SYS 6003: Optimization Fall 2016

Lecture 21

Instructor: Quanquan Gu Date: Nov 9"

One important property of proximal operator is that: the minimizer of a function is the
fixed point of the proximal operator of this function, and vice versa.

Lemma 1 (Fixed Point) The point x* minimizes a convex function f(-) if and only if
x* = Prox;(x*)

Proof: “=" direction: If x* minimizes f, for any x € domf, we have f(x*) < f(x).
Furthermore we have

FO) + 5l =73 < f() + 5lIx = x7I2. (1)
Recall that
1
Prox(x) := argminu§||u —x*|2 + f(u). (2)

By (1) it can be seen that x* is the minimizer of the optimization problem (2). Hence we
have x* = Prox;(x*).

“<” direction: Recall that Prox;(x) := argmin,i|lu — x||3 4+ f(u). Hence we have for
any x € domf, X = Prox;(x) if and only if x — % € Jf(%). Let us choose x = x = x*. Then
we have 0 € 0f(x*), which means that x* is a minimizer of f(-). B

We are going to introduce Monreau Decomposition. First we lay out the definition of
closed functions.

Definition 1 (Closed Function) A function f(-) is closed if its epigraph {(x,t)|f(x) < t}
15 a closed set.

In order to show that a function is closed, we can check whether its epgraph is closed
according to the definition. We can also check whether its all sublevel sets are closed. This
is suggested by the following lemma.

Lemma 2 A function f(-) is closed if and only if all its sublevel sets Siy(f) = {x €
domf|f(x) <t} are closed sets.

Now we introduce the definition of Fenchel conjugate functions. In the rest of this class,
we simply refer to Fenchel conjugate functions as conjugate functions.

Definition 2 (Conjugate Function) The conjugate of a function f : R? — R is

[ (y) = xes(litlif[yTX — f(x)].



In Definition 2, there is no requirement that f should be convex. In fact, we will show
that the conjugate f* is a convex function no matter whether f is convex.

Lemma 3 For any function f:RY — R, f*(-) is closed and convex.

Proof:[Proof of the convexity of f*] Define hy(y) =y x — f(x). It can be seen that hy(y)
is convex for any x since it is a linear function of y. Recall that, pointwise supremum
is a convexity-preserving operator. Thus, we have sup,cgoms hx(y) is convex in y. This
immediately implies that

sup hy(y)= sup y'x— f(x)= f*(y),

xedom f xedom f

is convex iny. &

Following are some examples of conjugate functions.

Example 1 f(x) = ||x||3/2. Then

F*(y) = supy Tx — o]x]3 )

X

Denote g(x) = y'x — 3||x[|3 and x* = argmax,g(x). We have Vg(x*) = 0. By calculation
we know Vg(x) =y — x. Hence we havey —x* =0, i.e., x* =y. Substituting this into (3)
yields

. 1 1
Fy)=y'y—5llylz=5llyl
2 2
It is worth noting that in this example, f = f*.

Example 2 (Quadratic Function) If f(x) = ix"Ax + b'x + ¢, where A is positive
definite, then

[ (y) = %(y ~b)"A (y—Db)—c

Remark 1 Whenb =0,c=0, f(x) = x"Ax/2 = ||x||4/2, where ||x||a is the Mahalanobis
distance from x to 0 with matriz A. Then f*(y) =y A7 y/2 = |ly|4_1/2.

Proof: By the definition we have
1
f*(y) = sup [xTy - (éxTAx +b'x+ c)} . (4)

Define g(x) = x'y — (%XTAX +b'x + ¢) and x* := argmax,g(x). By the first order
optimality condition we have

0=Vgx") =y — Ax" — b,



which yields that x* = A~!(y — b). Substituting this into (4) gives

1
f*(Y) — X*Ty - (§X*TAX* _|_ bTX* + C)

=(y—-b)TAly - (%(y ~b)TAT'AA (y—b) +b'A(y —b) + c)

This completes the proof. B

Example 3 (Negative Entropy) If f : R? — R is defined as
d
Fx) = wloga;,  domf = {x|z; > 0,i=12,....d},
i=1

then f*(y) = S0 e¥ .
Proof: By definition we have
d
f*(y) = sup (XTy —) a;log x)

i=1
d d

= sup (Z TilYi — Z z;log %)
x i=1 i=1
d
= Z Sup[l’iyz‘ — x;log l’z] (5)

- x;
i=1 g

Define g(z;) = x;y;—x;log z; and xj = argmax, g(z;). By the first order optimality condition
we have

2

1
0=¢'(zf) =y, — logz; —x:‘E =y; —logx; — 1.

1

Hence we have 2} = e¥%~!. Substituting this into (5) gives rise to

d
* — ieyi_l _ eyi_l lo eyi_l
Fe=>y g
=1

d

d
- Zeyi_l(yi —yi+1l)= Zeyi_l'
=1

=1



Example 4 (Negative Logarithm) Let f(x) = — S % logxz;. Then

d
Fry)==>_log(—y:) —d.
i=1
Proof: By definition of f*(y) we have

d
f*(y) =supx'y + ) logz;
x i=1
d

= Z sup x;y; + log x;. (6)

- x;
i=1 v

Define g(z;) := x;y; +1og z; and z} := argmax, g(z;). By the first order optimality condition
we have

which yields that 7 = —1/y;. Substituting this into (6) gives

d
F(y) =) supziyi +logz;

- x;
i=1 v

:g(_mog(_i»

d

= (—1-log(~y))

i=1
d

= — Zlog(—yi) —d.
i=1

This completes the proof. B

Example 5 (Matrix Logarithm) Let f(X) = —logdet(X). Then
(YY) = —logdet(=Y) —d.
Proof: By definition of f*(Y) we have

f7(Y) =sup [(X,Y) + log det(X)] (7)

Define ¢(X) := (X,Y) +logdet(X) and X* := argmaxx¢g(X). By the first order optimality
condition we have

0=Vg(X)=Y+X"1



which yields that X* = —Y~!. Substituting this into (7) gives

1Y) = (X", Y) + log det(X")
= (=Y 1Y) 4 logdet(—=Y ")
= —tr(Lgxa) + log[det(—Y)] "
= —logdet(-Y) —d.

This completes the proof. B

Based on the definitions and lemmas mentioned above, we are now ready to introduce
the definition of Moreau Decomposition.

Theorem 1 (Moreau Decomposition) If f is a convex function, then for any x € domf
Prox;(x) + Prox(x) = x,

where Prox«(x) is the prozimal operator of the conjugate function of f, i.e., f*.

Theorem 1 reveals that Prox; and Proxs« are analogous to the orthogonal projection of a
point x on to a linear subspace S and its orthogonal complement S=.



