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Lecture 10

Instructor: Quanquan Gu Date: Sep 26"

In the following, we will introduce another convexity preserving operation: composition
with scalar function.

Theorem 1 Let g:R? — R and h: R — R, define f(x) = h(g(x)), where
dom f={x€domyg | ¢g(x)€ dom h}.
we have:
1) f is convex if g is convex, h is convex and h is nondecreasing.
2) f is convez if g is concave, h is convex and h is NONINCTEASING.

Proof: f is convex if g is convex, h is convex and h is nondecreasing. For any X,y €
dom f, a€]0,1]
Since g is convex and h is nondecreasing,

flax+ (1 —a)y) = h(glax+ (1 - a)y))
< hag(x) + (1 — a)g(y)).

Since h is convex, h is also convex. We have

h(ag(x) + (1 —a)g(y)) < ah(g(x)) + (1 - a)h(g(y))
= af(x)+ (1= a)f(y).

Therefore, f(ax+ (1 —a)y) < af(x) + (1 — ) f(y). By the definition of convex function,
we conclude that f is a convex function. B

Remark 1 In the above statements, the monotonic conditions on h rather than h are nec-
essary. In the proof of this argument, we cannot write: for any x,y € dom f, and any
a € 0,1], flax+ (1 — a)y) = h(glax + (1 — a)y)), because this actually may not be true,
since even though g(x) € dom h, g(y) € dom h, we may have glax + (1 — «a)y) ¢ dom h.
However, g(ax + (1 — a)y) must belong to dom h. Thus, we can write f(ox + (1—-a)y) =

h(glax + (1 = a)y)).

Remark 2 To give a specific example, consider: f(z) = h(g(x)) where g(x) = 2 with
dom g =R and h(x) = z with dom h = [1,4]. In this ezample, h is not nondecreasing, so
f(x) is mot convex. In fact, we can show that here f(x) = 2 with dom f = [-2,—1]U[1,2].

Now let us see some examples of convex functions, which can be verified by the rule of
composition with scalar function.



Example 1 f(x) = exp(g(x)) is conver if g : R — R is convez.

Example 2 f(x) = 1/g(x) is convez if g : R? — R is concave and positive. To see that,
notice that h(x) = 1/x is convexr where dom h = [0,400] and h is nonincreasing.

Next, we generalize the scalar composition to Vector Composition. The proof for
the following theorem is similar to the proof in the scalar composition case and is therefore
omitted.

Theorem 2 Let g: R — R™ and h : R™ — R, define

f(x) = h(g(x)) = h(g1(x), g2(x), - . -, gm(x))

we have:

1) f is convex if g;(x) is convez, h is convex and h is nondecreasing in each augment.

2) f is convez if g;(x) is concave, h is conver and h is nonincreasing in each augment.

Example 3 f(x) =>_1" log(gi(x)) is concave if g; : R? — R’s are concave and positive.
Example 4 f(x) =log> " exp(gi(x)) is convez if g; : R — R’s are conver.

So far, we have discussed the following concepts:

1) general form of optimization problem;

2) local and global minimum,;

)
)

3) convex sets;
)

4

convex functions.

Staring from here, we will begin to study some important algorithms in convex optimization.
We start with the following general unconstrained convex optimization problem:

min f(x),
where f(x) is convex.

The gradient descent algorithm is probably one of the most widely used algorithms for
convex optimization. It is shown in Algorithm 1. In the algorithm, 7, is the step size, which
is indexed by ¢, and may or may not depend on ¢. In other words, the step size n; could be
either fixed or time varying.

The following theorem gives the convergence rate of the gradient descent algorithms for
convex and differential functions with bounded gradient and with fixed step size.



Algorithm 1 Gradient Descent
: Input: n,, T
Initialization: x;
fort=1to T do

X+l = X — Utvf(Xt)
end for
Output: x4

Theorem 3 If f : R — R is convexr and differentiable, and f has bounded gradient, i.e.,
IVf(x)|la < G for all x € RY and some G > 0. then the gradient descent with 1, = n =
R/(GV/T) satisfies

1 ~ _ RG
f(fo:ﬁ‘t) - fx) < Wi
where x* = argmin f(x) is the global minimum point and R = ||x; — x*||2.

Proof: Since f(x) is convex, by the first order condition, we have

Fxe) = f(x) < Vf(xe)" (x¢ —x)

1 *
= —(x¢ — Xt+1>T(Xt —x")
1 2 * (|2 * (|2
= %(let — Xeally £ 1% = XT3 = % = x7[J3),
where the first equality follows from the updating rule of the gradient descent algorithm
and the second one is from the identity: 2x'y = ||x||3 + |ly||3 — [[x — y||3. By definition,

Xy — X1 = —NV f(x4), it then follows that

Fxe) = F(x) < - (InV )z + llxe = X712 = Ixe1 — x7[12)

2—
L e = X1 = e = x°2) + 219 ) 2
2n 2
< (e = X = %o — X2 + 262,

2n 2

where the last inequality follows from the fact that f is G-Lipschitz and Lemma ?7?.
Note that this inequality holds for any positive integer t. Specifically, we have

. 1 . . n
Jx) = F() < gl = x5 = e = x7I15) + 5C7,
" 1 i} . n
Fl) = F) < oo =3[~ s = x*[3) + 267,
Ui
* 1 * |12 * |2 n 2
fxr) = f(x") < %(HXT — x5 =[x = XI5) + EG :



Adding these inequalities gives

T
D 1) = TFe) < gl =} eran =) + 5167
t=1
1 . Tn
< %Hxl — x5+ 7G2
1 Tn
— —R2 _G2
2n + 2 7
which can be rewritten as
L3 flx) - fx) < 24
T ! = T 2

Since f(x) is convex, we have f( ;‘lext/T) <30, f(x;)/T. Then,
1 < 1 n
— _ *) < 2 i 2‘
f<T;xt> fO) < 5p + 56

Since the above inequality holds for any > 0 and the right-hand side is minimized when
n= R/G\/T, it follows that

=) -
38

f( Zx) ) <



