SYS 6003: Optimization Fall 2016

Lecture 20

Instructor: Quanquan Gu Date: Nov 7t

We are going to introduce the properties of proximal mapping (proximal operator) and
the calculation rules of proximal mapping.

Definition 1 (Proximal Mapping) The proximal mapping of h(x) is
1 9
Prox;(x) = arg min §||u —x||5 + h(u).

Lemma 1 (Non-expansiveness) If u = Prox,(x), v = Prox,(y), we have
(u=v)"(x~y) 2 [u—v]3 (1)
In addition,
u—viz < x =yl (2)

Remark 1 (2) implies that |Prox,(x) — Prox,(y)||2 < ||[x —yll2. It means that the prozimal
function is 1-Lipschitz function.

Proof: Since u = Proxy(x), we have x — u € dh(u), which implies
h(v) > h(u) + (x —u)" (v —u).
Similarly we have y — v € 0h(v), which implies
h(w) > h(v) + (y = v)" (u—v).

Thus we have
(x—u+v-y) (u-v)>0.

Rearrange the inequality, we have
(x—y) (u=v)=[u-v]3 (3)
By (3) we have
lu=v[;<(x-y) (u=v)<[x =yl u— vl

Thus
[u—vla <[x =yl

Now we focus on the calculation rules of proximal mapping.

1



1. Separable sum

f(x,y) = g(x) + h(y),

o ({5]) = b))

we have

Example 1
d
FOO) = IIxlh =D il = ] + Jwa| + -~ + |zal.
i=1

2. Scaling and translation of argument
For a # 0,z € R, f(x) = g(ax + b), we have

1
Prox;(z) = — [Prox,z,(az + b) — b]
a

Proof:
. 1 2
4 = Proxs(z) = arg min E(u — )+ glau +b)

Let t = au + b, thus u = (t — b)/a, we have
i w (=2 0) g0
—argmin—| — — =z

arg m 5 a g
= i (t— b )? + g(t)
—argmth—aQ( azx g
1

= arg mtin 5(25 —b—ax)*+a’g(t)
= Prox,z24(az + b)

Thus we have

1
— = [Prox,zg(az + b) — b].

3. “Right” scalar multiplication

f(@) = Ag(/X),



we have
Prox(xz) = X - Proxy-14(x/))
Proof:
u = Proxs(z) = arg min %(u — )’ + f(u)
= argmuin %(u —2)% + Af(u/\)

Let t = u/\, thus u = \t, we have

. 1
t =arg mtin §(At —z)? + \g(t)
A2 2
= arg mtin7<t — ;) + Ag(t)

= argmin (1= )"+ $g(0)
= arg min o 3 39

= Prox-1,(z/\)
Thus we have
Prox;(z) = @ = At = A - Proxy—1,(z /).

. Addition to linear function

For a,x € R,
fx) = g(x) +a'x,
we have
Proxs(x) = A - Prox,(x — a)
Proof:

Pros;(x) = argmin _ja — x| + ()
= argm&n %Hu —x||3+ Ag(u) +a’u
= arg muiln %[uTu —2u'x+x'x+2a"u] + g(u)
= argmin _flu —x+ al} + g(u)

= Prox,(x — a)



5. Addition to quadratic function
For p > 0,

we have

Prox;(x) = Proxg, (0x + (1 — 6)a),
where 0 = 1/(1 + ).
Example 2 (Elastic Net)

|
i@nZﬂAX—N@+MBM+MRM
Proof:
1
Prox;(x) = arg min §Hu —x|)5 4 f(u)
. . 1 2 M 2
= arg min = ||lu — x||5 + g(u) + =||x — al|5
u 2 2
1
= argmin §[UT11 —2u'x+x'x+ pu'u—2uu’a+ paal + g(u)

1
= argml}n 5[(1 +p)u'u —2(x + pa)'u+ C) + g(u)

1 T
= argmin ;u [uTu - 2<x1—i/za> u+ C”} + g(u)
2 1

2 1+4+p

X+ pa
1+
= Proxg, (6x + (1 — 6)a)

g(u)

1
= argml}niuu —

Examples:

1. Quadratic function: For A > 0,x,b € R% c € R,

1
f(x) = QXTAX +b'x+ec,

we have
Prox;(x) = (I +tA)™'(x — tb).

2. Logarithmic function:

£x) = = log(a)

we have

. 2
Prox,; ()], = 2 ;+@_
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3. Euclidean norm(¢; norm):

Fx) =[x,

we have

_ t
Prox(x) :{ (1 Htz)X x>t
0

, otherwise



