Angel Burr

Theorem: Let f: X — Y; let Y be compact Hausdorff.
Then f is continuous if and only if the graph of f

Gr={zx [(x) | 2 € X}

is closed in X x Y.
Lemma: If Y is compact then the projection m1: X XY — X is a closed map.

Proof. Assume Y is compact. Let C' C X X Y be closed.

Then (X x Y) \ C is open.

Let 29 € X \ m1 (C). This implies (o x Y)NC = 0.

Since Y is compact and zg X Y is homemorphic to Y, xg X Y is compact.
Since (zg x Y)NC =0 and (X xY) \ C is open,

Foreach y €Y, 3U, x Vy s.t. (o xy) € Uy x V, and (U, x V)N C = 0.
This provides an open cover of xy X Y, then there exists a finite subcover,
Uy, x Vi, ..., Uy, xV, , whose union is disjoint from C.

Let U = () U,,, then U is an open neighborhood of z¢ s.t. U C X \ my (C).

i=1
Thus 71 (C) is closed. O

Now we prove the theorem.

Proof. = Assume f is continuous.

Let g X yo € (X x Y)\ Gy. Then f (zo) # yo.

Since Y is Hausdorff 3 V) and V, disjoint open neighborhoods of yg and f (xq)
respectively.

Then f~! (V) x V; is an open neighborhood of x¢ X 3 and since V N Vy = 0,
(f71 (V) x Vg) € (X xY)\ Gy. Therefore Gy is closed in X x Y.

< Assume Gy is closed.

Let zp € X. Let V be a neighborhood of f (z¢) in Y.

Then Y \ V is closed, so X x (Y \ V) is closed.

Since Gy is closed, (X x (Y \ V)) NGy is closed.

Let U be the compliment of the image under 7; of this set.

By our lemma U is open, and for each z € U, z x f (z) € (X x (Y \ V)). Thus
f(U) CV therefore f is continuous.



