Angel Burr

A real number z is said to be algebraic (over the rationals) if it satisfies some
polynomial equation of positive degree:

"+ ap_12" o+ arw+ag=0. (%)

with a; € Q Vi € {1,2,...,n}. Assuming each polynomial equation has only
finitely man roots, show the set of algebraic numbers is countable.

Proof. Let X be the set of algebraic numbers over Q. Fix n € Z+

Let P, be the set of polynomials of degree less than or equal to n.

Let I ={p € P, | pis of the form (*)}

Let J, = {x € R| x is a zero of p}. By assumption J, is finite for all p € I.

Let X;, = U Jp-
pel

Then X, is the set of algebraic numbers under a fixed degree n.

To show X, is countable it suffices to show I is countable, because then X,,
will be a countable union of countable sets.

Let f: T — {1} x [T, Q by

Vp=z"+a,_12" '+ ...+ a1z +ao
f(z" + ap_12" 1V + .+ a1z +ag) = (1, an_1, ... , ag)

It is easy to check that f is injective. But {1} x []"_; Q is a finite product
of countable sets, so it is countable and thus there exists an injective function

g {1} x [, Q — Z+

Then go f: 1 — Z% is injective. This proves I is countable therefore prov-
ing X,, is countable.

Now X = |J X,. So X is a countable union of countable sets and there-
neZt
fore is countable. O



