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Berlekamp-Massey decoding of RS code

Lecturer: Kenneth Shum Scribe: Bowen Zhang

1 Berlekamp-Massey algorithm

We recall some notations from lecture 11. Let (S1, S2,Ss,...,S,) be an arbitrary sequence of elements in
a field K. We say that this sequence is described by a linear feedback shift register (LFSR) of length L if
there exists L field elements A1, Ao, ..., Ap, such that S; can be obtained as a linear function of the previous
L elements,

Si=—-MSi—1— NS0 — - —ALSi 1 (1)

fori=L+1,L+2,...,n. We specify the linear feedback shift register by a pair (L, A(Z)), where L denotes
the length of the LFSR and A(Z) is the feedback polynomial defined as

ANZ) =14+ MZ+ M2+ + AL ZE

We note that the degree of A(Z) is less than or equal to L, and the constant term is equal to 1. (The degree
is strictly less than L if A, =0.)
For notational convenience, we define Ay := 1, so that (1) can be written compactly as

L
0="> A;Si_;,
§=0

fore=L+1,...,n.

+ (+) (+) (+) +

Figure 1: Example of linear feedback shift register

We want to find the shortest LFSR that generates (S, S2,S3,...,S,). The length of the shortest LFSR
that generates (S1, S2,Ss,...,S,) is called the linear complezity of (S1,S2,5s,...,Sm).

For M = 1,2,...,n, let Ly; be the linear complexity of the first M terms (S1,Sa,...,Sn), and let
AM(Z) = ZJL;”O Aj-w ~177 be the corresponding feedback polynomial.

Caveat: There may be more than one LFSR that achieve the shortest length.



We have the following chain of inequalities
Ly <Ly<Ly<- < Ly, (2)

because, if (L, AM(Z)) is the shortest LFSR that generates the first M terms, it also generates the first
M —1 terms. The non-decreasing sequence of integers in (2) is usually called the linear complezity profile of
(S17 527 S37 LR ) Sn)

The M-th term produced by (Las—1, AM~1(2)),

Ly—1
Sy o= — Z Aj”‘lSM_j
j=1
may not equal to the desired value Sp;. We let
Ly—1
Ay =Sy — Sy = Z Aé”‘lSM_j,
j=0

be the difference between Sy and Sys. If Ay = 0, then the LFSR (L1, AM~1(Z)) correctly computes
the M-th term Sy, and we can let (Ly, AM(Z)) = (Lpr—1,AM~1(Z)). When Ay # 0, we have shown in
lecture 11 that

Theorem 1. Suppose that (L;, A'(Z)) is the shortest LESR that produces (S1, Sa, ..., S;), fori =1,2,..., M.
If Aps # 0, then
LM Z max(LM_l,M — LM—1)~

The Berlekamp-Massey algorithm computes the linear complexity profile and the corresponding feedback
polynomials of a sequence of elements (S1,...,S,) from a field K.
The algorithm computes Ly, Lo, . .. iteratively. In each step, we consider two cases.
If Ay =0, set Ly = Lyj—1 and AM(Z) = AM_l(Z).
If Ay # 0, then the feedback polynomial A (Z) is obtained by
AM(Z) = AM=Y(Z) + A1 (Z) Z%,
where p < M, e € Z, and a € K. The value of u, e and a are obtained by the following theorem.

Theorem 2. Suppose (L;, AN (Z)) is the shortest LFSR for (Si,...,S;), satisfying

1. - L if A; =0,
L max(Li,l, 71— Lifl) Zf Az 7é 0,

fori=1,23,....M — 1. If 3u < M, satisfying
th_l < LH = L,u+1 =...=Ly_1,

and A, # 0, then we can find an LESR (Ly, AM(Z)) that generates (S1,...,Snm), with length

e if Ay =0,
M Y max(Las—1, M — Las—1)  if Ay # 0.



Proof If Ay =0, weset AM(Z) = AM=Y(Z) and Ly = Lps—1.
Suppose that Ay; # 0. Set

_Am

”w

AM(Z) = AM~Y(72) ZM=mAr=1( 7). (3)

We remark that we do not have division by zero in (3), because A, is non-zero by the assumption in the

theorem. Let
D =deg AM(Z) <max(Ly—1,M — pi+L,—1)

be the degree of AM(Z) defined in (3).
We check that the LFSR specified by feedback polynomial A (Z) can generate (Si,...,Su). By the
assumptions in the theorem, we have

L1 e
i:A’HS- o ifj=L,1+1,L1+4+2,...,0—1,
i j—i = e
i=0 AM lf.] =M
and .
flAM—ls' _Jo ifj=Ly_1+1,Ly—1+2,...,M—1,

— T A =M.

With the notations Af\/[_l =0fort=Ly_14+1,Lpy1+2,...,D and Aé‘f1 =0fori=L, 1+1,L, 1+
2,..., D, we can write the recursion as

D D Ay &

— M —
E NS = E AYTIS i - A, ATS i )
i=0 i=0 " =0

If j = M, then the two summations on the right-hand side of (4) are equal to Z?:o AZM_lSM_i = A
and

D D
Z Aét_lsM—Mﬂt—i = Z Aét_lsu—’i = Ay,
i=0 i=0
respectively. Therefore, the right-hand side of (4) is equal to zero.
Now suppose that j < M. The first summation on the right-hand side of (4) is equal to zero for j > Lys_1,
and the second summation is equal to zero if

j—M+H>LM_1,

By the hypothesis that A, # 0, we have L, = u— L,_;. Hence the second summation in (4) is equal to
zero when
j>M—-—p+Lyy=M—-L,=M-Lyp1=--=M—Lpy_1.

We conclude that Zio AMS;_; is equal to zero for
max(La—1,M — Ly—1) <3 < M.
We can set Lys = max(Ly 1, M — Ly;—1). The degree of AM is no more than
max(Lay—1,M —p+L,y—1) =max(Lyr—1,M — Layr—1) = L.

The polynomial A (Z) specifies an LFSR with length no more than Ljys. The LFSR (Lys, AM(Z)) generates
(51,52, ..., 5m). O



Given a sequence (S1,S2,...,5x), we find the smallest index m such that S, # 0. We initialize the
algorithm by

L;=0, AM(Z)=1,
for j=0,1,...,m—1, and

Ly, =m, A™(Z)=1.
The LFSR (L;, A'(Z)) satisfy the conditions in Theorem 1 with

A1 =S, #0.
The algorithm continues with repeated applications of Theorem 1 for M = m,m+1,m+2,...,n.
Example. Determine the linear complexity profile of the sequence
S1=0,5=1, 53=0, and S; =1 for i > 4,

over 5. This sequence is ultimately periodic.

Initialization. The first non-zero element occurs at So = 1. Let (Lo, A%(Z)) = (L1,AY(Z)) = (0,1), and
(L2, A%(Z)) = (2,1). We have Ay = 1.

M =3. As A3 =0, we set Ly = Ly and A3(Z) = A%(Z).

M =4. Ay =1. Set Ly = max(Ls,4 — L3) = max(2,4 —2) = 2, and

A(Z)=N(2)+ 22N (2) =1+ Z*.
M =5. Ay =1. Set Ls = max(L4,5 — Ly) = max(2,5 — 2) = 3, and
AN(Z) =N (2)+ 2N (2) =1+ 2% + Z5.
M = 6. Because Ag = 0, (Lg, A%(2)) = (L5, A5(Z)).
M =7. Ay =1. Set Ly = max(Lg,7 — Lg) = max(3,7 —3) =4, and
AN(Z)=A(D)+ 22N (2) =+ 2>+ 23+ 220+ Z%) = 1 + 23 + Z*.
M =8. Ag=1. Set Ly = max(L7,8 — L7) = max(4,8 —4) =4, and

AZ)=AN(2)+ 2N 2) =+ Z* + 23+ Z0+ 2> + Z%) =1+ Z.

M >9. Ay =0, (Lay, AM(2)) = (Lg, A%(2)) = (4,1 + Z).
The calculations are summarized in the following table.

) 0j112|3 4 5 6 7 8 9
S; 0(1]0 1 1 1 1 1 1
A; 0(1]0 1 1 0 1 1 0
L; 022 2 3 3 4 4 4
N[ttt 1+22 |1 +22+ 22 |1+ 22+ 23 [ 1+ 23+ 2 |1+ Z |1+ 7

The linear complexity profile is 0,2,2,2,3,3,4,4/4,....



2 Decoding RS Codes

First we define some notations. Fix n distinct elements a1, ..., o, in Fy. Let
9(Z2) = (Z —oa)(Z — az) -+ (Z — o)
_ 92 _
9i(2) = =7 -a)(Z - az) - (Z - ai))(Z — aip1)(Z = aiy2) -+ (Z = ).

We first prove the following useful lemma.

Lemma 3. We have

Proof We use the notation

1 1 1
(651 (65 (07%
Viar,...,an) = : :H(aJ a;)
’ Jj>i
Oé?_l ag—l az—l

for the determinant of a Vandermonde matrix. ‘
Suppose that we replace the last row of the above Vandermonde matrix by [ag Ji=1,....n, for some j between
land n—1,

al a2 DRI an
oj = : S
n—2 n—2 n—2
al . 02 ) DRI an 4
O{'{ a‘; DY a-zl

Expand the determinant on the last row. We get

6j = Z(_l)n+la‘z . V(O{l,ag, ey O/é\i, A ,an)

— Z(_1)7L+ia'g V<a1aa2a 7an)
i—1 (an 041') (az+1 ai) (az - az—l) (Oli - 011)

n J

o

=V(ag,ae,...,ap) L

; gi(az)

- If j = n — 1, then the determinant &; is equal to V (a1, ...,a,), and we get >.r, o' /gi(a;) = 1.
For  =0,1,2,...,n — 2, we have §; = 0, because there are two repeated rows in the determinant J;. Hence
S al/gi(a;) =0for j=0,1,2,...,n—2. O

We consider an (n, k) Reed-Solomon codes with the following k x n generator matrix

1 1 1
a1 (6%} [07%
G = . (5)
0/1“ 1 0/2“ 1 afl_ 1



where a;’s are distinct nonzero elements in a finite field Fy. In the following, we need the assumption that
all a;’s are non-zero, so that ai_l exists in Fy for all 4. A list of k message symbols, m; to my, are encoded
to a codeword by multiplying

(ml,...,mk) -G.

From Lemma 3, we can write down a parity-check matrix as

1 1 . 1
g1(a1) g2(a2) gn(an) 1 1 e 1
g [e5) e (8273 o o) e (a779 1 1
g (CE ) g (04 ) gn(an)
H=|"" o = -diag( , - ).
: : : : : . : gi(a1) gn(an)
a;Lfk‘fl Oé;kk71 o a27k71 Oé?ikil Oégikil o a::_k_l
g1(a1) g2(az2) gn(an)
(6)
We note that g;(a;) are nonzero for all 4, because the elements aq, ..., a, are distinct.

The following is a syndrome-based method for decoding RS code.

Step(1). Calculate syndromes by multiplying the received vector Y and the transpose of parity-check
matrix in (6).

The syndromes are the components of yH? = (s1, 82, ...,84_1), where d = n — k + 1 is the minimum
distance.

Step(2). Obtain the shortest linear feedback shift register (L, A(Z)) that generates the syndrome sequence
51,82,...,8d—1-

Step(8). If the number of errors ¢ is less than or equal to Vdgl)J, then the feedback polynomial A(Z)

has degree ¢ and ¢ distinct roots. There is an error at location 4 if and only if A(a; ') = 0. In the case when
A(Z) has no root in Fy or the number distinct roots of A(Z) is strictly less than the degree of A(Z), then

we can declare that there are more than {(dZ;l)J errors, and stop the decoding procedure.

Step(4). After locating the errors, then error values can be calculated by solving a system of linear
equations.

Exercise.

1. In the last step of the decoding procedure of RS code, we need to determine the error values. Suppose
that we have already determined the location of the errors, and they are i; < i < --- < 7; for some integer

d—1
t less than or equal to V 5 )J.

Let e be the error vector, defined as the difference between the received vector and the transmitted
codeword. Let the i;-th component of e be e;;, for j =1,2...,¢. Show that the error values e;, satisfy the
following system of linear equations:

1

$1 1 1 e 1 it ey €y
52 ail a’ig e ait 1 e’ig
= Giz(ajy)
t—1 t—1 t—1 1
St ail aiz ait Gig(ayy) €iy
2. After obtaining the correct codeword, we also need to decode the message symbols my,...,mg. A

naive method is to solve a system of k x k system of linear equations. Since RS code is MDS, we can
arbitrarily pick k& coded symbols and solve for the k& message symbols. This requires O(k®) steps. Show that
the following procedure can also produce the message symbols.



Input: a valid codeword ¢ = (¢1,¢a,...,¢,) in the row-space of matrix G in (5).

Output: a message vector (myq,...,mg) such that (mq,...,my) -G =c.

Step 0. Let x < c.

Step 1. £+ k.

Step 2. Compute the /-th message symbol m, by taking the inner product

n—~0 n—~_ n—=~0
mg<—x-( 1 ,oz2 ey In )

gi(a1)” g2(az) gn(am)

Step 3. x + x —my(ai™ ot ol

Step 4. £+ (¢ —1.
Step 5. While £ > 1, go back to step 2, otherwise return (my,...,m) and stop.

This method computes the message symbols in the order of my, mg_1,...,m1. The while-loop is repeated
k times, and we need to perform O(n) field operations in steps 2 and 3. The overall computational complexity

is O(kn).
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