature International weekly journal of sclence

current issue » letters » article

NATURE | LETTER

Loophole-free Bell inequality
violation using electron spins
separated by 1.3 kilometres

B. Hensen, H. Bernien, A. E. Dréau, A. Reiserer, N. Kalb, M.

S. Blok, J. Ruitenberg, R. F. L. Vermeulen, R. N. Schouten, C.

Abellan, W. Amaya, V. Pruneri, M. W. Mitchell, M. Markham,
D. J. Twitchen, D. Elkouss, S. Wehner, T. H. Taminiau & R.
Hanson

THE NEW YORKER

OCTOBER 31.2015

TANGLED UP IN ENTANGLEMENT

BY LAWRENCE M. KRAUSS

Albert Einstein derided quantum mechanics' entanglement principle as “spooky action at

a distance.”

Einstein-Podolsky-Rosen (EPR) test

MAY 15, 1935 PHYSICAL REVIEW

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A, EmsstrIN, B. Popousky axp N. Rosex, Institule for Advanced Study, Princeton, New Jersey

Editor's summary

The celebrated Bell inequality, a theorem published
by John Bell in 1964, has long served as a basis for
experimentally testing whether nature satisfies local
realism. All experiments conducted to date have
implied rejection of local-realist hypotheses. But
because of experimental limitations all those tests
suffered from loopholes — either the locality or the
detection loophole. Here, Ronald Hanson and
colleagues perform a Bell test that closes these
loopholes. Their results are consistent with a
violation of the inequality, although the authors
reject local-realist hypotheses by two standard
deviations only. The experimental setup aliows for
improvements in the statistics that may consolidate
the result. In addition to its fundamental importance,
a loophole-free Bell test is an important building
block in quantum information processing

= secons

EThe New {Jork Times

SCIENCE

Action’ Is Real.

By JOHN MARKOFF  OCT. 21. 2015

“It is a truly ingenious and beauti-
ful experiment,” says Anton Zeilinger, a
physicist at the Vienna Centre for Quantum
Science and Technology.

Matthew Leifer, a quantum physicist
at the Perimeter Institute for Theoretical
Physics in Waterloo, Canada, says that he
would not be surprised to see one of the
authors of the paper share a Nobel prize in
the next few years. “It’s that exciting.”

VOLUME 47

In a complete theory there is an element corresponding  quantum mechanics is not complete or (2) these two
to each element of reality. A sufficient condition for the guantities cannot have simultaneous reality. Consideration

RN S e MU ™ T P S - S N,
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Einstein-Podolsky-Rosen (EPR) test

MAY 15, 1935

PHYSICAL REVIEW

VOLUME 47

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A. EmstEIv, B. Ponousey axp N. Rosen, Insidtute for Advanced Study, Princeton, New Sfersey

In a complete theory there is an element corresponding
to each element of reality. A sufficient condition for the
reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In
quantum mechanics in the case of two physical quantities
described by non-commuting operators, the knowledge of
one precludes the knowledge of the other. Then either (1)
the description of reality given by the wave function in

NY serious consideration of a physical

theory must take into account the dis-
tinction between the objective reality, which is
independent of any theory, and the physical
concepts with which the theory operates. These
concepts are intended to correspond with the
objective reality, and by means of these concepts
we picture this reality to ourselves.

In attempting to judge the success of a
physical theory, we may ask ourselves two ques-
tions: (1) “Is the theory correct?” and (2) “Is
the description given by tl

may be given to both of these questi

concepts of the theory may be said to be satis-
factory. The correctness of the theory is judged
by the degree of agreement between the con-
clusions of the theory and human experience.
This experience, which alone enables us to make
inferences about reality, in physics takes the
form of experiment and measurement. It is the
second question that we wish to consider here, as
applied to quantum mechanics.

quantum mechanics is not complete or (2) these two
guantities cannot have simultaneous reality, Consideration
of the problem of making predictions concerning a system
on the basis of measurements made on another system that
had previously interacted with it leads to the result that if
(1) is false then (2) is also false. One is thus led to conclude
that the description of reality as given by a wave function
is not complete.

Whatever the meaning assigned to the term
complete, the following requirement for a com-
plete theory seems to be a necessary one: every
element of the physical reality must have a counter-
part in the physical theory. We shall call this the
condition of completeness, The second question
is thus easily answered, as soon as we are able to
decide what are the elements of the physical
reality.

The elements of the physical reality cannot
be determined by a priori philosophical con-
siderations, but must be found by an appeal to
results of experiments and measurements. A
comprehensive definition of reality is, however,
unnecessary for our purpose. We shall be satisfied
with the following criterion, which we regard as
reasonable. [f, without in any way disturbing a
system, we can predict with certainty (ie., with
probability equal to unity) the value of o physical
quantity, then there exists an element of physical
reality corresponding to this physical quantity. It
seems to us that this eriterion, while far from
exhausting all possible ways of recoghizing a
physical reality, at least provides us one

ru}'au.a LIl ¥¥alCLIuw, allalld, Dd}'a Lilcll 11
would not be surprised to see one of the
authors of the paper share a Nobel prize in
the next few years. “It’s that exciting.”

@ || D\
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ENven \S;, ’r\r\eﬁ e on d&-?f'crev\lc p\mne}m.’

s s W\oﬁ‘\c. .
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Extrension

Facr: W Alice and Bes weasure in the same direckion
en ‘\'\\eg o\\\uotss 6?:\’ o?roa'\‘\'c answers )

\s Yais s?ookj?

Al wmeasorement outcomes eolld Wave been
]ora&e;‘ferm'ma&, oden e elechrens’ shade wos
c_re_aé\-eck.

ell \“U\UOJH’S v‘m\adc'\ens

Einstein-Podol s\Qb—?.mev\ . When -\jneg wWeasore
E:l\\ N E{‘e: et direcrians, th g\{u)\\
CHSH see worralotions Fhok are
'\N\\(;u vilole Jdas a“lc&“ Y.
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Bob’s question:

0 T

0 answers shouid

be the

me
same >3

1 |different!| same

Alice’s question:

Classical devices win with probability < 75%

Entangled quantum devices can win with probability 85.4%

I. Noise « Loophole-free Bell inequality

" < 8 , violation using electron spins
2. Communication separated by 1.3 kilometres

3. Randomness ‘ s

Einstein-Podolsky-Rosen
test for quantumness

Play game 106 times. If the devices
win >800,000, say they're quantum. 8 1 |different

What does a Bell inequality violation mean?
* Quantum entanglement is real
* There is no underlying classical physics explanation
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Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?
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